On Fixed-Parameter Complexity of Infinite Games

Henrik Björklund, Sven Sandberg, and Sergei Vorobyov

Department of Information Technology Uppsala University Box 337, SE-751 05 Uppsala, Sweden

Technical report 2003-038 August 2003 ISSN 1404-3203

On Fixed-Parameter Complexity of Infinite Games

Henrik Björklund, Sven Sandberg & Sergei Vorobyov Information Technology Department, Uppsala University, Sweden

Abstract

We investigate and classify fixed parameter complexity of several infinite duration games, including Rabin, Streett, Muller, parity, mean payoff, and simple stochastic, using different natural parameterizations.

Most known fixed parameter intractable games are PSPACE- or EXP-complete classically, AW [∗] or XP-hard parametrically, and are all finite duration games. In contrast, the games we consider are infinite duration, solvable in positional or finite memory strategies, and belong to “lower” complexity classes, like NP and/or coNP. However, the best known algorithms they possess are of complexity n^{f (k)}, i.e., XP is the only upper bound, with no known parametric lower bounds. We demonstrate that under different parameterizations these games may have different or equivalent FPT -statuses, and present several tractable and intractable cases.

1 Introduction

Game theory is fundamental in different areas of computer science, complexity theory, logic, economy, process modeling, computer aided program and hardware verification, etc.

Understanding the complexity of solving infinite duration games is crucial in research on automata theory (on infinite objects), and in research in hard/software verification and model checking. In classical complexity theory, many such games have unknown complexity or are hard for presumably intractable complexity classes. To solve these problems in practice, it is therefore of great interest to consider other aspects of their complexity, such as whether or they are fixedparameter tractable [8]. In this paper we explore and classify the parameterized complexity of several games. We discuss different possible parameterizations, prove new results, and combine known facts about games, putting them into the fixedparameter framework.

For some finite games, the classical complexity has been long settled, e.g., Generalized Geography, Peg, and Pebble games are PSPACE- or EXP-complete. Their finite k-step parameterized versions are hard for classes high up in the “weirdness” hierarchy, like AW [∗] and XP [8, 4].

Parity, Streett, Rabin, and Muller games we consider here are different from the ones above, and less known to the complexity-theoretic community. They are played infinitely long on finite graphs by two adversaries moving a pebble along the edges. These games are fundamental in computer aided program verification. Parity games, for instance, are equivalent to model checking for the μ-calculus, one of the most expressive temporal logics of programs, subsuming virtually all propositional temporal logics of programs, such as CTL^∗ and LTL. These games are also of fundamental interest to automata theory, as they are counterparts of finite automata on infinite trees. Usually, the existence of a winning strategy in a game is equivalent to nonemptiness of the corresponding automaton.

Unlike PSPACE- and EXP-complete games mentioned, Rabin, Streett, and parity games belong to NP, coNP, and NP ∩ coNP, respectively, which gives reason to hope that they may have better parameterized complexity. However, they all share the property that their best known algorithms have complexity n^{Θ(k)}, where n is the number of vertices in the graph, and k is the number of pairs/colors in the winning condition, but no poly(n) · f(k) algorithms are known. The aim of this paper is to investigate why.

Fixed-Parameter Tractability. The theory of fixed-parameter tractability is a two-dimensional complexity theory. A parameterized language L is a subset of Σ^∗ × N, where Σ is a finite alphabet. L is fixed-parameter tractable (FPT ) if there is a recursive function f and an algorithm that determines if (x, k) ∈ L in time f(k) · |x|^c for some constant c independent of k. The class XP is defined to contain all problems solvable in time n^{f(k)} for some recursive function f, and it is known that FPT ⊊ XP [8]. The basic working hypothesis of fixed-parameter complexity is that the intermediate class W [1] is also different from FPT , and there is strong evidence in support of this claim. Recently, the new class M[1], lying between FPT and W [1], was introduced; see [6]. It is also believed to be different from FPT and should be useful for proving hardness results, since it is also presumably weaker than W [1]. The main classes form the following “weirdness” hierarchy [8, 4]:

FPT ⊆ M[1] ⊆ W [1] ⊆ · · · ⊆ AW [∗] ⊆ · · · ⊆ XP

For establishing hardness or membership in these classes, FPT -reductions are used [8]. For our purposes, problem A is FPT -reducible to B (A≤_{FP} B) if there is an Turing Machine that takes any oracle solving B in FPT -time and uses it to solve A in FPT -time; see [8] for details.

Fixed-parameter complexity is useful for distinguishing between different problems considered equivalent by classical theory. A paradigmatic example is Vertex Cover and Independent Set. Both are NP-complete, but there are efficient (1.271)^k + kn-algorithms for determining whether a graph has a vertex cover of size k, as long as k is reasonably small, while the same is not true for Independent Set. Fixed-parameter complexity theory can explain this difference by showing that Vertex Cover is FPT , while Independent Set is hard for the presumably intractable class W [1].

For more on parameterized complexity we refer to the monograph by Downey and Fellows [8], and recent surveys/articles [7, 6, 11].

Results of this paper. We consider at least four different parameterizations of games.

1. By the number of colors in parity games or the number of pairs in the acceptance condition in Rabin or Streett games.

With respect to this parameterization all three games turn out to be equivalent with respect to FPT -reducibility; see Theorem 2.4. This is a striking contrast with the classical complexitytheoretic comparison, which places the games in three (presumably) different complexity classes: Rabin games are NP-complete, Street games are coNP-complete, parity games are in NP∩coNP. Although we were not able to definitely classify all the games with these parameterizations as either simultaneously FPT or W [1]-hard, the “completeness theory” we suggest under which all games are FPT -equivalent is new and interesting, suggesting an orthogonal to the classical point of view on these games. In an effort towards resolving the parameterized complexity of these games we define an appealing parameterization of the more flexible and general Muller games, and show that they belong to the same equivalence class under FPT reductions (Theorem 6.2). This should be useful for proving hardness results. We also show a definite W [1]-hardness result for a variant of Streett games (Section 5), where player 0 is restricted to use positional strategies.

