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Abstract

Active automotive engine vibration isolation is considered where both stationary and transient
engine-induced excitations as well as plant non-linearity are considered.
The adopted control strategy targets the dominating spectral components of the excitation and

achieves narrow band vibration isolation using feedback of disturbance states estimates. Time-varying
gain-scheduled observer design, including investigations of closed-loop characteristics, is based on a
linear parameter varying (LPV) approximation of the considered non-linear engine and subframe
suspension system. To generate this representation, an approach of dividing the non-linear system
into its linear and non-linear components where the latter is represented using a parameter dependent
non-linear function is proposed. Parameter dependent quadratic stability analysis has been made
tractable using an affine closed-loop system representation.
High vibration isolation performance is demonstrated using co-simulations incorporating a detailed

non-linear plant model and measured engine excitations. This is also achieved for engine operating
conditions corresponding to rapid car accelerations, whereas the system exhibits non-linear charac-
teristics and the fundamental frequency of the harmonic disturbance undergoes rapid time variations.
Parameter dependent closed-loop quadratic stability is being shown assuming plant linearity. Yet, in
the non-linear plant case, stability is guaranteed but only for limited intervals of the parameters and
their time derivatives.
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1 Introduction

Ideally, an automotive engine suspension system should isolate the engine vibrations caused by the
engine internal excitation and, at the same time, prevent excessive engine displacements. This requires
frequency dependent dynamic stiffness of the engine suspension elements where the desired stiffness is
high at low frequencies and low at higher ones. Conventionally, automotive engine suspension system
uses elastomeric and hydraulic engine mounts [1–7] which offer limited possibilities to deal with this
contradictory frequency dependence.

To overcome the limitations associated with passive engine suspension elements, active vibration
isolation [8] could be adopted. This approach has been given a lot of attention where many solutions
have been proposed, some using active engine mounts [2,9–17] and others utilising an alternative isolation
strategy based on active absorbers attached to the receiver [18–21].

Apart from a few studies [13, 18], most investigations conducted focus on active system performance
under stationary or quasi-stationary operating conditions. Furthermore, the consequences on closed-loop
stability and performance of non-linear characteristics, also seem to be marginally investigated.

The main objective of this paper is to develop a controller for active automotive engine vibration
isolation which could deal with stationary and transient internal engine excitation as well as plant non-
linearity. Thus, a control strategy that achieves satisfactory attenuation of the force transmitted to a
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flexible subframe, preserves the ability of the open-loop system to prevent large engine displacements, and
ensures closed-loop stability for the complete operating range of the plant, is sought. The latter includes
engine excitations corresponding to e.g. rapid car accelerations where the plant exhibits non-linear
characteristics and the fundamental frequency of the engine excitation undergoes rapid time variations.

A similar problem was treated in [15] where gain-scheduled H2-feedback controllers were utilised
for broad band active engine vibration isolation. It was shown that, taking non-linear properties into
account could be crucial to achieve closed-loop stability and robust performance. In [17], the widely used
time-domain adaptive filtering strategy was, using the system considered in this paper, shown to give
insufficient tracking performance when dealing with multiple spectral components of transient excitations
corresponding to rapid car accelerations.

The organisation of this paper is as follows. Section 2 presents the considered vibration isolation
problem. Next, an approach to generate linear parameter varying (LPV) representations of non-linear
systems is described and applied to the considered engine and subframe suspension system in Sections 3
and 4, respectively. Sections 5 and 6 deal with controller design and investigations of the closed-loop
characteristics. The results from evaluation of the closed-loop response using co-simulations and measured
engine excitations are shown in Section 7. Finally, the paper is concluded in Section 8.

2 Statement of the Problem

Figure 1 shows a virtual model of a car engine and its suspension as well as an flexibly suspended flexible
subframe. The four cylinder diesel engine is attached to the car body through right- and left-hand side
(RHS and LHS) engine mounts, and to the subframe via a torque-rod. The latter is connecting the engine
and subframe using the rubber bushings B1 and B2 while the four rubber bushings, B3-B6, attach the
subframe to car body. The engine and subframe suspension system model shown in Figure 1 has been
obtained making use of a multi body system (MBS) analysis and simulation software for dynamics [22]
where engine and torque-rod are represented as rigid bodies and subframe as a flexible one consisting of
six rigid and 24 flexible body modes (using the Craigh and Bampton modal synthesis method [23]). This
gives a dynamic model with 42 physical and modal degrees of fredom (DOF).
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Figure 1: A model of a car engine and subframe suspension system including rigid body engine and gear
box, flexible subframe, rigid body torque-rod, six rubber bushings B1-B6, and two engine mounts.

In the model, each engine mount and bushing is represented using 6-DOF (three translational and three
rotational) spring and 6-DOF damper elements. The two engine mounts and bushingB1 exhibit non-linear
static stiffness characteristics, (Figure 2 (a) presents the non-linear force/displacement characteristics of
bushing B1), and linear damping characteristics, while the bushings B2-B6 have linear stiffness and
damping characteristics.

