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Abstract

The Fokker-Planck equation on conservation form is discretized by a
finite volume method and advanced in time by a linear multistep method.
The grid cells are refined and coarsened in blocks of the grid depending on
an estimate of the spatial discretization error and the time step is chosen
to satisfy a tolerance on the temporal discretization error. The solution
is conserved across the block boundaries so that the total probability is
constant. A similar effect is achieved by rescaling the solution. The steady
state solution is determined as the eigenvector corresponding to the zero
eigenvalue. The method is applied to the solution of a problem with two
molecular species and the simulation of a circadian clock. Comparison is
made with a stochastic method.
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1 Introduction

The spectacular progress of molecular biology during the last decade has given
us more or less complete maps of the genome of several species and methods for
quantitative experiments on single cells. The large amount of data has made it
obvious that there is a demand for new techniques for understanding the sum of
the parts. The branch of molecular biology that has accepted this challenge is
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1



sometimes called systems biology [5]. An important tool of systems biology is
to use simple models for computer investigation of the principles of regulation of
gene expression and biochemical pathways.

The standard model for chemical reactions in molecular biology is the reac-
tion rate equations. They are a system of nonlinear ordinary differential equa-
tions (ODEs) for the concentrations of the molecular species in the reactions.
This model is deterministic and suitable for reactions with many participating
molecules of each species. If the number of molecules is small or if the reactions
occur far from thermodynamic equilibrium, then a stochastic model such as the
master equation [6, 7, 13, 19] is much more accurate. The master equation is
a differential-difference equation for the time dependent probability density p of
the number of molecules of each species. With N different species, the spatial
domain of p is an N -dimensional space.

The Fokker-Planck (FP) equation is a partial differential equation (PDE) in
time and N -dimensional space approximating the master equation. For small N ,
the FP equation can be solved numerically after discretization, but for N & 5
other methods are needed due to the exponential growth of computational work
and storage requirements with increasing N (’the curse of dimensionality’). A
deterministic method for high dimensions is to use sparse grids [3]. A stochastic
method is Gillespie’s algorithm [10], which is a Monte Carlo method simulating
the reactions step by step. This is the usual method in molecular biology to com-
pute the time evolution of the probability distribution of chemical compositions
also for small N . We show in this paper that numerical solution of the FP equa-
tion is an alternative for low dimensions with many advantages and illustrate our
method with two two-dimensional examples.

The FP equation is discretized in the nonnegative orthant by a finite volume
method. The boundary conditions are such that the total probability density is
constant over time. The grid is Cartesian and is adaptively refined and coars-
ened in blocks of the grid [8]. A pioneering Adaptive Mesh Refinement (AMR)
algorithm is found in [2] and in [14] the efficiency of grid adaptation is evaluated
experimentally. Estimates of the spatial discretization error determine where
finer or coarser cells are introduced. At a block boundary, the cell size is allowed
to increase by a factor two. The time integration is implicit and in each time step
a system of linear equations is solved iteratively for p. The time step is chosen
so that the estimated temporal discretization error is below some given threshold
[16]. Second order accuracy is obtained also at block boundaries. The scheme is
conservative after corrections at the block boundaries but then formal accuracy
is reduced to one there. The total probability is preserved with a conservative
discretization. The same effect is achieved by rescaling the solution now and
then.

The steady state solution of the FP equation is computed with adaptation
by solving an eigenvalue problem for a few eigenvalues with Arnoldi’s method
[15]. The solution is the eigenvector corresponding to the zero eigenvalue. The
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operator of the conservative scheme is guaranteed to have a zero eigenvalue. This
may not be the case for the non-conservative method. This way of computing
the steady state solution is orders of magnitude faster than integrating the time
dependent solution until the time derivatives vanish.

The method is first applied to a system with two species modeling two reacting
metabolites created by two enzymes in a growing cell [7]. Then the FP equation
corresponding to the model of the circadian clock in [20] is solved. The circa-
dian clock is a biological rhythm responsible for adapting organisms to periodic
variations in their terrestial environment such as the daylight [11]. This equation
is sensitive to the formulation of the boundary conditions. The FP solution is
compared to the solution obtained by Gillespie’s method.

The supremum norm for a vector v of length N is denoted by |v|∞ and the
`2-norm is ‖v‖2 = (

∑N
i=1 |vi|2)1/2 in the paper.

2 The master and Fokker-Planck equations

The chemical reactions in a cell can be modelled by macroscopic, deterministic
equations or by mesoscopic, stochastic equations. The concentrations of the
chemical species satisfy a system of ODEs on a macroscale. The probability
density for the participating molecules satisfies a master equation on a mesoscale.
These equations are discussed in this section and the solution of the master
equation is approximated by the solution of the FP equation. The assumption is
that the mixture of molecules is spatially homogeneous so that space dependent
solutions are avoided.