2. By MINI-parameterization. This is a new type of “miniaturized” parameterization leading to the intermediate class M[1], recently introduced and investigated in [6], providing for a simpler and possibly better primary reference point for intractability, compared to W [1]-hardness. For this parameterization we find out, in contrast, that Rabin and parity games differ (Sections 3, 4):

1. MINI-Rabin and MINI-Streett games are hard for the class M[1], which coincides with FPT only in the unlikely event that satisfiability of a Boolean circuit of size n can be determined in time 2^{o(n)}. To our knowledge, this is the first fixedparameter intractability result for infinite games.

2. MINI-Parity games are FPT , which is a consequence of our recent subexponential algorithm for parity games [1].

3. By the number of nodes relevant in winning sets. With respect to this parameterization Rabin, Muller, Streett, and parity games happen to be FPT , due to McNaughton’s algorithm [17]. It turns out that this is also a lower bound for Streett, Rabin, and Muller games, provided FPT ≠ M[1], which is a strong evidence by the explanation above (Section 7).

4. By the maximum size of a permset in Muller winning condition. When Muller games are parameterized by the size of the largest set in the winning condition, and the winning condition is represented implicitly^1, the problem is shown W [1]-hard (Section 8).

Preliminaries on Infinite Games. We consider two-player games played infinitely long on finite graphs. With minor modifications, all games take the following form (see [17, 20, 22, 21]).

A game graph is a tuple G = (V = V_0 ∪ V_1, E, v_0), where V_0 and V_1 are disjoint nonempty sets of vertices and E ⊆ V^2 is a set of edges. The directed graph (V, E) is sink-free, i.e., every vertex has at least one successor. Starting in the initial vertex v_0 ∈ V , players 0 and 1 construct an infinite path ρ = v_0, v_1, . . . called a play, as follows. If v_r ∈ V_i, then player i selects a successor v_{r+1} of v_r (think of it as moving a pebble along edges from v_0 to v_1 to v_2 to. . . ).

A game is a pair (G, φ), where G is a game graph and φ ⊆ 2^V is a relation on sets of vertices called winning condition. Let inf(ρ) denote the set of vertices that occur infinitely often in a play ρ and say that player 0 wins the play ρ iff φ(inf(ρ)) holds. Games differ by their winning conditions. The most important winning conditions we consider are those in parity, Rabin, Streett, and Muller games. In Muller games the winning condition is expressed in this explicit form; the other types have more structured winning conditions allowing for more compact representations.

2 Rabin, Streett, and Parity Games are Fixed Parameter-Equivalent

All these games have natural parameterizations; Rabin and Streett games by the number of pairs

1Written explicitly an arbitrary Muller condition may be exponential in the size of the game graph. Some specific conditions, like Rabin and Street, are succinct implicit representations. Other such representations are possible in applications with structured subclasses of Muller games.

in the winning condition, and parity games by the number of colors. Parameterized this way all three game types are fixed-parameter equivalent.

Definition 2.1 (Parity Games) A parity game (PG) is a game (G, (c, k)), where c : V → {1, . . . , k} is a function assigning to each vertex an integer color between 1 and k. For a play ρ, let c(ρ) denote the induced sequence of colors, and say that player 0 wins ρ iff the maximum color occurring infinitely often, max{inf(c(ρ))}, is even.

The μ-calculus model checking problem reduces to solving parity games via a reduction that gives a number of colors linear in the quantifier alternation depth of the formula. This motivates a natural parameterization of parity games:

Parameterized Parity Games Instance: Parity game (G, (c, k)) with k colors. Parameter: k Question: Does player 0 win the game?

This is a “tough customer” in NP ∩ coNP: all conventional algorithms for parity games are of complexity |V |^{Θ(k)}, and as a consequence, the only known parameterized upper bound is XP.

We prove two fixed parameter tractability results for parity games (but for different parameterizations) in this paper; see Theorems 4.1, 7.1.

Another prominent class is formed by Rabin games, with the pairs winning condition.

Definition 2.2 (Rabin Games) A Rabin Game is a game (G, W ), where the winning condition W is a set of k pairs of vertex sets, W = {(I_i, F_i)}^k_{i=1}, with I_i, F_i ⊆ V . Player 0 wins a play ρ iff there is a pair (I_i, F_i) ∈ W such that inf(ρ) ∩ I_i ≠ ∅ and inf(ρ) ∩ F_i = ∅.

Streett games are “dual” to Rabin games with the complemented pairs winning condition: player 0 wins a Rabin game iff player 1 wins the corresponding Streett game where V_0 and V_1 are interchanged. Hence, with respect to Cook’s reducibility they have the same complexity; in particular, they are fixed-parameter equivalent.

Definition 2.3 (Streett Games) A Streett game is a game (G, W ), where the winning condition W is a set of k pairs of vertices, W = {(I_i, F_i)}^k_{i=1}, I_i, F_i ⊆ V . Player 0 wins a play ρ iff for every pair (I_i, F_i) ∈ W it holds that inf(ρ) ∩ I_i ≠ ∅ implies inf(ρ) ∩ F_i ≠ ∅.

The natural parameterizations of Rabin and Streett games look as follows.

Parametrized Rabin (Streett) Games Instance: Rabin (Streett) game (G, W ). Parameter: |W |, the number of pairs in the winning condition.

Question: Does player 0 win the game?