The engine is subjected to internal excitation originating from rotating and translating masses and
combustion forces. It is assumed to be applied to the engine center of gravity and is represented by the
three torques Tx(t) ∈ R

1, Ty(t) ∈ R
1, and Tz(t) ∈ R

1 shown in Figure 1. In addition to the nominal level
of the Tx-torque, the engine internal excitation is mainly order based which means that for a specific
engine speed, its spectral content contains frequency components at frequencies equal to multiples of the
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Figure 2: (a) Force/displacement characteristics of bushing B1 in the global x-direction. (b) Static
translational stiffness function k(·) of bushing B1 in the global x-direction (dashed) and the non-linear
function k̃(·) (solid).

rotational engine speed. For convenience the letter ‘E’ is often used to indicate the engine rotational
speed in Hertz. The ignition frequency, i.e. the frequency component at two times the rotational speed
for the considered four cylinder engine, is thus referred to as 2E.

Experimental engine internal excitation data has been obtained using twelve simultaneous engine
block acceleration measurements (measured at four positions on the engine block in three directions
each) followed by fft (fast fourier transform)-analysis based on a linearised model of the engine and
subframe suspension system. The measurements and, thus, the estimated internal excitation correspond
to the following two fundamentally different engine operating conditions

• Idle engine operation

• Car acceleration including a gear shift operation

Figure 3 shows the spectral content of the idling engine Ty-torque whereas Figure 4 presents the
measured engine speed of rotation for to the acceleration and gear shift operation. In Figure 4, the
three vertical lines mark, from the left, start of acceleration running on the 3rd gear, clutch pedal down,
and clutch pedal release running on 5th gear. Figure 5 shows the magnitude of a windowed fft of
the corresponding Tx-torque using a sliding window. The nominal level which mainly influences low
frequencies is omitted to clearly visualise the characteristics of the Tx-torque fluctuations.
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Figure 3: Spectral frequency contents of the Ty-torque corresponding to idle engine operation. The five
most dominating frequency components have been indicated with reference to the engine speed of rotation
as 0.5E, E, 2E, 3E, and 4E.

One of the objectives of engine suspension design is to minimise induced structural vibrations and
structure borne noise by limiting the forces transmitted from the engine, to body and to chassis. This
contradicts the requirement of preventing large engine displacements within the engine compartment.
Since vibration isolation is required essentially for high frequencies, and engine displacements are large
only for low frequency excitation, both requirements could be met by separating them with respect
to different frequencies. Here, high frequencies refer to frequencies above the highest of the natural
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Figure 4: Engine speed of rotation corresponding to an acceleration including a gear shift operation. The
three vertical lines mark, from the left, start of acceleration running on the 3rd gear, clutch pedal down,
and clutch pedal release running on 5th gear.

frequencies corresponding to the rigid body engine modes. Thus, the engine suspension elements, i.e.
engine mounts and bushings, should ideally be designed to have high dynamic stiffness for low frequencies
and low one for high frequencies. This is hard to achieve, if not impossible, using passive isolation elements
when dealing with premium automotive noise and vibration demands.
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Figure 5: Time-dependent frequency contents of the Tx-torque corresponding to the acceleration and
gear shift operation.

For the particular engine suspension layout shown in Figure 1 where the front torque-rod bushing B2

is very stiff, the above mentioned frequency dependent dynamic stiffness characteristics are important
when considering the rear torque-rod bushing B1. By introducing active isolation technology the isolation
performance could be considerably improved.

To actively isolate the engine vibrations from subframe, the bushing B1 connecting torque-rod to
subframe is replaced by an actuator consisting of a controllable force in parallel to a passive stage with
stiffness and damping properties equal to the ones of the removed bushing. The actuator force output is
applied in the longitudinal direction of the torque-rod and is indicated FA in Figure 1 where the doubled
arrowed line symbolises force action and reaction. The feedback signal written FT (t), i.e. the input signal
to the controller, is the total transmitted force to subframe in the global x-direction. Thus, FT (t) is the
sum of the actuator force output and the force in the passive stage. This choice of feedback measurement
has the advantage of low coupling of structure flexibility into the open loop transfer function compared
to acceleration sensing [16,24–26]. This enables the use of a low order model approximation of the plant
in controller design and consequently a low order controller.

Thus, the problem addressed in this paper is the one of finding a control strategy for attenuation of
the transmitted force FT (t) when simultaneously dealing with

• effects of the suspension system non-linear characteristics
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• engine excitation corresponding to idle and rapid car acceleration operating conditions

• as well as prevention of large engine displacements within the engine compartment

As mentioned above, the engine suspension system considered is a non-linear dynamic system due to
non-linear material characteristics. To address stability with respect to plant non-linearity in controller
design and to analyse the closed-loop characteristics, an analytical model of the non-linear system is
required. For large systems (in terms of number of DOFs), analytical non-linear models representing
the non-linear system characteristics are not readily obtained. Therefore, an approach to generate lin-
ear parameter varying (LPV) representations of such systems given arbitrarily detailed MBS models is
proposed and applied to the considered engine and subframe suspension system.

