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ABSTRACT
Motivation: A core computation of many popular quantitative trait
locus, QTL, mapping methods is determining the residual sum of
squares, RSS, for a regression of trait values on (pseudo-)marker
genotypes. A single evaluation is easily performed using the standard
method QR factorization, but together the RSS computations
take considerable time and often constitute the major part of the
computational effort.
Results: We present an algorithm for RSS evaluation that is
mathematically equivalent to evaluation via QR factorization but 10-
100 times faster depending on the model and data dimensions. It
can be used for all standard QTL models. Our method opens the
possibility for more detailed data analysis and more extensive model
comparisons.
Availability: C code, detailed derivations and general implementation
strategies are available from the author on request.
Contact: kajsa.ljungberg@it.uu.se
Supplementary information: http://user.it.uu.se/˜kl/Appendix.pdf

INTRODUCTION
Established methods for mapping quantitative trait loci, QTL,
include interval mapping (Lander and Botstein, 1989) and multiple
interval mapping (Kaoet al., 1999). Reviews of statistical methods
and computational challenges for QTL mapping in experimental
crosses are given in (Doerge, 2002; Broman, 2001). Despite rapid
development in hardware and algorithms, computational demand
restricts the use of multiple QTL methods. In particular, estimating
the number of QTL and identifying their interactions is an issue
where the computational complexity limits the space of models that
can be investigated, see e.g. (Carlborget al., 2000; Ball, 2001;
Broman and Speed, 2002; Doerge, 2002; Sillanpää and Corander,
2002; Yi et al., 2005). By improving the efficiency of the core
computations of a statistical method, the same results can be
obtained in less time, allowing for a more thorough investigation of
the model space. Many statistical methods, although theoretically
very different, share computational sub-problems where trait values
are regressed on marker genotypes. Some, including traditional
variance analysis, only involve individuals with available genotypes,
see e.g. (Solleret al., 1976; Wright and Mowers, 1994; Broman and
Speed, 2002; Bogdanet al., 2004). Other authors propose multiple
imputation for generating complete data realizations (Ball, 2001;
Sen and Churchill, 2001), or replacing uncertain observations with a
set of weighted complete observations (Jansen and Stam, 1994). For
all these methods, computing the residual sum of squares, RSS, for
a possibly weighted least squares problem constitutes a significant
part of the computational effort.

In this paper we demonstrate how the RSS can be computed
using matrix factorizations leading to expressions equivalent to
simple functions of sums of squares and cross-products recognized
from variance analysis. The expressions are very fast to evaluate
compared with computing a QR factorization of the design matrix,
which is the standard least squares problem solution method. For
complicated models the expressions become more involved, but a
general algorithm that can accommodate epistasis as well as discrete
and continuous covariates can be defined. In this paper we present
PERF, Pseudomarker Evaluation of RSS Function, a method for
evaluating the RSS in the case of complete, possibly imputed,
(pseudo-)marker genotype information. The gain in computing time
is more than 10-fold compared with QR factorization already for
small models, and up to 100-fold for larger models.

SYSTEM AND METHODS
Consider a dataset ofn individuals. The phenotype observations are
collected in a vectory ∈ Rn×1. A lineark-parameter model withd
QTL is constructed,

yi =

kX
j=1

aijbj + εi (1)

where aij is the indicator variable of individuali for the jth
parameter,bj is the regression coefficient, andεi is the error.
Both additive and interaction variables may be included. The vector
x̄ ∈ Rd×1 is a set ofd putative QTL positions, whered ranges
from 1 to at least10. Assume that complete genotype information
is available at̄x. Given a model, genotype information and possibly
covariate data, the design matrixA(x̄) ∈ Rn×k can be constructed.
The observations may be weighted byW , a diagonal matrix of
positive weights. The RSS is computed as