Assume that we have N chemically active molecular species Xi, i = 1 . . . N ,
and that there are xi molecules of substrate Xi at time t. The state vector
x of dimension N satisfies x ∈ ZN

+ , where Z+ denotes the non-negative integer
numbers. The inequality relation x ≥ 0 for a vector x denotes that all components
are non-negative xi ≥ 0, i = 1 . . . N . A chemical reaction r is a transition from a
state xr to x so that xr = x + nr. The probability or propensity for the reaction
to occur per unit time is wr(xr) ∈ R. The propensity is non-negative and often
modeled as a polynomial or a rational polynomial in xi. The reaction r can be
written

xr
wr(xr)−−−−→ x, nr = xr − x. (1)

The time evolution of the concentrations of the molecules is governed by the
reaction rate equations. They form a system of N coupled nonlinear ODEs,
which are valid when the molecular copy number of each species is large. Let the
concentration of Xi be denoted by [xi] and let [x] ∈ RN

+ be the vector of con-
centrations, where R+ denotes the non-negative real numbers. Then the reaction
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rate equations with R reactions are [13]

d[xi]

dt
= −

R∑
r=1

nriwr([x]), i = 1 . . . N. (2)

The system (2) is often stiff with the size of the terms in wr differing by orders
of magnitude.

The master equation is a difference-differential equation for the time evolution
of the probability density p(x, t) that the molecular state is x at time t [13]. To
derive the equation for p, split nr into two parts so that

nr = n+
r + n−r , n+

ri = max(nri, 0), n−ri = min(nri, 0).

A reaction (1) at xr takes place if xr ≥ 0 and x ≥ 0 implying that x + n−r ≥ 0,
and a reaction at x occurs if x ≥ 0 and x − nr ≥ 0 implying that x − n+

r ≥ 0.
Introduce the flux for the r:th reaction

qr(x, t) = wr(x, t)p(x, t).

For a single reaction the change of probability is

∂p(x, t)

∂t
=

{
qr(x + nr, t), x + n−r ≥ 0

0, otherwise

}
−

{
qr(x, t), x− n+

r ≥ 0
0, otherwise

}
. (3)

Summation of (3) over all x yields

∑

x∈ZN
+

∂p(x, t)

∂t
=

∂

∂t

∑

x∈ZN
+

p(x, t) =
∑

x+n−r ≥0

q(x + nr, t)−
∑

x−n+
r ≥0

q(x, t)

=
∑
y≥0

q(y + n+
r , t)−

∑
y≥0

q(y + n+
r , t) = 0.

(4)

Thus, the total probability
∑

x∈ZN
+

p(x, t) is constant over time and therefore

conserved.
With R reactions the master equation is

∂p(x, t)

∂t
=

R∑
r = 1

x + n−r ≥ 0

qr(x + nr, t)−
R∑

r = 1

x− n+
r ≥ 0

qr(x, t). (5)

It follows from (4) and (5) that the total probability in the master equation is
also conserved.

By truncating the Taylor expansion of the first sum of the master equation
(5) after the second order term we arrive at the FP equation [13] for x ∈ RN

+ .
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The equation for the probability density is

∂p(x, t)

∂t
=

R∑
r=1

{
N∑

i=1

nri
∂qr(x, t)

∂xi

+
N∑

i=1

N∑
j=1

nrinrj

2

∂2qr(x, t)

∂xi∂xj

}

=
R∑

r=1

{
N∑

i=1

nri
∂

∂xi

(
qr(x, t) +

1

2

N∑
j=1

nrj
∂qr(x, t)

∂xj

)}
.

(6)

The conservation form of the FP equation is obtained by introducing Fr with the
components

Fri = nri(qr + 0.5nr · ∇qr), r = 1 . . . R, i = 1 . . . N.

Then by (6)

∂p(x, t)

∂t
=

R∑
r=1

∇ · Fr. (7)

Assume that p(x, t) = 0 outside

Ω(ρ) = {x | x ∈ RN
+ and ‖x‖2 < ρ} (8)

for some ρ > 0. Then qr = 0 and Fr = 0 in RN
+ \ Ω(ρ) and the time derivative

of the total probability in the non-negative orthant RN
+ is by Gauss’ formula and

(7)

∂

∂t

∫

RN
+

p(x, t) dV =

∫

RN
+

∂p

∂t
dV =

R∑
r=1

∫

RN
+

∇ · Fr dV =
R∑

r=1

∫

Ω

∇ · Fr dV

=
R∑

r=1

∫

∂Ω

Fr · nΩ dS = −
R∑

r=1

N∑
i=1

∫

Γi

Fri dS

= −
N∑

i=1

∫

Γi

R∑
r=1

nri(qr + 0.5nr · ∇qr) dS,

(9)

where nΩ is the normal of ∂Ω and Γi = {x | x ∈ RN
+ and xi = 0}. If the total

flux in the FP equation satisfies

R∑
r=1

nri(qr + 0.5nr · ∇qr) = 0 on Γi, i = 1 . . . N, (10)

then the total probability in RN
+ is conserved. This is the boundary condition we

adopt in the discretization of the FP equation in the next section.
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In order to derive the adjoint equation for the space operator of the FP equa-
tion and its boundary condition from (6), consider for every r the inner product

∫

Ω

nr · ∇(qr + 0.5nr · qr)u dΩ

=

∫

∂Ω

nΩ · nr(qr + 0.5nr · qr)u dS −
∫

Ω

pwr(nr · ∇)u dΩ

−0.5

∫

∂Ω

nΩ · nrqr∇ · (nru) dS + 0.5

∫

Ω

pwr(nr · ∇)∇ · (nru) dΩ.