3 An Approach to LPV-modelling of Non-linear Dynamic Sys-

tems

The proposed method is based on MBS modelling to generate analytical parameter dependent models
of the non-linear dynamic systems. By dividing the system non-linearity into its linear and non-linear
components, where the latter is represented using a parameter dependent non-linear function, an LPV-
model could be obtained. To elucidate the procedure, a simple 1-DOF mass/spring system shown in
Figure 6 (a) is used. The following five steps constitutes the method

1. An arbitrarily detailed MBS model of the non-linear dynamic system to be controlled is generated.
The dynamics of this system is described by a first order non-linear differential equation as

ẋ(t) = g(x(t), d(t)) (1)

where x(t) ∈ R
n is the state of the system, d(t) ∈ R

m is an external disturbance/input, and g(·) is
a non-linear function.

2. The non-linear elements to be divided into its components are identified. In Figure 6 (a), this is the
spring element whose stiffness k(l(t)) depends non-linearly on the displacement l(t) of the mass.

3. The non-linear element is divided into a linear one in parallel to a non-linear parameter dependent
element ẼNL(θ(t)) which could be written as

ẼNL(θ(t)) = ENL(θ(t))z(t), z(t) = Cx(t) (2)

where the parameter θ(t) ∈ R
p is measurable or observable and might depend on the state x(t).

Notice that the possibly non-linear matrix function ẼNL(θ(t)) must depend linearly on the state
of the system. Returning to the 1-DOF system, the non-linear spring in Figure 6 (a) is modelled
as a linear one with stiffness k0 in parallel to a force FNL(t) = (k(l(t)) − k0)l(t). Therefore,
ENL(θ(t)) = k̃(t) where

k̃(t) = k(l(t))− k0

θ(t) = l(t)
z(t) = l(t)

(3)

4. Consider the non-linear parameter dependent element ENL(θ(t)) as an ‘input’ and the signal z(t)
in (2) as an ‘output’ and compute a linear (by automatic linearisation [27] about an equilibrium
point) state-space model representation as

ẋ(t) = A0x(t) +B1ENL(θ(t))z(t) +B2d(t)
z(t) = Cx(t)

5. Finally, the signal z(t) in the dynamic equation is substituted with z(t) = Cx(t). This yields an
LPV-model of the non-linear system described by

ẋ(t) = A(θ(t))x(t) +B2d(t)

where A(θ(t)) = A+B1ENL(θ(t))C.
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Figure 6: A 1-DOF mass/spring system used to describe the LPV-modelling approach. The spring
has static non-linear stiffness described by the function k(l(t)) where its linear and non-linear parts are
represented by k0 and the force FNL(t), respectively.

4 LPV-modelling of the Non-linear Engine Suspension System

In this study, the non-linear system shown in Figure 1 is simplified by assuming linear stiffness of the two
mounts, leaving only one non-linear element, i.e the bushing B1. However, it is straightforward to extend
the work by introducing further non-linear elements. The input/output relationship corresponding to
this non-linear engine and subframe suspension system could be described using a first order non-linear
differential equation as

ẋ(t)= g(x(t), u(t), d(t))
FT (t)= h(x(t)) (4)

where x(t) ∈ R
n, d(t) is the disturbance, i.e. d(t) = [ Tx(t) Ty(t) Tz(t) ]T ∈ R

3, and u(t) ∈ R
1 is the

output of the controller, i.e. the actuator input signal.
Applying the approach outlined in Section 3 to this non-linear system to generate an LVP-model,

the non-linear element, i.e. the bushing B1, is treated identically to the non-linear spring in the 1-DOF
example system (see Figure 6 (a)). Denote the displacement of the bushing B1 in the global x-direction
with l(t). The bushing force in this direction depends on l(t) according to the measurements presented
in Figure 2 (a). Alternatively, its x-directional stiffness could be described using a non-linear function
k(l(·)) shown as a dashed line in Figure 2 (b). Keeping the notation (3) of the 1-DOF example, an
LVP-model of the system (4) is obtained as

ẋ(t)= A(k̃)x(t) +B2d(t) +B3u(t)
F̃T (t)= C3(k̃)x(t)

(5)

where
A(k̃)= A0 + k̃B1C

= A0 + k̃A1

C3(k̃)= C(k̃ + k0) + C2

= C0 + k̃C1

(6)

Here, and in the sequel, the dependence of k̃(θ(t)) on θ(t) is dropped for notational convenience. In (6),
the term C(k̃+k0) in the expression for C3 corresponds to the non-linear and linear stiffness contributions
to the B1 bushing force and the C2-term to the actuator force output, i.e. FA(t) = C2x(t).

To emphasise the difference between the characteristics of the non-linear system and one of its linear
model approximations, a linear time invariant (LTI) model (7) is introduced by letting k̃ = 0 for all t in
(5). Thus, the LTI-model (7) corresponds to a linearisation about a static equilibrium position of (4).