RSS(x̄) = min
b

(A(x̄)b− y)T W (A(x̄)b− y) (2)

which is typically solved by QR factorization ofW 1/2A. In this
article we take the perspective of (Broman and Speed, 2002) where
QTL mapping is viewed as a model selection problem and the focus
therefore is on identifying QTL, while estimating precise effects
is deferred until the QTL locations have been determined. For
this purpose, only RSS and not the regression parameter vectorb,
is needed. We have used the model parameterization of (Mather
and Jinks, 1982), but it is important to note that the RSS will be
equal using any other model, e.g. from (Cockerham, 1954), where
the parameters are linear combinations of the model of (Mather
and Jinks, 1982). We will show how an alternative formulation of
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Equation 2 leads to a highly efficient way of computing the RSS,
substantially faster than QR factorization.

As indicated in Equation 2, the residual sum of squares is a
function of the set of putative QTL positions̄x. To determine the
most probable QTL locations given a model, the RSS, or a weighted
average of a set of RSS, should be minimized over all possiblex̄.
This is a multi-dimensional global optimization problem that has
been investigated in for example (Carlborget al., 2000; Ljungberg
et al., 2004) and will not be further discussed here. The dependency
on x̄ is therefore dropped from all expressions.

To prepare for the presentation of the new method, we introduce
some notation and then review a simple example of how to compute
RSS using the variance analysis framework. At each locus, an
individual has one ofg genotypes, whereg = 2 for a backcross
and g = 3 for an intercross population. As defined earlier,d is
the number of QTL in the model. For anȳx, the individuals will,
depending on their genotypes atx̄, belong to one ofc = gd classes.
Including a discrete covariate for e.g. 4 different family effects can
be seen as adding an extra locus with 4 possible genotypes, giving
c = gd ·4. The number of individuals in classl is denoted bynl, the
sum of elements in a vectorv for individuals in a class is denoted
by Σlv, and the class phenotype mean is denotedµl. The Hadamard
(element-wise) product of two vectors is indicated by¯.

In the case of a full model, i.e. a model including all main effects
and interactions, the number of parameters equals the number of
classes, and therefore the class phenotype means can be estimated
independently. The variance analysis RSS formula is then

RSS =

cX
l=1

SSyy,l (3)

where

SSyy,l = Σl(y − µl)¯ (y − µl) = Σl(y ¯ y)− (Σly)2

nl
(4)

in the case of no weighting, which is the sum of squared errors
for group l. The basis for this paper is that expressions of this
type, simple functions of sums of squares and also sums of cross-
products, are very fast to evaluate. In the case of non-full models
the expressions become more complicated, making it awkward to
derive formulas ’by hand’, but we describe how the algorithm to
obtain general expressions can be easily implemented. Discrete
and continuous covariates are easily included. Our algorithm PERF
has the computational efficiency of Equation 3 and is completely
general.

A necessary condition for the efficient algorithms to be applicable
is that the individuals can be sorted into genotype classes. This is
possible in a number of cases. The simplest example is when only
the marker loci are considered in a search for single or multiple QTL
and only genotyped individuals are included in the analysis. This
strategy is becoming more realistic as experimental techniques and
the density of marker sets improve. Another possibility is multiple
imputation (Sen and Churchill, 2001; Ball, 2001). Then a set of
complete (pseudo-)marker genotype information sets, consistent
with the known data, is generated. The RSS is computed according
to Equation 2, either for each data realization separately (Sen and
Churchill, 2001) or for the combined data set using an augmented
design matrixAaug with complete genotype information and giving
each of thenimp imputed observations the weight1/nimp (Ball,

2001). The latter approach is, from an algorithmic viewpoint, related
to a third method, namely the generalized linear finite mixture
model method presented in (Jansen and Stam, 1994). This is another
method to which PERF is applicable. In this case individuals with
uncertain genotypes are represented by several rows in the design
matrix, and the rows of the resultingAaug are weighted according to
the probability of each genotype. In contrast to the method of (Ball,
2001), all possible genotypes are always included, each possibility
is included exactly once, and the weights are iteratively refined.