Since
∑

r nr(qr + 0.5nr · qr) = 0 on ∂Ω, the adjoint equation and its boundary
condition are

R∑
r=1

wr

N∑
i=1

nri

{
∂u

∂xi

− 0.5
N∑

j=1

nrj
∂2u

∂xi∂xj

}
= 0,

R∑
r=1

nriwr

N∑
j=1

nrj
∂u

∂xj

= 0 on Γi.

(11)

A solution to (11) is a constant u. This solution is compared to the solution of
the discretized adjoint equation in Sect. 5.

3 Discretization

A numerical method for solution of the FP equation (7) with the boundary con-
ditions (10) is described in this section. The method is adaptive in space and
time and the total probability is preserved as it is in the analytical counterpart
(9).

3.1 Space discretization

The FP equation (7) is discretized by a finite volume method in 2D with quadri-
lateral cells as in [9]. Integrate (7) using Gauss’ theorem over one cell ωij in R2

+

to obtain

∂pij

∂t
=

1

|ωij|
∫

ωij

∂p(x, t)

∂t
dω =

1

|ωij|
∫

ωij

R∑
r=1

∇ · Fr dω =
1

|ωij|
∫

∂ωij

F · nω dS,

(12)

where pij is the average in a cell, F =
∑R

r=1 Fr, and nω is the normal on the
boundary ∂ωij of cell ωij with area |ωij|.

For evaluation of the integral on ∂ωij, we need an approximation of F =∑R
r=1 nr(qr + 0.5nr · ∇qr) using the cell averages pij. An upwind approximation
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of
∑R

r=1 nriqr is chosen depending on the sign of w in

R∑
r=1

nriqr =
R∑

r=1

nriwrp = wp.

On the face (i + 1/2, j) between ωij and ωi+1,j

R∑
r=1

nriqr =

{
wi+1/2,j(3pij − pi−1,j)/2, wi+1/2,j < 0,
wi+1/2,j(3pi+1,j − pi+2,j)/2, wi+1/2,j ≥ 0.

(13)

The gradient is approximated in a dual grid with cell corners at the midpoints of
the primal grid. By Gauss’ theorem in a dual cell ωi+1/2,j+1/2 with midpoint at
the common corner of ωij and ωi+1,j+1

∇qi+1/2,j+1/2 =
1

|ωi+1/2,j+1/2|
∫

ωi+1/2,j+1/2

∇q dω

=
1

|ωi+1/2,j+1/2|
∫

∂ωi+1/2,j+1/2

qnωdS.

Then q is approximated at the right hand face of ωi+1/2,j+1/2 by 0.5(qi+1,j +
qi+1,j+1). The other cell faces are treated similarly. Finally, on the face (i+1/2, j)

∇qi+1/2,j = 0.5(∇qi+1/2,j+1/2 +∇qi+1/2,j−1/2).

The approximation on the other cell faces of ωij is the same. The scheme is
second order accurate on grids with constant grid size. In conclusion, the time
dependent equation for pij in a rectangular cell with the length of the edges ∆x
and ∆y in a rectangular domain Ω is

dpij

dt
= Φij(p) = 1

|ωij |
(
(Fi+1/2,j − Fi−1/2,j)∆y + (Fi,j+1/2 − Fi,j−1/2)∆x

)
,

i = 1, . . . , Ni, j = 1, . . . , Nj.

(14)

The vector p consists of all the averages pij in some order.
The master equation in 1D for two reactions is compared to the discretization

of the FP equation. Let the cells be ωi = {i− 1/2 ≤ x < i + 1/2}, i = 0, 1, 2 . . . ,
and suppose that n1 = 1 and n2 = −1. Then

(q1 + 0.5
∂q1

∂x
)(i) ≈ q1(i + 1/2), (q2 − 0.5

∂q2

∂x
)(i) ≈ q2(i− 1/2),

and the master equation is

∂pi

∂t
= q1,i+1 − q1,i + q2,i−1 − q2,i, i ≥ 1,

∂p0

∂t
= q1,1 − q1,0 − q2,0. (15)
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The finite volume approximation of the FP equation is

∂pi

∂t
≈ I

i+1/2
i−1/2 (q1(i + 1/2)− q2(i− 1/2)) = q1,i+1 − q1,i + q2,i−1 − q2,i, i ≥ 1,

∂p0

∂t
≈ q1,1 − q1,0 − q2,0.

(16)

The right hand sides in (15) and (16) are identical, also at the boundary.
The stability of the space discretization can be investigated with the model

equation in 1D

a
∂p

∂x
+ b

∂2p

∂x2
= 0,

where a and b are positive and constant. With a centered evaluation 0.5wi+1/2(pi+1+
pi) in (13) instead of the upwind flux, the discrete solution is non-oscillatory only
if ∆x is so small that the cell Peclet number satisfies a∆x/(2b) ≤ 1 [17]. For the
upwind scheme in (13) the discrete solution is

pi =
3∑

k=1

γkλ
i
k, λ1 = 1, λ2,3 = α±

√
α2 − β,

where α = (3a∆x + 2b)/(2a∆x) and β = 2b/(a∆x). Since β > 0 and α2 − β > 0
we have λ2,3 > 0 and no oscillations occur in this case.