These are also two “tough customers” both are members of the class XP, Rabin games are NPcomplete, and Streett games are coNP-complete, with the best known algorithm of complexity n^{Θ(k)} (see, e.g., [10] for an (nk)^{3k} algorithm), and no known lower bounds. We suggest the first two, M[1]-hardness (Section 3), for a different parameterization, and the absence of a subexponential in k algorithm, unless FPT = M[1], in Section 7.

The following main result of this section should be contrasted with NP-completeness of Rabin, coNP-completeness of Streett, and NP ∩ coNPmembership of parity games.

Theorem 2.4 Parameterized Parity, Rabin, and Streett Games are fixed-parameter equivalent; that is, they are all in the same class of the W -hierarchy, and one of them is in FPT iff all are in FPT .

Proof Sketch. It is easy to see that a parity game can be represented as a Rabin or Streett game on the same game graph and with O(k) pairs. Hence, PG≤_{FP} Rabin and PG≤_{FP} Streett, and we know that Rabin≡_{FP} Streett. It remains to show that Streett≤_{FP} PG. This follows from a known nonpolynomial reduction [21], using a data structure called IAR (index appearance record) due to [13] and developed in [17, 19, 21], which transforms a Streett game with n vertices and k pairs in the winning condition to a parity game with k^2k!n vertices and 2k colors in the following way. As vertex set for the parity game we take all tuples (π, i, f, p) where π is a permutation of (1, . . . , k) and i, f ∈ {1, . . . , k}, while p is a vertex of the Streett game. There is an edge between vertices ((j_1, . . . , j_k), i, f, p) and ((j^′_1, . . . , j^′_k), i^′, f^′, q) iff the following conditions hold:

1. (p, q) is an edge of the Streett game; 2. (j^′_1, . . . , j^′_k) is the result of shifting all numbers j_m such that q ∈ F_{jm} to the left in (j_1, . . . , j_k);

3. i is the greatest number such that v ∈ I_j′_i ; 4. f is the greatest number such that v ∈ F_j′_f .

A vertex (π, i, f, p) has color 2i if i ≤ f, otherwise 2f − 1. The intuition is that player 0 wins the parity game iff i < f only finitely often. The construction allows the parity game to simulate the memory needed in a Streett game strategy. �

3 MINI-Rabin Games are M[1]-Hard

The fundamental fact about Rabin games (essential in the NP-completeness proof and for decision algorithm) is the following result due to Gurevich, Harrington, Emerson, and Jutla [13, 10].

Memoryless Determinacy. Every Rabin game is determined: one of the players has a winning strategy. If player 0 wins then he can win by applying a positional strategy, which selects exactly one outgoing edge from every vertex in V_0 and erases all other edges leaving V_0. (Note: if player 1 wins, he does not necessarily possess a positional winning strategy.)

Consider the following “miniaturization”

MINI-Rabin Games Instance: Positive integers k and n in unary, and a Rabin game G = (G, W ) of total description size at most k log n. Parameter: k Question: Does player 0 win the game?

We prove the following intractability result:

Theorem 3.1 MINI-Rabin Games are M[1]- hard.

Proof. Reduction from the canonical M[1]- complete problem

MINI-3SAT [6, 11] Instance: Positive integers k and n in unary, Boolean formula ϕ in 3CNF of total description size k log n (variant: containing at most k log n variables).

Parameter: k Question: Is ϕ satisfiable?

recycling the NP-completeness proof for Rabin games due to Emerson and Jutla [10]. We may (and need to) additionally assume that no variable occurs more than three times in a formula; this will be essential for the linearity of reduction.

Let ϕ be a 3-CNF formula of total description size N = k log n, containing l ≤ N clauses C_i and m ≤ N variables v_i, each occurring at most three times. We will construct a Rabin game with 1 + l +2m vertices, at most m+3m+3m = 7m edges, and 2m pairs in the winning condition, each pair of constant size. The formula will be satisfiable iff the game is winning for player 0. The reduction will be polynomial time and linearly bounded in N, as needed [6].

Construct the game as follows (cf., Figure 1): 1. the initial vertex s belongs to player 1 and has l outgoing edges, one to each of the 2. l vertices of player 0 denoted C_i, corresponding to the clauses of the formula;

3. 2m vertices of player 1 denoted v_i, v_i (i = 1, . . . , m), corresponding to literals;

4. if a clause C contains a literal L, then there is an edge from vertex C to vertex L (this gives 3l edges);

5. every literal vertex L has an edge to all clauses C containing the negation of L (this gives 3l more edges, since every occurrence of a literal in a clause gives rise to one incoming edge).

6. The winning condition is {( {v_i}, {v_i} )}_m i=1 ∪ { ({v_i}, {v_i})

}_m i=1.

The intuition is that player 1 starting from s may ask player 0 to reveal a true literal in any of the clauses. We show that ϕ is satisfiable iff player 0 wins in G constructed above.

1. If ϕ is satisfiable, then there is a choice of a true literal for every clause C in ϕ. Construct the positional strategy of player 0 choosing exactly this literal as a successor of C (for each

Ci = (va, v_b, vc) s C1 C2 . . . Ci . . . C_l

v1 v2 . . . va vb vc . . . vm

v1 v2 . . . va . . . vb . . . vc . . . vm

Figure 1. An example of the reduction from 3CNF to Rabin Games, where the clause C_i = (v_a, v_b, v_c) illustrates the edges between clausevertices and literal-vertices.

C). Clearly, this will be a winning strategy for player 0: only true literals can be visited infinitely often, and their complementary literals will never be visited.