It should be noted that the linear regression approximation to
interval mapping (Knappet al., 1990; Martinez and Curnow, 1992;
Haley and Knott, 1992) and Bayesian QTL mapping methods
(Satagopanet al., 1996; Sillanp̈aä and Arjas, 1998) do in general
not involve a least squares problem where individuals can be
grouped into genotype classes, and are therefore not suited for
the methods presented here. Efficient computational methods for
interval mapping and the linear regression method are presented in
(Ljungberget al., 2002).

ALGORITHM
To exploit the advantages of complete genotype information we use
an alternative formulation to Equation 2,

RSS = yT Wy − yT WA(AT WA)−1AT Wy

= yT Wy − yT WUP (P T UT WUP )−1P T UT Wy

= yT Wy − yT WU(LDLT )−1UT Wy

= yT Wy − yT WUL−T D−1L−1UT Wy

= yT Wy − zD−1z

(5)

whereU ∈ Rn×k, P ∈ Rk×k, rank(P )= k, UT WU = LDLT

is the factorization ofUT WU into a unit lower triangular matrixL,
a diagonal matrixD, and the transpose ofL, andz is the solution
vector to the unit triangular systemLz = UT Wy. Starting with
either the (Cockerham, 1954) or (Mather and Jinks, 1982) model
the same matrixU can be obtained by using different matrices
P . The computationally most expensive step when implementing
Equation 5 is performing the matrix-matrix and matrix-vector
multiplications to formUT WU and UT Wy. Once these terms
are available the remaining computations are comparatively fast.
For any model we can choose an appropriateU that makes it
easy to buildUT Wy andUT WU from the genotype class counts
and phenotype sums. Our method to avoid performing the costly
matrix multiplications gives a dramatic reduction in computing
time, compared to obtaining the RSS via QR factorization or
solution of the normal equations in the traditional way. Additional
time savings are obtained by exploiting the sparsity pattern of the
matrixUT WU during theLDLT factorization, and of the equation
systemLz = UT Wy when solving forz. Below we present matrix
expressions used in the implementation of PERF, and in addition
expressions based on sums of squares and cross-products. The latter
are given for illustration only, in order to demonstrate the connection
between the matrix elements and common statistical expressions.
The software implementation uses matrix algebra only.

Some additional notation is needed for the presentation. Let each
of thec genotype classes be identified with ad-digit code enclosed
by square brackets, where thejth digit denotes the genotype at
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the jth pseudomarker, for example[13] or [22] whend = 2 and
g = 3. The discrete covariate code is enclosed by angular brackets.
Examples with continuous covariates, which do not change the
number of classes, are shown below. The number of individuals in a
class and phenotype sums are identified with the bracketed codes as
subscripts, and a joker sign∗ indicates a sum over all categories at
that position. e.g.n[∗2] = n[12] + n[22] + . . . + n[g2]. When classes
are identified by an indexl, 1 ≤ l ≤ c, no brackets are used.

We now present explicit examples of Equation 5 for a few models.
A comprehensive list of matrices for common QTL models is given
in the Appendix. The examples illustrate the fact that once the
nl and Σly terms are available, RSS can be obtained essentially
for free for any model with the same set of classes. This is an
important feature of our method, since it is interesting to try many
different models when analyzing a dataset, see e.g (Broman and
Speed, 2002). The incremental structure of the algorithm also makes
it easy to quantify the reduction in RSS for each additional model
parameter.

In the examples it is assumed that the matrixW 1/2A has full
rank. If it is rank deficient the RSS can still be computed but the
model is inappropriate and the RSS should not be used. Detection
of rank-deficiency is discussed in the Implementation section. We
only show examples of the simple caseW = I, i.e. all weights are
equal to1. For a generalW = diag(w1, w2, . . . , wn), wi > 0, the
genotype class countsnl in the formulas are replaced by the sums
of weightsΣlw, yT y by yT Wy and the phenotype sumsΣly by
weighted sumsΣl(Wy).