ẋ(t)= A0x(t) +B2d(t) +B3u(t)
FT (t)= C0x(t)

(7)

The solid lines in Figure 7 show a Bode diagram of the system (7) from force actuator input u(s) to the
total transmitted force FT (s) (here s denotes the Laplace variable). The high frequency roll-off is due to
the low-pass characteristics of the actuator.

To validate the accuracy of the LPV-representation (5), simulations have been carried out using the
transient excitation load case shown in Figure 5 for the following three models:
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Figure 7: Upper graph shows magnitudes of two transfer functions (relating u(t) to the total force F̃T (t))
corresponding to (5) evaluated for k̃ = 0 (solid) and k̃ = 250 N/mm (dashed). The lower graph presents
the phase of the transfer function represented by the solid line in the upper graph (solid), and the phase
difference between the two transfer functions shown in the upper graph (dashed).

• The Non-linear model (4) integrated using ADAMS [22]

• The LPV-model (5) integrated using Matlab/Simulink

• The LTI-model (7) integrated using Matlab/Simulink

Figure 8 (a) presents FT (t) corresponding to the non-linear system (4) and Figure 8 (b) shows the
displacement l(t) of the bushing B1 corresponding to the three models. Considering Figure 2, this load
case implies operation in the non-linear stiffness region of the bushing B1. The responses of the LPV and
the non-linear model show high conformity while the displacement answering to the linear approximation
(computed as l(t) = C1x(t)) deviates substantially. Figure 9 shows FT (t), F̃T (t), and FT (t) corresponding
to the same simulation focusing on two different time intervals for visibility. Both static level and dynamic
content of F̃T (t) answers very well to the response FT (t) of the non-linear model. The linear model (7)
offers a poor approximation FT (t) of the total transmitted force FT (t).
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Figure 8: (a) FT (t) corresponding to the non-linear system (4) subjected to the transient engine excitation.
(b) Displacement l(t) of the bushing B1 corresponding to (4) (solid), (5) (dashed), and (7) (dash dotted).
Notice that, the dash dotted and solid lines almost coincide.
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Figure 9: Ft(t) (solid), F̃T (t) (dashed), and FT (t) (dash dotted), corresponding to the simulation results
shown in Figure 8 (b).

5 Narrow Band Controller Design

The adopted control approach relies on feedback of a disturbance estimate to reject its effect on the total
transmitted force. To simplify controller synthesis, the disturbance is modelled as a fictitious additive
input signal. Consequently, the plant model is written as

ẋ(t)= A(k̃)x(t) +B3w(t) +B3u(t)
y(t)= C3(k̃)x(t) + n(t)

(8)

where w ∈ R
1 represents the disturbance. The signal n(t) ∈ R

1 added to the total force output (i.e.
y(t) = F̃T (t) + n(t)) is the output of an autonomous dynamic system given by the following transfer
function

Hn(s) = Cn(sI −An)−1Bn (9)

The parameters of this dynamic LTI-filter are used as design parameters to obtain sufficiently low loop
gain at low frequencies as well as closed-loop stability.

Remark 1: This approach (used in, e.g, [18, 28]), where a disturbance model is introduced such
that its output completely cancels the disturbance signal without involving the states of the plant in the
compensation scheme, is referred to as External Model Control [29].

Due to the engine excitation characteristics, see, for instance, Figures 3 and 5, a few engine orders
dominate the spectral contents of the total transmitted force and the lowest frequency component of
interest to vibration isolation is order one at engine idle operation, i.e. 15 Hz at 900 rpm. To preserve
the ability of preventing large engine displacements, the dynamic stiffness has to be left unaffected at
frequencies below order one. Thus, assuming slowly varying engine speed of rotation, a controller that
stationary achieves high loop gain at the dominating spectral components of the disturbance and low
elsewhere is desired.

To capture the order-based characteristics of the disturbance, w(t) is modelled as the output of an
autonomous LPV filter as

ẋw(t)= Aw(N(t))xw(t)
w(t)= [CwE + CwDC ]xw(t)

(10)

where xw(t) ∈ R
nw , and the time varying matrix Aw(N(t)) could be written as Aw(N(t)) = Aw0 +

N(t)Aw1 for the matrices given by (11).
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Aw0 =



Z 0 0 0
0 Z 0 0
0 0 Z 0
0 0 0 ε


 , Aw1 =



F 0 0 0
0 2F 0 0
0 0 3F 0
0 0 0 0




Z =
[ −e 0

0 −e
]
, F =

[
0 2π

−2π 0

] (11)

In (10) and (11), the scalars e ∈ R
1 and ε ∈ R

1 are used as design parameters and the vectors CwE and
CwDC are given by

CwE = [ 1 0 1 0 1 0 0 ]
CwDC = [ 0 0 0 0 0 0 1 ]

The eigenvalues of Aw(N) are p1,2 = −e ± 2iπN, p3,4 = −e ± 4iπN, p5,6 = −e ± 6iπN , and p7 = ε.
Thus, e represents the damping of the poles and by choosing N(t) equal to the engine speed of rotation,
their imaginary parts could be located to the targeted frequency components of the disturbance w(t), i.e.
engine orders 1E, 2E, and 3E. In the sequel, N(t) is written N to simplify the notation.