3.2 Grid structure and interpolation

The computational domain is a rectangle [0, xmax]× [0, ymax] with xmax, ymax > ρ
in (8). It is covered by a Cartesian grid partitioned into blocks as in [8, 16].
A block consists of a number of cells and the cell size is adapted so that the
estimated spatial error in the solution is sufficiently small. All cells in a block
are refined if at least one cell is flagged for refinement. All cells in a block are
coarsened if this is acceptable for the error in all the cells. The coarsening and
refinement are introduced by doubling or halving the grid size. The jump in grid
size at the boundary between two blocks is at most two.

Each block has a layer of ghost cells outside the block to simplify the ap-
plication of the discretization stencil in a block and the communication of data
between the blocks. Two layers of extra cells are needed for our space discretiza-
tion. If the grid size is the same on both sides of a block boundary, then the
cell values in one block are copied into the corresponding ghost cells in the other
block. If a ghost cell ωIJ corresponds to four cells ωij, ωi+1,j, ωi,j+1, ωi+1,j+1 in the
adjacent block, then the value in the ghost cell is updated by the area weighted
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average in the four cells so that the restriction is

pIJ = rIJ(p) =
i+1∑

k=i

j+1∑

l=j

κklpkl, κij = |ωij|/
i+1∑

k=i

j+1∑

l=j

|ωkl|. (17)

If four ghost cells cover one cell in the coarse block, then the values in the ghost
cells are determined by accurate interpolation.

U
1

U
2

U
3

v
0

v
1

78

−15

−15

3

37

7

−2

−2

(a) (b)

Figure 1: Interpolation molecules at the block boundaries. (a) The shaded cell
is split into two parts for one-sided interpolation in the normal direction. (b)
Interpolation weights multiplied by 64 for the shaded diagonal ghost cell at a
block corner.

The prolongation from a coarse cell to the corresponding four ghost cells in
the fine grid has to be fourth order accurate for second order accuracy in the
approximation of the second derivatives [9]. In Fig. 1.a, the upper coarse grid
block shares a block boundary with the lower fine grid block. The shaded coarse
cell consists of four fine ghost cells. They are updated by one-sided interpolation
from the coarse cells. One-sided interpolation is necessary for stability at the
block interfaces in [9, 16]. Firstly, U0 in the coarse cells along the boundary is
split into two parts (see Fig. 1.a)

v0 = U0 − d0, v1 = U0 + d0, d0 = (29 U0 − 47 U1 + 23 U2 − 5 U3)/64.

Then the coarse cells are split vertically and the values in the lower and upper
row along the boundary, v0i and v1i, are prolongated to the left and right values
w00i and w01i in the lower row and to the left and right values w10i and w11i in
the upper row. The interpolation is

wj0i = vji − dji, wj1i = vji + dji, j = 0, 1,
dji = 11

64
(vj,i+1 − vj,i−1)− 3

128
(vj,i+2 − vj,i−2).

(18)
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In this manner, the w-values in the fine ghost cells are determined from the U -
values in the coarse cells to fourth order accuracy. The advantage of coordinate
splitting of the prolongation is simplicity, few operations and convenient gener-
alization to multi-dimensions. The interpolation (18) is also employed in both
coordinate directions for transfering values in the inner cells of a block when the
grid is refined. The value in the coarse cell is preserved locally since

∑
j=0,1

wj0 + wj1 =
∑
j=0,1

vj = U0 − d0 + U0 + d0 = U0.

The diagonal ghost cell at a block corner, see Fig. 1.b, is needed for the
approximation of second order derivatives, and the data for these ghost cells are
obtained from the diagonally located neighboring block. The value in the shaded
fine ghost cell is calculated by interpolation with the coefficients in the figure.

The centered interpolation operator (18) use ghost cell data at the ends of the
interface. For these to be available, we must update the ghost cells in a certain
order. First copy at interfaces without jumps in grid size, and restrict from fine
to coarse ghost cells. Then fine ghost cells are filled in from coarser block data.
The interpolation is finished by updating all diagonal ghost cells.

3.3 Time discretization

After space discretization, write the time dependent equations as

dp

dt
= Ap. (19)

The matrix A is constant for a given grid. The time derivative is approximated
by the backward differentiation formula of order two (BDF-2). To advance the
solution pn−1 at tn−1 to tn with a variable time step ∆tn = tn − tn−1, pn is
updated by

(αn
0I −∆tnA)pn = −αn

1p
n−1 − αn

2p
n−2. (20)

The coefficients in (19) are [12, 16]

θn = ∆tn/∆tn−1,
αn

0 = (1 + 2θn)/(1 + θn), αn
1 = −(1 + θn), αn

2 = (θn)2/(1 + θn).
(21)

The integration is initialized at t0 = 0 by the Euler backward method.
Assume that A is diagonalizable, that Z has the eigenvectors zk as columns,

and that Λ has the eigenvalues λk in the diagonal so that A = ZΛZ−1. Introduce
sn = Z−1pn in (20) to arrive at

αn
0s

n + αn
1s

n−1 + αn
2s

n−2 = ∆tΛsn. (22)
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Let the time step ∆t be constant for simplicity so that α0 = 3/2, α1 = −2, α2 =
1/2. The k:th component in sn is a solution to the difference equation (22) with
λk replacing Λ

sn
k = γn

1ks
0
k + γn

2ks
1
k, n ≥ 0,

γ1k = (1 + β1)/β2, γ2k = (1− β1)/β2,
β1 = 0.5

√
1 + 2∆tλk, β2 = 1.5−∆tλk.