Full model: One special case is the full model, where the number
of parameters is equal to the number of classes. Then, given that
there is at least one individual in each genotype class, we can pick
c = k unique rows fromA to form a sub-matrixS ∈ Rk×k. Every
genotype class is represented by one of these unique rows. If there
is an empty class there are more parameters than classes andA is
rank deficient. ChoosingP = S−1 gives a factorizationA = UP ,
where each genotype class is represented in the matrixU by a row
of all 0 except for a single1 and the columns ofU are orthogonal.
We getUT U = I · D · I = diag(n1, n2, . . . , nc) andyT U =
[Σ1y Σ2y . . . Σcy]. This gives the full model formula

RSS = yT y − (Σ1y)2

n1
− (Σ2y)2

n2
− · · · − (Σcy)2

nc

=

cX
l=1

�
Σl(y ¯ y)− (Σly)2

nl

� (6)

which can be recognized as Equation 3. It should be noted that the
same expression is obtained fromany parametric model with the
same number of non-redundant parameters as there are genotype
classes.

Adding one continuous covariate to an otherwise full model:
The formula for a full model plus one continuous, additive covariate

q without interactions is

RSS =yT y − (Σ1y)2

n1
− · · · − (Σcy)2

nc

−
�

yT q − Σ1y · Σ1q

n1
− . . .− Σcy · Σcq

nc

�2

·�
qT q − (Σ1q)

2

n1
− · · · − (Σcq)

2

nc

�−1

=

cX
l=1

SSyy,l −
�Pc

l=1 SSyq,l

�2Pc
l=1 SSqq,l

(7)

where

SSyq,l = Σl(y ¯ q)− Σly · Σlq

nl
(8)

which is the sum of cross-products of classl. In the caseq is binary,
yT q reduces toΣ〈1〉y, qT q to n〈1〉 andΣlq to nl,〈1〉, the number of
individuals in classl with covariate value 1.

2 QTL backcross without epistasis nor covariates.A special
case of Equation 7 is a two-QTL backcross model without epistasis
and without covariates. The one-QTL model is full, and adding
a second QTL can be seen as adding a binary covariate, except
that the genotype at the second locus is included in the genotype
class definition. We can choose the matrixP such thatyT U =�
Σ[1∗]y Σ[2∗]y Σ[∗1]y

�
and

UT U =

24 n[1∗] 0 n[11]

0 n[2∗] n[21]

n[11] n[21] n[∗1]

35 =

264 1 0 0
0 1 0

n[11]
n[1∗]

n[21]
n[2∗]

1

375 ·
264 n[1∗] 0 0

0 n[2∗] 0

0 0 n[∗1] −
n2
[11]

n[1∗]
− n2

[21]
n[2∗]

375264 1 0
n[11]
n[1∗]

0 1
n[21]
n[2∗]

0 0 1

375
(9)

giving the final expression

RSS = yT y −
�
Σ[1∗]y

�2
n[1∗]

−
�
Σ[2∗]y

�2
n[2∗]

−
�

Σ[∗1]y −
n[11]

n[1∗]
Σ[1∗]y −

n[21]

n[2∗]
Σ[2∗]y

�2

· 
n[∗1] −

n2
[11]

n[1∗]
− n2

[21]

n[2∗]

!−1

(10)

where the last term gives the decrease in RSS after adding a second
QTL to the model, without including interactions.

Equation 10 can, if allnl > 0, be expressed as

RSS = yT y

−
�
Σ[11]y

�2
n[11]

−
�
Σ[21]y

�2
n[21]

−
�
Σ[12]y

�2
n[12]

−
�
Σ[22]y

�2
n[22]

+

�
Σ[11]y

n[11]
− Σ[21]y

n[21]
− Σ[12]y

n[12]
+

Σ[22]y

n[22]

�2

·�
1

n[11]
+

1

n[21]
+

1

n[12]
+

1

n[22]

�−1

(11)
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where the first five terms constitute the exact formula for the full
2 QTL model and the last term gives the increase in RSS after
removing the epistasis parameter. This form is obtained by using
a A = UP factorization such thatUT U can be expressed as a
diagonal matrix with a rank 1 modification, and invertingUT U
using the Sherman-Morrison matrix inversion lemma. The form
of Equation 11 is not used in the implementation of PERF, but is
presented for illustration.