Introducing the augmented state vector q(t) = [xT (t) xT
w(t) xT

n (t)]
T (where xn(t) ∈ R

nn is the
state vector of Hs(s) given by (9)) and combining (8), (9), and (10), the plant model used for controller
design is now obtained as

q̇(t)= Aa(k̃, N)q(t) +Ba1u(t)
y(t)= Ca(k̃)q(t)

(12)

where

Aa(k̃, N) =


 A(k̃) B3(CwE + CwDC) 0

0 Aw(N) 0
0 0 An


 , Ba1 =


 B3

0
0


 , CT

a =


 CT

3 (k̃)
0
CT

n




The states q(t) are estimated by means of a Luenberger observer according to (13). To make the
controller given by (13) and (14) independent of k̃, the matrix Aa and the vector Ca are used with k̃ = 0
for all t.

˙̂q(t) = Aa|k̃=0q̂(t) +Ba1u(t) + L(N)(y(t)− ŷ(t)) (13)

u(t) = [ 0 K 0 ]q̂(t), ŷ(t) = Ca|k̃=0q̂(t) (14)

The control signal is selected as u(t) = −CwEx̂w(t) to counteract only for the fluctuations of w(t), i.e.
the spectral components corresponding to the engine orders 1E, 2E, and 3E. Hence, the state feedback
gain in (14) is chosen as

K = −CwE

The observer gain L(N) is computed using gain scheduling based on interpolation of fixed point gains
Li, i ∈ {1, ..,m}, where Li = P (Ni)CT

a |k̃=0Q
−1
2 and P (Ni) is the solution to the following algebraic

Riccati equation

Aa|k̃=0P (Ni) + P (Ni)AT
a |k̃=0 +Q1 + P (Ni)Q2P (Ni) = 0

Using the Riccati equation facilitates the selection of stabilizing observer gains where the matrices Q1 ∈
R

(n+nw+nn)×(n+nw+nn) and Q2 ∈ R
(n+nw+nn)×(n+nw+nn) are used as design parameters.

Since the observer has to stabilise the closed-loop system for all possible trajectories of k̃ and N ,
frozen stability, i.e. stability for constant parameters, is a necessary condition for closed-loop stability.
The approach adopted here is to design a k̃-independent controller that makes the closed-loop system
stability insensitive to k̃-variations. Motivated by the Nyquist stability criteria [30], this is achieved by
keeping the loop gain magnitude far from one at frequencies where k̃ has considerable impact on the
plant stationary characteristics.

The determination of frozen stability is based on the poles of the frozen sensitivity function S(k̃, N) =
(1−G(s, k̃)Fy(s,N))−1, where G(s, k̃) is a transfer function representation of (8) evaluated for constant
parameter values. Similarly, Fy(s,N) denotes the following controller transfer function

9



Fy(s,N) = [ 0 K 0 ](sI −Aa(N)|k̃=0 +Ba1[ 0 K 0 ]− L(N)Ca|k̃=0)
−1L(N) (15)

Frozen stability is guaranteed if the poles of S(k̃, N) have negative real parts for all possible parameter
values. To establish frozen stability, interpolation of only two fixed gains L0 and L1 is sufficient for this
problem and, thus, the observer gain L(N) is given by

L(N) = αL0 + (1− α)L1, α = (N −N1)/(N0 −N1) (16)

where N0 and N1 represent the minimum and maximum engine speeds of rotation, respectively.
The closed-loop characteristics for stationary parameter values k̃ = 0, andN = 30 Hz, are illustrated in

Figure 10 showing Bode diagrams of the frozen sensitivity function S(s) = (1−G(s, k̃)Fy(s,N))−1|k̃=0,N=30,
of the controller Fy(s,N)|N=30, and of the LTI-system Hn(s). The design parameters e and ε are chosen
as 0.1 and −0.1, respectively. Notice how Hn(s) is used to reduce the controller gain just above 20 Hz,
where k̃ has large impact on the plant dynamics which is clear from Figure 7.
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Figure 10: Bode diagrams of the frozen sensitivity function S(s) = (1 − G(s, k̃)Fy(s,N))−1|k̃=0,N=30

(solid), of the controller Fy(s,N)|N=30 (dashed), and of Hn(s) (dash dotted).