2. If player 0 wins in G, he can win by a positional strategy. This positional strategy selects an edge from each clause to some literal. We claim that two different clauses C_i and C_j cannot select two complementary literals, say x and x respectively. Otherwise, player 1 will play to C_j from x and to C_i from x. This will create an infinite play C_i, x, C_j , x, C_i, x, C_j , x, C_i, . . . , losing for player 0, a contradiction. Therefore, we can simply read off a satisfying truth assignment for ϕ from a positional winning strategy of player 0 (for each clause he must pick one literal that makes it true). �

4 MINI-Parity Games are FPT

A similar miniaturization of parity games is

MINI-Parity Games Instance: Positive integers k and n in unary, and a parity game G of total description size at most k log n. Parameter: k Question: Does player 0 win the game?

In contrast to Theorem 3.1, we have the following fixed parameter tractability result:

Theorem 4.1 MINI-Parity Games are FPT .

This is a consequence of our recent subexponential algorithm for parity games [1] of complexity

2^{√N log N} (where N ≤ k log n is the number of vertices) and due to the following fact [6]:

Lemma 4.2 The functions 2^{o(k log n)} are FPT . �

5 Quasi-Streett Games are W[1]-Hard

In this section we prove W [1]-hardness for a variant of Streett games, where player 0 is forced to use positional strategies only, and we parameterize by the number of pairs in the winning condition. This result does not imply hardness for the regular Streett games, but we hope that it will be a first step towards deciding the fixed-parameter complexity of Streett, Rabin, and parity games.

Recall that in a Streett game player 0 may choose moves depending on how player 1 previously played. Moreover, there are Streett games where player 0 wins, but only if his choices depend on the history of the play. Define quasi-Streett games in which we restrict player 0 to positional strategies. Formally, player 0 wins a quasi-Streett game if there is a positional strategy σ for player 0 such that any play consistent with σ is winning for him (using the usual Streett winning condition).

We show that deciding whether player 0 has a winning strategy in a quasi-Streett game, parameterized by the number of pairs in the winning condition, is hard for W [1], by constructing an FPT -reduction from Independent Set. Given a graph G^′ = (V^′, E^′) and a positive integer k we construct a game graph G = (V_0 ∪ V_1, E, v_0), and a set of k + 2 pairs such that player 0 has a winning strategy from v_0 in G if and only if G^′ has an independent set of size at least k. The construction is shown in Figure 2. Square vertices belong to V_1 while round belong to V_0. The single vertex on level 0 is the start vertex v_0. Level 1 has k vertices, with labels 1, . . . , k, while level 2 has n = |V^′| vertices. From every vertex on level 1 there is an edge to every vertex on level 2. Level 5 also has n vertices. Let the vertices in G^′ be numbered from 1 to n and also number the vertices on levels 2 and 5 in this way. From vertex i in level 2 there is an edge to vertex i on level 5. On this edge there is an intermediate vertex with label y_i. Also, if there is an edge between vertices i and j in G^′ and edge is added between vertex i on level 2 and vertex j on level 5. On this edge there is an intermediate vertex with label x_q, where q is a unique subindex between 1 and 2|E^′|. Level 6 has k + 1 vertices. For each i ∈ {1, . . . , k} there is a vertex with label i^′, and there is also a single vertex with label Z. From every vertex on level 5 there is an edge to every vertex on level 6. Clearly, the size of G is polynomial in the size of G^′, and can be constructed in polynomial time.

The winning condition consists of the k+2 pairs {({1}, {1^′ , Z}), . . . , ({k}, {k^′, Z}), ({y_1, . . . , y_n}, {1^′, . . . , k^′}), ({x_1, . . . , x_{2|E}′_|}, {Z})}. We prove that this is indeed a correct reduction.

Suppose that V^′ has an independent set I of size k, and consider the following strategy of player 0. Let the vertices on level 2 correspond to the vertex with the same number in the original graph, as in the construction. From every vertex on level 1 he selects a unique member of I. If vertex i on level 2 was selected from the vertex with label j on level 1, then he selects the vertex with label j^′ from vertex i on level 5. If vertex i on level 2 was not selected by any vertex on level 1 (it doesn’t belong to the independent set), he selects the vertex with label Z from i on level 5.

Suppose player 1 goes through the vertex with label i. If he proceeds to y_j (for the appropriate j) he will be unable to avoid i^′, after which he gets back to v_0. Thus both i and y_j are canceled. If he instead proceeds through x_j he will immediately pass through Z, canceling both i and x_j.

For the other direction, suppose there is no independent set of size k in G^′. Then in every positional strategy, either a vertex on level 2 will be selected by two vertices on level 1, or two vertices on level 2 will be selected, such that the corresponding vertices in the graph are neighbors. We first look at the former case. Suppose vertex m on level 2 has been selected from vertices i and j on level 1. From vertex m on level 5 player 0 cannot select the vertex with label Z, since this would give player 1 access to a loop where y_m occurs, but no vertex with a label in {1^′, . . . , k^′}. If, on the other hand, he selects such a vertex, say i^′, player 1 can use a loop on which j occurs, but no vertex with label in {j^′, Z}. Now suppose two vertices, p and q on level 2 are chosen from vertices i and j on level 1, such that vertices p and q in G^′ are neighbors. From neither vertex p nor q on level 5 can he select the Z-labeled vertex, since this again would create a loop with a y-vertex but no vertex in {1^′, . . . , k^′}. But whichever vertices in {1^′, . . . , k^′} are selected, player 1 can still win, since from q on level 2 he can get to p on level 5, and vice versa. �

PSfrag replacements

Figure 2. Reducing Independent Set to Quasi-Streett games

6 Colored Muller Games are As Hard As Rabin, Streett, and Parity Games

Muller games are the most general infinite graph games in which the winner is determined by the vertices visited infinitely often in a play. Rabin, Streett, and parity games can all be expressed as Muller games. In general, the winning condition is a family of sets of vertices, and player 0 wins if the set of vertices visited infinitely often belongs to this family. In many cases, such as when reducing from the previously discussed games, vertices can be partitioned into equivalence classes where vertices are interchangeable in the same way as vertices of the same color in parity games. It therefore seems reasonable to parameterize Muller games by the number of such equivalence classes.