(23)

For a sufficiently small ∆tλk, sn
k is dominated by its first term in (23) for increasing

n and

γ1k = 1 + ∆tλk +O(|∆tλk|2). (24)

If <λk < 0 but small, then there is a ∆t such that |γ1k| < 1 and sn
k vanishes when

n →∞ but the decay may be slow.
The system of linear equations (20) is solved in each time step by restarted

GMRES [18].

3.4 Conservation

The discrete total probability P is defined by (cf. Sect. 2)

P =
∑

ωij∈Ω

|ωij|pij. (25)

By summing |ωij|pij over all NiNj cells in (14) and taking into account that
F1/2,j = Fi,1/2 = 0 by the boundary condition (11) and that p = 0 at the outer
boundary and therefore FNi+1/2,j = Fi,Nj+1/2 = 0, we have that dP/dt = 0 and
the total probability is preserved.

This also holds true on a grid with blocks and block interfaces with equal grid
size on both sides. If two cell faces on one side meet one face on the other side of
the interface, then the average of the two fine grid fluxes will in general not be
equal to the coarse grid flux. For the flux to be unique there, the average from
the fine grid is chosen for the coarse cell. It is shown in [16] that one order of
accuracy is lost locally by this procedure. Extra precautions are necessary at the
corners where coinciding ghost cells of different blocks may be filled with different
data.

Let A be the space discretization matrix resulting from a conservative scheme
and let w be the vector of all cell areas |ωij| ordered in the same way as pij in p.
Then by (20)

0 = ∆tnwT Apn = αn
0w

Tpn + αn
1w

Tpn−1 + αn
2w

Tpn−2

= αn
0P n + αn

1P n−1 + αn
2P n−2.

(26)

If 0 < θn < 1 +
√

2 for θn in (21), then BDF-2 is stable [12] implying that the
recursion for P n in (26) is stable. If P 0 = P 1 = 1, then P n = 1 for all n, since
αn

0 + αn
1 + αn

2 = 0.
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4 Error control

The grid size in a block is determined by an estimated spatial discretization error.
The time step is chosen such that the estimated temporal error is sufficiently
small. If a finer grid is necessary, then the solution is interpolated from the
present grid to the finer grid so that the total probability P in (25) is preserved.

The discretization error caused by the finite volume approximation is esti-
mated by comparing the space operator Φ in (14) on a coarse and a fine grid. A
cell in the coarse grid is formed by merging the corresponding four cells in the
fine grid as in [8, 16], and (17). The restriction of Φ on the fine grid is compared
to Φ on the coarse grid applied to the restriction of the fine grid solution for the
error estimate τS in all the four fine grid cells

τS =
1

3
(r(Φ(p))− Φ(r(p))). (27)

If |τSij| > εS in at least one cell ij in a block, then all cells in that block are
refined by halving the grid size. New solution values are obtained by conservative
prolongation (18). If |τSij| < εS/20 for all cells in a block then the grid size is
doubled in that block and new pij are computed with the restriction (17).

The error due to the time stepping scheme is estimated by comparing pn from
(20) with an explicit predictor using pn−1 and pn−2 of second order as in [16].
The maximum of the estimates τTij in all cells is compared to the tolerance εT in

ζ =
√

εT /|τT |∞. (28)

A step is accepted if 1 ≤ ζ ≤ 1.1 and ∆tn+1 = ∆tn. The step is rejected if ζ < 1
and recomputed with ∆tn := 0.9ζ∆tn. If ζ > 1.1, then the step is accepted and
the time step increased with ∆tn+1 = 1.1∆tn.

An upper bound is introduced on ∆t to avoid slow convergence in the GMRES-
iterations. Either it is a fixed bound or it is given by a CFL-number χ of O(1)
and the minimal ∆x in the grid

∆tmax = χ∆xmin. (29)

The size of the spectrum of the iteration matrix I −∆tA grows linearly when ∆t
grows and a deteriorating performance of the iterative solver is the usual result
without the bound ∆tmax.

5 Steady state solution

The discrete steady state solution p∞ satisfies

Ap∞ = 0, (30)
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when the time derivatives have vanished. The stationary p∞ can be calculated
as the eigenvector of A corresponding to the zero eigenvalue. Such an eigenvalue
always exists in a conservative method as is shown by considering (26) and the
fact that wT Ap = 0 for the area vector w and all p. Therefore, wT A = 0 and w
is the left eigenvector of A with eigenvalue zero and p∞ is the right eigenvector
of the same eigenvalue. Then we have proved

Proposition If A is defined by a conservative method, then there is a steady
state solution and it is the right eigenvector corresponding to the zero eigenvalue
of A.

The adjoint steady state equation of the discretization ATu = 0 has the
solution u = w. If the grid size is constant, then wij is constant. This is also the
solution to the adjoint of the analytical FP equation (11).

A good algorithm to compute a few small eigenvalues and their eigenvectors
of a large, sparse matrix A is the implicitly restarted Arnoldi method for non-
symmetric matrices implemented in ARPACK [15]. The eigenvector is computed
by successively refining the grid starting with a coarse, uniform grid with matrix
A0. The spatial error in p∞k on grid k with matrix Ak is estimated as in (27) and
the blocks are refined or coarsened using the same criteria as in the time stepping
algorithm. The new grid k + 1 and Ak+1 are generated and a new eigenvector
p∞k+1 is computed. The iteration is terminated when the estimated error is less
than εS.