6 Analysis of Closed-loop Characteristics

To facilitate closed-loop stability analysis, a low-pass filter is introduced in the output equation of (8).
Hence, this equation is written as

ylp(s) = Glp(s)C3(k̃)x(s) + n(s) (17)

where the the transfer function of the LTI low-pass filter Glp(s) is given by

Glp(s) = Clp(sI −Alp)−1Blp (18)

Augmenting the state vector of the observer design model (12) by the state vector xlp(t) ∈ R
nlp of the

low-pass filter Glp(s) and replacing q(t) by η(t) = [xT (t) xT
lp(t) xT

w(t) xT
n (t)]T , the augmented plant

could still be described by (12) but for the following matrices and vectors

Aa(t) =




A(k̃) 0 B3(CwE + CwDC) 0
BlpC3(k̃) Alp 0 0

0 0 Aw(N) 0
0 0 0 An


 , Ba2 =




0 0
0 0
Bw 0
0 Bn




BT
a1 = [ BT

3 0 0 0 ]T , Ca = [ 0 Clp 0 Cn ], Da = Dn
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Introducing the state observation error η̃(t) = η(t)− η̂(t), the closed-loop dynamics are described by
the following equation [

ẋ(t)
˙̃η(t)

]
= ACL(k̃, N)

[
x(t)
η̃(t)

]
(19)

In (19), the matrix ACL(k̃, N) is given by

ACL(k̃, N) =




A(k̃) 0 0 −B3K 0
k̃A1 A0 −Lx(N)Clp B3(CwE + CwDC) −Lx(N)Cn

k̃BlpC1 BlpC0 Alp − Llp(N)Clp 0 −Llp(N)Cn

0 0 −Lxw(N)Clp Aw(N) −Lxw(N)Cn

0 0 −Lxn(N)Clp 0 An − Lxn(N)Cn


 (20)

where L(N) has been decomposed as L(N) = [ LT
x (N) LT

xlp
(N) LT

xw
(N) LT

xn
(N) ]T with block

vector dimensions equal to the ones of the corresponding state vectors, i.e. Lx(N) ∈ R
n, Lxlp

(N) ∈ R
nlp ,

Lxw(N) ∈ R
nw , and Lxn(N) ∈ R

nn .
For the closed-loop dynamics governed by (19), the following stability condition could now be formu-

lated.

Theorem 6.1 Consider the matrix-valued function ACL(k̃, N) in (20) such that k̃ ∈ K and N ∈ N where
K = [k̃0, k̃1] and N = [N0, N1]. Define the set P = {℘ : (k̃0, N0), (k̃0, N1), (k̃1, N0), (k̃1, N1)}. If ∃P, P > 0,
such that

ACL(℘)P + PAT
CL(℘) < 0 (21)

for each ℘ ∈ P, the closed-loop system (19) exhibits exponential stability for all trajectories of k̃(t) and
N(t) within the parameter intervals K and N, respectively.

Proof Consider the following Lyapunov function

V (t) =
[
x(t)
η̃(t)

]T

P

[
x(t)
η̃(t)

]
, P > 0 (22)

Based on Lyapunov’s stability theorem [31], V̇ (t) < 0 for all possible state trajectories is a sufficient
condition for asymptotic stability [32, 33] of the origin of (19). This could equivalently be expressed as

ACL(k̃, N)P + PAT
CL(k̃, N) < 0, ∀t (23)

The inequality problem (23) has an infinite number of constrains due to the time dependence of
the parameters k̃(t) and N(t). Fortunately, it is sufficient to the check condition (23) at the corners
of the parameter box when ACL(k̃, N) could be written as a fixed function affine in the time-varying
parameters k̃(t) and N(t) where they belong to a convex set [32, 34–36]. Thus, a representation of
ACL(k̃, N) according to (24) is sought.

ACL(k̃, N) = A0
CL + k̃A1

CL +NA2
CL (24)

Due to the low-pass filter Glp(s), the matrix ACL(t) does not contain elements with products of
k̃(t) and N(t) which would otherwise prevented an affine representation to be found. Substituting the
expression for α in the expression for L(N) as stated by (16) gives

L(N) = L̃0 +NL̃1 (25)

where

L̃0 = −N1L0 −N0L1

N0 −N1
, L̃1 =

L0 − L1

N0 −N1

Using the representation (25) of L(N) in (20) and collecting all terms independent of both parameters in
A0

CL, the terms depending on k̃ in A1
CL, and the terms depending on N in A2

CL, gives the sought affine
representation. The constant matrices of this affine representation (24) are given in the Appendix.
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Finally, the theorem follows by noting that for linear systems, asymptotic stability is equivalent to
exponential stability [31]. �

Remark 2: Theorem 6.1 could be generalised by adopting a less conservative test based on a parameter
dependent quadratic Lyapunov function according to (26).

V (t) =
[
x(t)
η̃(t)

]T

(P0 + k̃P1 +NP2)
[
x(t)
η̃(t)

]

=
[
x(t)
η̃(t)

]T

P (k̃, N)
[
x(t)
η̃(t)

] (26)

In this case, negative definiteness of the derivative of the Lyapunov function is ensured if

ACL(k̃, N)P (k̃, N) + P (k̃, N)AT
CL(k̃, N) + Ṗ (k̃, N) < 0 (27)

Since the condition (27) depends on the parameter time variations, bounds on their derivatives have to
be introduced. Specifying the derivatives to be contained in a convex set, the fixed structure (26) of
P (k̃, N) together with an affine closed-loop representation allows (27) to be converted to a finite set of
LMI constraints [32, 35].