It turns out that Muller games thus parameterized are fixed-parameter equivalent to Rabin, Streett, and parity games, even though the parameterized Muller games are still much more flexible than, e.g., parity games. The purpose of this definition and the proof of equivalence is that fixedparameter intractability might be easier to prove by a reduction to these more expressive games than to Rabin, Streett, or parity games.

Definition 6.1 (Colored Muller Games) A colored Muller game (CMG) is a game (G, (c, k, F)), where c : V → {1, . . . , k} assigns an integer color to each vertex. The set F ⊆ 2^{{1,...,k}} determines which sets of colors are winning: player 0 wins the play ρ iff inf(c(ρ)) ∈ F.

Parameterized Colored Muller Games Instance: CMG (G, (c, k, F)) with k colors. Parameter: k Question: Does player 0 win the game?

Theorem 6.2 Parameterized Colored Muller Games are fixed-parameter equivalent to Parameterized Rabin, Streett, and Parity games.

Proof. We show that CMG≤_{FP} P G with the natural parameterization by color of parity games. Let G = ((V = V_0∪V_1, E, v_0), (c, k, F)) be a CMG. We will construct a parity game G^′ = ((V^′ = V^′_0 ∪ V^′_1 , E^′, v^′_0), (c^′, k)) that is winning for player 0 iff G is.^2

The vertex set V^′ consists of all tuples ((i_1, . . . , i_k), h, p) where p ∈ V , (i_1, . . . , i_k) is a permutation of (1, . . . , k) such that c(p) = i_1, and h ∈ {1, . . . , k}; Vertex ((i_1, . . . , i_k), h, p) belongs to V^′_0 iff vertex p of G belongs to V_0. The coloring function c^′ : V → {1, . . . , 2k} is defined by c^′((i_1, . . . , i_k), h, p) = = { 2h, iff {i_1, . . . , i_h} ∈ F; 2h − 1, iff {i_1, . . . , i_h} ∉ F.

2The reduction given is a modification of a known, non- FPT reduction; see [20]. It builds on ideas from [16], and uses the concept of “order-vector with hit” also known as Latest Appearance Record (LAR), first considered in [3], [13] and in a technical report from 1965 by McNaughton. We use a modification of this data structure in our reduction.

The set E^′ contains an edge between vertices ((i_1, . . . , i_k), h, p) and ((i_m, i_1, . . . , i_{m−1}, i_{m+1}, . . . , i_k), m, q) iff (p, q) ∈ E. The initial vertex v^′_0 in G^′ is the vertex ((m, m + 1, . . . , k, 1, . . . , m − 1), 1, v_0). The game graph G^′ has k! · n vertices and 2k colors, so the reduction is FPT . It remains to show that it is correct.

Assume that G is winning for player 0. Notice that for every successor u of a vertex v ∈ V , the vertex ((i_1, . . . , i_j ), h, v) ∈ V^′ has exactly one successor with u as its third component. This gives a way of translating any play ρ in G to a corresponding play ρ^′ in G^′. Furthermore, if player 0 has a winning strategy σ in G, it straightforwardly translates into a strategy in G^′, and vice versa. We now show that any play ρ^′ in G^′, consistent with σ, is winning for player 0. Let ρ be the corresponding play in G, denote by c(ρ) the induced sequence of colors, and define C_ρ = inf(c(ρ)). Then C_ρ ∈ F. Since only vertices with colors in C_ρ are visited infinitely often, from some point in ρ^′ on, only vertices ((i_1, . . . , i_k), h, p) with h ≤ |C_ρ| will be visited. On the other hand, since all sets in C_ρ are visited infinitely often along ρ, some vertex with h = |C_ρ| will be visited infinitely often along ρ^′. Since C_ρ ∈ F, all such vertices have even color. Thus G^′ is winning for player 0.

For the other direction, suppose G^′ is winning for player 0 and let σ^′ be a winning strategy; let σ be the corresponding strategy in G. Let ρ be any play in G consistent with σ and let ρ^′ be the corresponding play in G^′; it is consistent with σ^′ so player 0 wins ρ^′. We now show that player 0 also wins ρ. Let h be the maximal second component of any vertex in inf(ρ^′). Thus, there is a point in ρ^′ (say at vertex ((c_1, . . . , c_k), ∗, ∗)) after which (1) the second component is always ≤ h and (2) it is equal to h infinitely often. By (1), only colors c_1, . . . , c_h will be visited infinitely often by ρ. By (2), each color c_1, . . . , c_h will be visited infinitely often by ρ. By the definition of c^′, the maximal color occurring infinitely often in ρ^′ is either 2h−1 or 2h. Since it is even, it must be 2h. Hence {c_1, . . . , c_h} ∈ F and ρ wins G for player 0.

PG ≡_{F P T} CMG. We show that P G≤_{FP} CMG, and thus that the two problems are actually fixedparameter equivalent. Given a parity game G^′ = ((V^′ = V^′_0 ∪ V^′_1 , E^′, v^′_0), (c^′, k)), we construct a CMG with the same game graph and the same coloring function. The winning condition is F = ⋃ 1 ≤ i ≤ k, i even

{{i} ∪ U|U ⊆ {1, . . . , i − 1}}.