An alternative is to integrate (19) forward in time until the residual Ap is
sufficiently small. When λ1 = 0 in (22) and (23) we have

sn
1 = s0

1 + 3−ns1
1.

If <λj ≤ ε < 0, j ≥ 2, then all other components sn
j vanish by the stability

properties of BDF-2 [12]. Consequently,

lim
n→∞

pn = lim
n→∞

Zsn = z1s
0
1,

but as remarked in the end of Sect. 3.3 the convergence is often slow since ε is
small and this is confirmed in the numerical examples in Sect. 6.

For a non-conservative scheme, the smallest eigenvalue λ1 of A may have
<λ1 > 0 but <λj < 0 for j ≥ 2. By (22) and (23) the dominant term in pn for
large n is growing slowly

pn ≈ (1 + ∆tλ1)
nz1.

Since w is an approximation of the first row of Z−1, we have wTz1 ≈ 1 and

P n = wTpn ≈ (1 + ∆tλ1)
n. (31)

The total probability also exhibits a slow growth. This growth is avoided by
rescaling pn occasionally by

pn :=
P 0

wTpn
pn, (32)
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so that P n remains constant and pn is stabilized. Since the boundary conditions
(10) are homogeneous and the FP equation (6) and its discretization are linear
and homogeneous, the new pn is also a solution.

6 Numerical results

Our method for solution of the FP equation is applied to two different systems
with two molecular species as in [7, 20]. The time-dependent and steady state
solutions are computed by the time-stepping scheme and by calculating the eigen-
vector with eigenvalue zero. In the second example, the solution is compared to
Gillespie’s stochastic method [10]. The solutions are scaled such that |p|∞ = 1
initially.

6.1 Metabolite reactions

Consider the following five reactions for the molecular species X and Y modeling
the creation of two metabolites controled by two enzymes, a reaction and their
destruction:

∅ kX−→ X ∅ kY−→ Y

X + Y
k2[x][y]−−−−→ ∅

X
µ[x]−−→ ∅ Y

µ[y]−−→ ∅
The difference between the states and the propensities for the five reactions are

nT
1 = (−1, 0), w1 = kX , nT

2 = (0,−1), w2 = kY ,
nT

3 = (1, 1), w3 = k2xy, nT
4 = (1, 0), w4 = µx,

nT
5 = (0, 1), w5 = µy.

(33)

The corresponding FP equation is (cf. (6))

∂ p(x, y, t)

∂ t
= kX(−px + 0.5pxx) + kY (−py + 0.5pyy)

+ µ((xp)x + 0.5(xp)xx + (yp)y + 0.5(yp)yy)

+ k2((xyp)x + (xyp)y + 0.5(xyp)xx + (xyp)xy + 0.5(xyp)yy).

In the experiments, the coefficients are kX = kY = 0.6 and µ = k2 = 0.001, and
the computational domain is the square Ω = {0 ≤ x, y ≤ 200}.

The computational domain is partitioned into 8 × 8 blocks. The error tol-
erances for the adaptation in space and time are εS = εT = .003. The initial
distribution is a Gauss pulse at x = y = 60 and is displayed in Fig. 2.a together
with the first adapted grid. Every 8:th grid line is drawn in each space dimension
in the figures. The solution propagates towards a steady state in the lower left
corner, see Fig. 2.b.
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Figure 2: The initial solution (a), and the solution after 5 · 104 time steps (b).

The equation is integrated for 5 · 104 time steps corresponding to a final time
T = 8742. The time histories of the number of cells and the time steps are
found in Fig. 3. After about 4400 steps the number of cells is constant when the
solution approaches the steady state. The time step increases in the beginning of
the time interval and reaches its maximum value ∆tmax. Close to the stationary
solution the time steps can be large and still be accurate but the convergence of
the iterative solver will be poor if ∆t is allowed to increase too much (see Sect. 4).
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Figure 3: Time series of the number of cells (a), and the length of the initial time
steps (b).

The problem is solved with and without conservation at block interfaces. Let
the discretization matrix on the final grid with conservation be Ac and without
conservation Anc. The time evolution of the residuals Apn of the two discretiza-
tions are displayed in Fig. 4.a. The residual |Acp

n|∞ decays steadily but |Ancp
n|∞

stagnates at about 6·10−6. The explanation is that Ac has a computed eigenvalue
λmin(Ac) = 3 · 10−17 and for Anc the smallest eigenvalue is λmin(Anc) = 6.3 · 10−6.
Then pn → p∞nc where p∞nc is the eigenvector of the smallest eigenvalue and
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|p∞nc|∞ ≈ 0.95. Thus, |Ancp
n|∞ → λmin(Anc)|p∞nc|∞ ≈ 0.95λmin(Anc) which is in

good agreement with the stagnated residual in Fig. 4.a. The sudden increase in
the residual at about 4400 time steps is explained by the change of grid size in
Fig. 3.a.

There is no steady state solution in the non-conservative case except for the
trivial p = 0 and the growth of p∞nc is according to (24) approximately

(γ11)
n ≈ exp(λmin(Anc)n∆t).