Applying the condition (21) of Theorem 6.1, the stability of the closed-loop system is first investigated
under the assumption of plant linearity, i.e. assuming that k̃ = 0 for all t. Using the function quadstab
implemented in the LMI Control Toolbox [32], the stability condition (21) is checked by solving the
following minimisation problem [32]

min
P > 0

{τ |ACL(k̃, N)P + PAT
CL(k̃, N) < τI}

For the k̃-independent case a negative τ (τ = −2.7 · 10−3) is achieved for N(t) ∈ [30, 80] Hz, i.e. for
engine speeds from 1800 rpm to 4800 rpm where the latter value is near the maximum engine speed of
rotation. Thus, for this interval, the closed-loop system possesses global quadratic stability for all possible
engine speed time variations. When stability is assessed based on the k̃- and N -dependent matrix (20)
capturing the actual closed-loop dynamics, exponential stability could still be established but only for
small k̃-intervals. Thus, a quadratic Lyapunov function according to (22) seems to be too restrictive to
prove closed-loop stability. This is especially true when taking plant non-linearity into account.

To proceed, the existence of a parameter dependent Lyapunov function (27) is investigate using
the LMI Control Toolbox function pdlstab. Consequently, exponential stability could be proven for the
following combinations of parameter intervals and assumptions about the plant characteristics

• G(s, k̃)|k̃=0,∀t, N(t) ∈ [15, 80] Hz, Ṅ(t) ∈ [−75, 75] Hz/s

• G(s, k̃),N(t) ∈ [20, 80] Hz, k̃(t) ∈ [0, 250] N/mm, ˙̃k(t) ∈ [−150, 150] N/(mm·s), Ṅ(t) ∈ [−75, 75] Hz/s

Figures 11 and 12 show the parameters and their time variations corresponding to the transient excitation
load case shown in Figure 5. Thus, considering the plant to be LTI, parameter quadratic stability is
guaranteed over the complete engine speed range (see Figure 4) and intervals of the time derivative of the
engine speed including e.g. maximal accelerations of the car. However, taking plant non-linearity into
account, parameter dependent quadratic stability is not sufficient to prove closed-loop stability over the
considered plant operating conditions. Without reducing the lower bound on the engine speed interval
from the desired 15 Hz to 20 Hz, even more restrictive results were obtained.

Remark 3: Considering ACL(k̃, N) in (20), it is clear that the state estimation error η̃(t) depends
on the state feedback gain K. Thus, the property of H2 control usually referred to [30] as the separation
property, does not apply. This a consequence of neglecting plant non-linearity as determined by k̃ in the
state estimation. Consequently, it is not enough to independently establish stability of the plant and of
the equations governing the state observation, but the complete matrix ACL of (20) has to be considered.

Remark 4: In [18], an equivalent controller structure is adopted to control engine-induced vibrations
where the plant is assumed to be captured by an LTI transfer function obtained using least-squares
system identification. Motivated by the argument that the parameter N(t) will change slowly, stability is
analysed based on the eigenvalues of the N -dependent A-matrix of the observer, i.e. only frozen stability
is considered. In the equivalent case where the non-linearity is neglected, the investigation above presents
guaranteed quadratic stability results in addition to frozen stability.
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Figure 11: The upper graph presents measured engine speed of rotation (solid) and a low-pass filtered
version of it used in the observer implementation (dashed), both corresponding to the transient excitation
load case shown in Figure 5. The lower graph shows the time variation of the low-passed filter versions
of N(t).
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Figure 12: The non-linear stiffness k̃(t) (upper graph) and its time variation (lower graph) corresponding
to the transient excitation load case shown in Figure 5.
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7 Simulations

The controller presented in Section 5, has been evaluated using the 43-DOF (42 DOFs originating from
the control object model plus one DOF from the low-pass characteristic model of the actuator) non-
linear plant model (see Figure 1). To present the achieved attenuation of the total transmitted force, the
following frequency dependent measure is defined

Attenuation(iω) =
|FT (iω)| − |FT0(iω)|

|FT0(iω)|
· 100 (28)

where FT (iω) represents the controlled output and FT0(iω) the corresponding open-loop output, both
evaluated using fft over sliding windows. Thus, attenuation is the relative change expressed in percentage
and -100% means zero transmitted force.

Figure 13 presents the closed-loop response when the plant is subjected to the excitation corresponding
to engine idle operation. The three spectral components targeted by the controller are almost completely
suppressed, and a good disturbance state estimate is reached rapidly after the controller is turned on at
t = 1 second.
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Figure 13: The total transmitted force without control (upper graph) and with control (middle graph),
evaluated using fft of the signals over the time period t ∈ [3, 10] seconds where stationary conditions
nearly prevails. The lower graph presents the attenuation (as defined by (28)) of the three spectral
components: 1E (solid), 2E (dashed), and 3E (dash dotted) targeted by the controller, evaluated using
fft over a sliding window.