The size of the game graph does not increase, and the winning condition has size O(2^k), so the reduction is FPT . �

7 Fixed Parameter Tractable Case:

When All Games are “Easy”

Consider a different parameterization of games. Our previous definition assumes that winning conditions are specified in terms of subsets of the whole set V of game vertices, by using Rabin, Streett, Muller, or parity conditions. This is not the only possibility, e.g., [17, 22] give a more general definition, including the so-called subset of winning-condition nodes W ⊆ V , and the winning condition Ω (sets of vertices visited infinitely often) is defined as a subset of 2^W (cf., [17, p.152]). Only subsets of W visited infinitely often during a play are taken into account in determining the winner; thus player 0 wins ρ iff W ∩ inf(ρ) ∈ Ω. This allows for a natural parameterization of all games (Rabin, Streett, Muller, parity) as follows.

Games Parameterized by the Winning- Condition Nodes Set Size Instance: Game G where only nodes in W occur in the winning condition Ω ⊆ 2^W . Parameter: k = |W | Question: Does player 0 win the game?

The following theorem, implicit in [17], settles the tractability status of the problem above.

Theorem 7.1 Games Parameterized by the Winning-Condition-Nodes Set Size is fixed parameter tractable. �

Actually, McNaughton [17], gives an O(n^3 · (ck)^k) algorithm for solving a game on n vertices with any winning condition Ω ⊆ 2^W with k = |W | (c is some constant).

The important corollary is that any (Rabin, Streett, parity) game with k pairs (colors) is FPT if the number of vertices occurring in pairs (colored) is bounded by some function f(k). Hence, for intractability, the winning conditions should involve “many” vertices, unbounded by any function f(k) of the parameter k.

It is interesting to know whether the O(n^3 · (ck)^k) algorithm, exponential in the size of the winning-condition nodes set is asymptotically “optimal”. Recent developments in parameterized complexity allow to give an affirmative answer. The problem MINI-3SAT mentioned in Section 3 is hard for the complexity class M[1], intermediate between FPT and W [1] [6]. The following lemma is also proved in [6] and should be related with Lemma 4.2.

Lemma 7.2 Any M[1]-complete problem is fixed parameter tractable iff there is a 2^{o(n)} algorithm that determines, for a Boolean circuit C of total description size n, whether there is an input vector x such that C(x) = 1. �

In Section 3 we described an FPT -reduction from MINI-3SAT to MINI-Rabin Games, proving their M[1]-hardness. Now it suffices to observe that the size of the winning-condition node set used in the reduction equals 2k log n, i.e., twice the number of variables occurring in a Boolean formula. By applying Lemma 7.2, we thus obtain the following exponential (in the winningcondition node set size) lower bound on the problem of solving infinite games, which also shows the “almost-optimality” of McNaughton’s algorithm.

Theorem 7.3 (Lower Bound for Games) There is no algorithm of complexity 2^{o(|W |)} · p(n), for any polynomial p(n), capable of solving an arbitrary Rabin, Streett, or Muller games with the winning-condition nodes W ⊆ V , unless FPT = M[1].

As Lemma 7.2 shows, the evidence FPT ≠ M[1] in the premise is quite strong. To our knowledge, Theorem 7.3 is the first lower bound on the complexity of solving infinite games and the first proof of optimality of McNaughton’s algorithm.

8 Intractability of Muller Games Parameterized by the Size of the Largest Permset

Consider another “natural” parameterization of Muller games as follows. Recall that a permset (or a limit set) is a set of vertices in a game acceptance condition one of which is intended to appear infinitely often in every play.

Muller Games Parameterized by the Size of Permsets Instance: Muller game G with acceptance condition F = {S_i}_{i∈I} Parameter: k = max (|S_i| : S_i ∈ F) Question: Does player 0 win the game?

Theorem 8.1 Muller Games Parameterized by the Size of Permsets is W [1]-hard, if implicit representation of the winning condition is allowed.

Proof. By reduction from Clique. Given an undirected graph, replace each edge with two directed edges, each with an intermediate vertex. The winning condition says that the permset should have exactly k vertices from the original vertex set and exactly k(k−1) of the new, intermediate vertices. The size of the graph is polynomial in the original graph size, and the new parameter k^′ is k + k(k − 1). �

The above reduction is only FPT if “implicit representation of the winning condition is allowed”, i.e., the condition can be given as a short description of a large number of sets. In the reduction above the number of sets is roughly n^k, and an explicit representation of them would not be FPT . They all have very similar structure, however, and can thus be represented compactly by a predicate. This technique cannot be used for Muller games in general, since any collection of sets can form the winning condition, but for some applications it is plausible that a subset of Muller games with structured winning conditions can be identified, for which the theorem is applicable.

9 Mean Payoff Games

Another well known [9, 12, 23] class of infinite games are the so-called Mean Payoff Games, played on finite graphs, like Parity, Rabin, and Streett Games above. The difference is that the edges (rather than vertices) are equipped with integer weights, and players try to maximize/minimize, respectively, the limit of the average weight of edges traversed in an infinite play. It is known that that any such game has a value that both players can ensure by following positional strategies. The decision problem “is the value of a mean payoff game ≥ K” is known to be in NP ∩ coNP. Consider first the following natural parameterization for mean payoff games.

Mean Payoff Games I.

Instance: Mean payoff game with the maximum absolute edge weight ≤ k, and a rational number v.

Parameter: k Question: Is the value of the game ≥ v?

This problem has pseudopolynomial algorithms of complexity O(n^3 · k) [23, 12, 18], hence in FPT . In contrast, the following version is only known to be in XP.

Mean Payoff Games II Instance: Mean payoff game on n vertices with the maximum absolute edge weight ≤ n^k, rational number v. Parameter: k Question: Is the value of the game ≥ v?