Thus, with n = 5 · 104 and ∆t = 0.17 from Fig. 3.b the growth factor is 1.055.
The scaled total probability P n/P 0 is preserved with conservation in Fig. 4.b but
it grows slowly without a conservative scheme. The measured increase in P n/P 0

is 5 per cent as expected from (31). The difference between the solutions at 5 ·104

time steps obtained with Ac and with Anc with rescaling of pn as in (32) is shown
in Fig. 5.a. The maximal difference is 0.18 per cent of |p|∞.
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Figure 4: Time series for the conservative (solid) and the non-conservative
(dashed) schemes. (a) The logarithm of the residual. (b) Conservation of to-
tal probability.

The steady state solution is computed as the eigenvector of Ac with eigenvalue
zero (see Sect. 5). The zero eigensolution is computed on three successively refined
grids. The third grid is identical to the grid obtained with the time stepping
scheme after about 4400 steps. One iteration with the Arnoldi implementation
in eigs in MATLAB is sufficient at each grid level and every iteration requires 20
solutions of systems of linear equations with the system matrix Ac−σI, where σ
is 10−5. The initial dimension of the matrix is about 4000 and on the final grid
it is about 13300.
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Figure 5: The difference between the solutions with and without conservation at
block interfaces after rescaling. (a) At 5 · 104 time steps. (b) The logarithm of
the maximum difference between the zero eigenvector and the time dependent
solutions.

The maximal difference between the steady state solution and the time de-
pendent solutions with Ac and Anc during 5 · 104 time steps is found in Fig. 5.b.
The non-conservative solution is rescaled as in (32) afterwards at every 5000:th
time step. The difference in convergence using conservation and a rescaled non-
conservative solution is not visible in the plot. A conservative scheme and an
adjustment of the probability with a non-conservative scheme yield similar re-
sults for the probability even though the residuals do not agree very well in
Fig. 4.b. This is explained by the difference between Ac and Anc.

At least one solution of a system of linear equations with the matrix αn
0I−∆tA

is necessary in each time step of the time integration algorithm. Hence, more than
5 · 104 solutions are computed to determine the stationary solution while only 60
solutions with Ac − σI are needed with the eigenvalue routine.

6.2 Circadian rhythm

Many different organisms have developed biological clocks to regulate the bio-
chemistry of their cells to best suit e.g. the daily variations in light. A model for
the circadian rhythm is derived by Vilar et al [20] from [1] taking the biochemical
noise into account. A wide variety of different organisms seems to use similar
mechanisms to produce reliable chemical oscillations [4]. The model has two
molecular species, the complex X and the repressor Y . It is shown in [20] that
the deterministic model (2) with certain parameters fails to exhibit a periodic
behavior but the solution of the stochastic model (5) is periodic. The reason is
that the deterministic solution reaches a stable fixed point and stays there while
the noise in the stochastic solution is a sufficient perturbation for it to remain
cyclic for many periods.
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The difference between the states and the propensities of the four reactions
in the model in [20] are

nT
1 = (0,−1), w1 = βR(αRθR + α′RγRÃ(y)))/(δMR(θR + γRÃ(y))),

nT
2 = (0, 1), w2 = δRy,

nT
3 = (−1, 1), w3 = γCÃ(y)y,

nT
4 = (1,−1), w4 = δAx,

(34)

where

Ã(y) = 0.5(α′Aρ(y)−Kd +
√

(α′Aρ(y)−Kd)2 + 4αAρ(y)Kd),
ρ(y) = βA/(δMA(γCy + δA)), Kd = θA/γA.

The FP equation is then

∂ p(x, y, t)

∂ t
= −(w1p)x + 0.5(w1p)xx + (w2p)y + 0.5(w2p)yy

− (w3p)x + (w3p)y + 0.5(w3p)xx − (w3p)xy + 0.5(w3p)yy

+ (w4p)x − (w4p)y + 0.5(w4p)xx − (w4p)xy + 0.5(w4p)yy.

(35)

The coefficients of the model in the numerical experiments are:

αA 50 βA 50 γA 1 δA 1 θA 50
αR 0.01 βR 5 γC 1 δR 0.2 θR 100
α′A 500 γR 1 δMA 10
α′R 50 δMR 0.5

The computational domain Ω = {0 ≤ x ≤ 2500 , 0 ≤ y ≤ 2000} is initially
partitioned into 10 × 10 blocks. The grid is stretched in the y-direction close
to the x-axis. The error tolerances are εS = 0.01 and εT = 0.01 with χ = 7
in (29) and the initial solution is a Gauss pulse at (750, 600). The FP equation
(35) is integrated until a final time at about T = 370 with the total probability
conserved.

For comparison with the FP solution, M trajectories are generated with Gille-
spie’s method [10]. Each trajectory simulates the time evolution of the chemical
system modeled by the master equation (5). The state of the system is advanced
in time by first deciding when the next reaction will take place and then which
reaction it will be. These two numbers are drawn from two probability distribu-
tions. Then the state is updated and one time step has been completed. The
solution domain is first divided into boxes Bij = {(i − 1)d ≤ x < id, (j − 1)d ≤
y < jd}, i, j = 1, 2, 3, . . . for some d > 0. Then at given times t1, t2, . . . the num-
ber of trajectories mij with the solution in a box Bij is counted and the estimate
of the probability is pij(tk) = mij/M . In the results below, we choose d = 10.
By computing the probability in boxes, the work and storage grow exponentially
with the dimension N of the problem also for this method.
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The maximum of the solutions is displayed in Fig. 6. The solution is oscillatory
with an average period of 14.3 for the FP equation and a few per cent longer with
Gillespie’s Monte Carlo (MC) method.
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Figure 6: The variation of the maximum of the FP solution (upper) and the MC
solution for M = 105 (lower).