The closed-loop response to the transient excitation is presented in Figures 14 and 15 showing the
attenuation of the first and second order of the total transmitted force. Attenuation around -80 % in the
acceleration phase and even some under the gear shift maneuver, is achieved. The result for the third
order is similar to Figure 15.

Time-dependent frequency contents of the actuator output evaluated using fft -analysis over a sliding
window is shown in Figure 16. Clearly, the control energy is very much concentrated to the targeted
spectral components. It could also be seen that, a substantial control effort is required to deal with the
combustion related first order during the rapid car acceleration whereas normal cruising requires rather
limited control force magnitudes. Figure 17 presents the actuator force output and demonstrates the
satisfactory closed-loop transient response after turning on the controller at t = 1 second.

Remark 5: In [17], an alternative control strategy based on adaptive filtering using Kalman filter
based recursive parameter estimation was investigated for the same plant and measured engine excita-
tions. The tracking achieved using this approach was found insufficient when dealing with excitations
corresponding to rapid car accelerations, and the controller had to be switched off during accelerations
to avoid amplification of the total transmitted force. Comparing the results of the adaptive filtering
approach with the ones corresponding to the observer based strategy considered in this paper, the latter
outperforms the one based on adaptive filtering.
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Figure 14: Closed-loop response to the transient excitation evaluated using fft of the total transmitted
force over a sliding window. The upper graph shows the total transmitted force with (dashed) and
without control (solid). The lower graph presents the attenuation of the first order as defined by (28).
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Figure 15: As in Figure 14 but for the second order.
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Figure 16: Time-dependent frequency contents of the actuator output corresponding to Figure 14 evalu-
ated using fft -analysis over a sliding window.
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Figure 17: Upper graph shows actuator force output corresponding to the results presented in Figures 14
and 15. The lower graph presents the total transmitted force with (solid) and without control (dashed)
illustrating the excellent transient closed-loop response.
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8 Conclusions

In this work, active automotive engine vibration isolation has been considered dealing with both stationary
and transient internal engine excitation as well as plant non-linearity. The plant exhibits non-linear
dynamics due to non-linear bushing material characteristics when the engine is subjected to large nominal
torques values, which is the case for, e.g., rapid car accelerations. To deal with plant non-linearity, a linear
parameter varying (LPV) plant model is derived making use of a novel approach where LPV descriptions
of non-linear systems are generated by dividing them into their linear and non-linear components, and
the latter is represented using a parameter dependent non-linear function.

The adopted control strategy targets the dominating spectral components of the excitation and attains
narrow band vibration isolation using feedback of disturbance states estimates. Sufficient attenuation of
the total transmitted force is achieved for both stationary and transient excitations while the ability of
the open-loop system to prevent large engine displacements is preserved. This has been demonstrated
using co-simulation incorporating a detailed multi body system model and measured engine excitations.

The LPV plant model depends on a parameter representing plant non-linearity whereas the observer
is a function of a parameter corresponding to the engine speed of rotation. In addition to frozen sta-
bility, which is assured by the controller design, Lyapunov stability is assessed considering time varying
parameters. To make quadratic stability analysis tractable, a closed-loop representation affine in the two
parameters is derived. Using a parameter dependent quadratic Lyapunov function while neglecting plant
non-linearity, exponential stability is shown for wide ranges of engine speeds and their time variations
including, e.g., rapid car accelerations. Thus, the adopted approach for closed-loop stability analysis is
shown to be useful when dealing with the considered controller strategy for linear time invariant plants.
Yet, taking plant non-linearity into account, closed-loop stability has been proven but only for limited
intervals of the parameters and their time derivatives. To establish closed-loop stability over the complete
plant operating range, further theoretical investigations based on less restrictive stability conditions are
required.

Appendix

The matrices of the affine representation (24) used to assess the stability of the closed-loop system
are given by (29), (30), and (31).

A0
CL =




A0 0 0 −B3K 0
0 A0

N1L0x−N0L1x

N0−N1
Clp B3(CwE + CwDC) N1L0x−N0L1x

N0−N1
Cn

0 BlpC0 Alp + N1L0lp−N0L1lp

N0−N1
Clp 0 N1L0lp−N0L1lp

N0−N1
Cn

0 0 N1L0xw−N0L1xw

N0−N1
Clp Aw0

N1L0xw−N0L1xw

N0−N1
Cn

0 0 N1L0xn−N0L1xn

N0−N1
Clp 0 An + N1L0xn−N0L1xn

N0−N1
Cn


 (29)

A1
CL =




A1 0 0 0 0
A1 0 0 0 0

BlpC1 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 (30)

A2
CL =




0 0 0 0 0
0 0 L1x−L0x

N0−N1
Clp 0 L1x−L0x

N0−N1
Cn

0 0 L1lp−L0lp

N0−N1
Clp 0 L1lp−L0lp

N0−N1
Cn

0 0 L1xw−L0xw

N0−N1
Clp Aw1

L1xw−L0xw

N0−N1
Cn

0 0 L1xn−L0xn

N0−N1
Clp 0 L1xn−L0xn

N0−N1
Cn


 (31)
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