This is another intriguing problem, classically in NP ∩ coNP (thus unlikely NP-hard), without any nontrivial lower bounds. Importantly, Parity Games are FPT -reducible (via a linearly bounded Karp transformation) to Mean Payoff Games II^3; hence, the latter cannot be FPT , unless Rabin, Streett, and Parity Games are all FPT .

3Equip edges leaving a vertex of color i with the weight (−1)^i · n^i, and ask if the value of an initial vertex is ≥ 0.

10 Simple Stochastic Games

Simple stochastic games [14, 5, 23] are played on leafless graphs, which in addition to vertices possessed by two players also have vertices in which probabilistic choices of outgoing edges are made. There are also two sinks, 0- and 1-sink, and player 0 tries to maximize the probability of reaching the 0-sink. Simple stochastic games are known to be determined in positional strategies and as a consequence, the associated decision problem: “given a game does player 0 have ≥ 1/2 probability of reaching the 0-sink” is in NP ∩ coNP. No nontrivial lower bounds are known.

A possible parameterization is the “miniature”:

(MINI) Simple Stochastic Games Instance: integers n, k in unary, and a simple stochastic game of total description size k log n, vertices, with probabilities 1/2 in average vertices.

Parameter: k Question: Is the value of the game ≥ 1/2?

All currently known algorithms for simple stochastic games are super polynomial in the number of vertices. Ludwig [15] suggested a subexponential algorithm for binary simple stochastic games, when one of the players has all vertices of outdegree ≤ 2 (or bounded by a constant). Every game of unbounded outdegree can be reduced to a binary one, but at the expense of the quadratic blow-up in the number of vertices, and Ludwig’s algorithm becomes exponential. In [1, 2] we suggested subexponential algorithms for simple stochastic games of arbitrary outdegree. As a consequence, similarly to Theorem 4.1, we obtain

Theorem 10.1 (MINI) Simple Stochastic Games are in FPT . �

As a consequence we also get the following

Corollary 10.2 The problem below is FPT . (Mini) Mean Payoff Games III Instance: positive integers k, n in unary, a mean payoff game G of size k log n, rational p Parameter: k Question: Does G have value ≥ p?

Proof Sketch. Consider an MPG M of description size N = k log n. It has at most N vertices of player 0. Construct an SSG S from M, as described in [23]. The game S contains the same number of vertices of player 0. Note that the number of average vertices in S may blow up polynomially, as N^c, because we will need to model fractional probabilities with denominators up to n^{k+5}; this can be done by using O(k log n) binary 1/2-average vertices, proportional to the number of bits in n^{k+5} (per average vertex with arbitrary outdegree and probabilities). But this N^c blow-up in the number of average vertices does not matter for our adaptation of Kalai’s algorithm for solving SSGs [1, 2], deciding S in 2

√_{O(N log N)} = 2^{o(N)}, i.e., FPT -time. �

Since the maximum weight W can be 2^{Θ(k log n)}, the pseudopolynomial O(poly·W ) algorithms from [23, 12, 18] do not imply Corollary 10.2.

11 Conclusions

In this paper we set the stage and investigated fixed-parameter (in)tractability, under several natural parameterizations, of a number of well-known infinite duration games. Unlike previously investigated finite duration k-step parameterizations of PSPACE-complete games, like Generalized Geography, Kayles and derivatives, or the provably intractable Peg or Pebble Games (in XP), our parameterizations are different, and the games we consider are of different nature (solvable in positional or finite memory strategies; members of NP and/or coNP).

The games we consider reveal a whole spectrum of different FPT -behaviors wrt different parameterizations. Under one (most) natural parameterization the three classically different type of games (NP-complete, coNP-complete, and in NP ∩ coNP) happen to be FPT -equivalent, i.e., either all in FPT , or all in the same “weirdness” parameterized class. Under other, also natural, parameterizations they may become FPT , or non-FPT , or have different fixed-parameter tractability statuses. Also, Mean Payoff and Simple Stochastic Games known only to be in NP ∩ coNP, with unknown PTIME status happen to be FPT under a “miniaturized” parameterization.

The major problem remaining open is to settle the definitive (in)tractability status for Rabin, Streett, Parity, and Muller Games parameterized by the number k of pairs or colors in the winning condition. We showed that all these games should be in the same fixed-parameter class, and this class is definitely FPT whenever the winning-node sets size is bounded by any function of parameter k.

Acknowledgments. We thank Mike Fellows for stimulating our interest to the fixed parameter analysis of games, and also for informing us about the latest progress in the area.

References

[1] H. Björklund, S. Sandberg, and S. Vorobyov.

A discrete subexponential algorithm for parity games. In H. Alt and M. Habib, editors, 20th International Symposium on Theoretical Aspects of Computer Science, STACS’2003, volume 2607 of Lecture Notes in Computer Science, pages 663– 674, Berlin, 2003. Springer-Verlag.

[2] H. Björklund, S. Sandberg, and S. Vorobyov.

Randomized subexponential algorithms for parity games. Technical Report 2003- 019, Department of Information Technology, Uppsala University, April 2003.

http://www.it.uu.se/research/reports/.

[3] J. R. Büchi. State-strategies for games in F_{σδ} ∩ G_{δσ} . J. Symb. Logic, 48(4):1171–1198, 1983.

[4] M. Cesati. Compendium of parameterized problems. Available from

http://bravo.ce.uniroma2.it/home/cesati/
research, 2001.

[5] A. Condon. The complexity of stochastic games.

Information and Computation, 96:203–224, 1992.

[6] R. D. Downey, V. Estivill-Castro, M. R. Fellows, E. Prieto-Rodriguez, and F. A. Rosamond. Cutting up is hard to do: the parameterized complexity of k-cut and related problems. Electronic Notes in Theoretical Computer Science, 78:205– 218, 2003.