The deterministic FP solution and its grid and pij obtained with the stochastic
method with M = 106 are collected in Fig. 7 at tk = 23.76, 27.52, 31.08, 34.62.
The probability mass rotates in the counter-clockwise direction with a high speed
at about t = 27 and a slow speed in the beginning and the end of the period.
The trajectories in the MC solution are initialized by randomly choosing a point
in the positive quadrant with the same probability as the initial solution of the
FP equation.
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Figure 7: Isolines in a logarithmic scale at t=23.76, 27.52, 31.08, and 34.62 (from
top to bottom) for the FP solution (left) and the MC solution with M = 106

(right).
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Figure 8: The stationary solution computed as an eigenvector p∞3 of the zero
eigenvalue (a) and the MC solution with M = 105 at t = 1300 (b).

The maximum of the residual |Ap|∞ in each period decreases by one decade in
about 105 time steps or 300 time units in the FP solution. Hence, circa 4.4 · 105

steps are required for |Ap|∞ to converge to 10−4 at about t = 1300 when pn

approximates the steady state p∞. The faster alternative to time integration for
the steady state is to compute the eigenvector with the smallest eigenvalue as in
Sect. 6.1. Three grids are generated successively with error tolerance εS = 0.01
and the zero eigenvector p∞3 is computed with eigs requiring solutions of 60
systems of linear equations, see Fig. 8. The solution is compared to the solution
with the stochastic method after more than 106 time steps for 105 trajectories.
There seems to be only stochastic variation and no oscillatory variation left in
|p|∞ of the MC method around t = 1300.

The largest difference |δp|∞ between the last time-dependent FP solution in
Fig. 6 and p∞3 in Fig. 8 is 0.144. The amplitude of the oscillations in Fig. 6
is between 3.1 and 3.7 for t > 350 and |p∞3 |∞ = 3.35. The average of the
amplitude in the MC solution at the end of the interval in Fig. 6 is 2.5 and
equal to the average of |p|∞ around t = 1300 and t = 2000. The difference
δp = p(1300)− p(2000) is measured in the `1-norm over the boxes

‖δp‖1 =
∑
i,j

|Bij||δpij|, (36)

where |Bij| is the area of Bij. With a scaling such that ‖p‖1 = 1, ‖δp‖1 is 0.18
mainly due to statistical errors.

The total number of grid cells vary periodically in Fig. 9 for the FP solution.
Changes of the grid occur relatively seldom at 3.7 per cent of the time steps before
t = 260 although the impression may be different in the figure. After t ≈ 260, the
grid remains fixed. The time step is about 3 · 10−3 in the whole time interval and
is limited by the CFL-constraint most of the time. The average time between the
events in the MC method is about 10−3.

21



0 50 100 150 200 250 300 350
0

1

2

3

4

5
x 10

4

time

ce
lls

0 50 100 150 200 250 300 350
0

0.002

0.004

0.006

0.008

0.01

tim
e 

st
ep

s

time

Figure 9: Time series of the number of cells (upper) and the time steps (lower).

The dependence of the MC solution on the number of trajectories is apparent
in Fig. 10. The data are plotted for four different M . As expected, the smoothest
isolines are obtained for the largest M .

The solutions appear to agree very well in Fig. 7. To measure the difference,
every integer point in Ω is first given a probability value by the FP solution.
Then let δpij be the difference between the average of the FP solution and the
MC solution in the box Bij and measure it in the `1-norm (36). The difference
for M = 103, 104, 105, 106, in one period in the same time interval as in Fig. 7
is presented in Fig. 11. The solution converges almost with the expected rate
O(1/

√
M) to a solution which is slightly separated from the FP solution. Part of

the explanation to this deviation is the difference between the master equation (5)
approximated by the MC solution and the FP equation (6) and a small difference
in the phase (see Fig. 6).
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Figure 10: The isolines of the MC solution in a logarithmic scale at t = 29.30 for
M = 103, 104, 105, 106, in the (1, 1), (1, 2), (2, 1), and (2, 2) positions in the panel
matrix.

7 Conclusions

The FP equation on conservation form is discretized by a finite volume method in
space and advanced in time by the BDF method of second order. The advantages
of the conservation form are: The time integration is stable in the experiments,
the boundary conditions are easily implemented, and the steady state solution is
the eigenvector with zero eigenvalue.

The time dependent solution is computed by a method with space-time adap-
tivity based on estimates of the local discretization errors. The steady state
solution is determined adaptively by calculating the eigenvector corresponding
to the zero eigenvalue. Compared to time integration to the stationary solution,
eigenvector computation with Arnoldi’s method is orders of magnitude faster.

The solution of the circadian rhythm model is compared with the solution
by the Gillespie algorithm. The advantages of solving the FP equation are: The
solutions are smooth, the solution is computed with full error control, and there
is a fast method to arrive at the steady state solution. The disadvantage is that
it is directly applicable only to problems with few molecular species.
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