[7] R. G. Downey. Parameterized complexity for the skeptic. In IEEE Computational Complexity Conference (CCC’03), 2003.

[8] R. G. Downey and M. R. Fellows. Parameterized Complexity. Monographs in Computer Science. Springer-Verlag, 1999.

[9] A. Ehrenfeucht and J. Mycielski. Positional strategies for mean payoff games. International Journ. of Game Theory, 8:109–113, 1979.

[10] E. A. Emerson and C. S. Jutla. The complexity of tree automata and logics of programs. In Annual IEEE Symp. on Foundations of Computer Science, pages 328–337, 1988.

[11] M. R. Fellows. New directions and new challenges in algorithm design and complexity, parameterized. In Workshop on Algorithms And Data Structures, Lect. Notes Comput. Sci. Springer-Verlag, 2003. to appear.

[12] V. A. Gurevich, A. V. Karzanov, and L. G.

Khachiyan. Cyclic games and an algorithm to find minimax cycle means in directed graphs. U.S.S.R. Computational Mathematics and Mathematical Physics, 28(5):85–91, 1988.

[13] Y. Gurevich and L. Harrington. Trees, automata, and games. In Proceedings of the Fourteenth Annual ACM Symposium on Theory of Computing, pages 60–65, May 1982.

[14] A. J. Hoffman and R. M. Karp. On nonterminating stochastic games. Management Science, 12(5):359–370, 1966.

[15] W. Ludwig. A subexponential randomized algorithm for the simple stochastic game problem. Information and Computation, 117:151–155, 1995.

[16] R. McNaughton. Finite state infinite games. Technical report, Massachusetts Institute of Technology, September 1965.

[17] R. McNaughton. Infinite games played on finite graphs. Annals Pure Appl. Logic, 65(2):149–184, 1 December 1993.

[18] N. Pisaruk. Mean cost cyclical games. Mathematics of Operations Research, 24(4):817–828, 1999.

[19] S. Safra. Exponential deteriminization for ωautomata with strong-fairness acceptance condition. In Proceedings of the 24th ACM Symposium on the Theory of Computing, pages 275–285, 1992.

[20] W. Thomas. Languages, automata, and logic.

Handbook of Formal Languages, 3:389–455, 1997.

[21] W. Thomas. Automata and reactive systems.

Course Lectures, RWTH Aachen, Germany, 2002.

[22] W. Zielonka. Infinite games on finitely coloured graphs with applications to automata on infinite trees. Theor. Comput. Sci., 200:135–183, 1998.

[23] U. Zwick and M. Paterson. The complexity of mean payoff games on graphs. Theor. Comput. Sci., 158:343–359, 1996.

Recent technical reports from the Department of Information Technology 2003-019 Henrik Björklund, Sven Sandberg, and Sergei Vorobyov: Randomized Subexponential Algorithms for Parity Games 2003-020 Christian Tschudin and Richard Gold: SelNet: A Translating Underlay Network 2003-021 Christian Tschudin and Richard Gold: LUNAR: Lightweight Underlay Network Ad-hoc Routing 2003-022 Bharath Bhikkaji, Kaushik Mahata, and Torsten Söderström: Reduced order models for a two-dimensional heat diffusion system 2003-023 Bertil Gustafsson and Per Wahlund: Time Compact Difference Methods for Wave Propagation in Discontinuous Media 2003-024 Parosh Aziz Abdulla, Bengt Jonsson, Marcus Nilsson, and Julien d’Orso: Algorithmic Improvements in Regular Model Checking 2003-025 Torbjörn Wigren and Torsten Söderström: Second Order ODEs are Sufficient for Modeling of Many Periodic Signals 2003-026 Henrik Löf, Zoran Radovic, and Erik Hagersten: THROOM — Running POSIX Multithreaded Binaries on a Cluster 2003-027 Per Carlsson, Arne Andersson, and Fredrik Ygge: A Tractable Mechanism for Time Dependent Markets 2003-028 Erik K. Larsson: Limiting Properties of Sampled Stochastic Systems 2003-029 Oskar Grenholm, Zoran Radovic, and Erik Hagersten: Latency-hiding and Optimizations of the DSZOOM Instrumentation System 2003-030 M. Ekman, P. Samuelsson, and B. Carlsson: Adaptive Control of the Nitrate Level in an Activated Sludge Process Using an External Carbon Source - Extended Version 2003-031 Daniel Noreland: Ill-Posedness of Absorbing Boundary Conditions Applied on Convex Surfaces 2003-032 Daniel Noreland: Impedance Boundary Conditions for Acoustic Waves in a Duct with a Step Discontinuity 2003-033 Daniel Noreland: A Gradient Based Optimisation Algorithm for the Design of Brass- Wind Instruments 2003-034 Per Lötstedt, Alison Ramage, Lina von Sydow, and Stefan Söderberg: Preconditioned Implicit Solution of Linear Hyperbolic Equations with Adaptivity 2003-035 Elisabeth Larsson and Bengt Fornberg: Theoretical and Computational Aspects of Multivariate Interpolation with Increasingly Flat Radial Basis Functions 2003-036 Emad Abd-Elrady, Torsten Söderström, and Torbjörn Wigren: Periodic Signal Modeling Based on Liénard’s Equation 2003-037 Dan Wallin and Erik Hagersten: Bundling: Reducing the Overhead of Multiprocessor Prefetchers 2003-038 Henrik Björklund, Sven Sandberg, and Sergei Vorobyov: On Fixed-Parameter Complexity of Infinite Games

August 2003 ISSN 1404-3203 http://www.it.uu.se/