Adding two continuous covariates to a full model:Equation 7
can be extended to include a second covariatep without interactions.
Using the sums of squares notation the formula is

RSS =

cX
l=1

SSyy,l −
�Pc

l=1 SSyq,l

�2Pc
l=1 SSqq,l

−
 

cX
l=1

SSyp,l −
�Pc

l=1 SSyq,l

� �Pc
l=1 SSpq,l

�Pc
l=1 SSqq,l

!2

· 
cX

l=1

SSpp,l −
�Pc

l=1 SSpq,l

�2Pc
l=1 SSqq,l

!−1

(12)

where the first sum ofc terms gives the RSS for the full model
without covariates, the second to last term gives the reduction in
RSS for adding the first covariate, and the last gives the reduction
after adding the second covariate. The terms are directly available
from the PERF matrix algebra implementation. Thejth term is
z2

j /Djj where, as defined earlier,z is the solution vector to the
equation systemLz = UT Wy andD is the diagonal matrix in the
factorizationUT WU = LDLT .

Adding one extra discrete covariate including interactions
to any model: The RSS for any model after adding a binary
covariate and interaction parameters between the covariate and all
other parameters except the mean can be computed by dividing the
individuals into groups based on the covariate type and computing
the RSS independently for each group, giving for a covariate with
l possible valuesRSS = RSS〈1〉 + . . . + RSS〈l〉, where the
subscripts denote the value of the covariate. In matrix algebra this
corresponds to choosingU such thatL, D andUT y are partitioned
into orthogonal blocks, and factorizing the blocks separately.

IMPLEMENTATION
We base PERF on theLDLT factorization algorithm and triangular
system solver from (Golub and Van Loan, 1996). and modify them
to exploit the sparsity structure ofUT WU . With an appropriate
choice of U , the leadingp columns are orthogonal, and the
corresponding off-diagonal elements ofL are zero. The firstp
diagonal elements ofD are copied directly fromUT WU , and the
factorization starts with rowp + 1 of L. For j ≤ p andk > p,
element(j, k) of L is equal to element(j, k) of UT WU divided
by thejth diagonal element ofD. The firstp steps of the triangular
system solver are reduced to simple divisions.

If A is rank deficient the model is inappropriate, and the
computation should be interrupted. Monitoring the rank ofW

1
2 A

is easily done by checking the diagonal elements of the matrixD
and performing a condition number estimation ofL using e.g. the
algorithm presented in (Golub and Van Loan, 1996). A non-positive
diagonal element ofD implies rank deficiency. The condition
estimator will detect near rank-deficiency in the (more rare) cases

when the matrix is ill-conditioned despite that the diagonal elements
of D are positive. An alternative method is to use pivoting during
the matrix factorization, but that would destroy the simple structure
of the problem and degrade performance.

We have observed that PERF performance is sensitive to the
implementation. Two implementation strategies have been tried
for this paper, differing only in how memory was accessed when
the individuals were sorted into genotype classes, and the second
strategy was approximately 40% faster than the first. In the fastest
implementation the sorting is based on the genotype class codes.
The d-digit codes can be seen as a set ofdg baseg-numbers, and
can be used as indices when storing class counts and phenotype
sums indg-element vectors. For individuali the index is computed
as l =

Pj=d
j=1 γij · gi−1 whereγij is the xj genotype minus1,

e.g.0, 1 or 2 if g = 3. Thennl is increased by 1 andyi is added
to phenotype suml. To save time,γijg

i−1 vectors are computed
during the data preparation step and stored on disk. The extra space
required is moderate since the terms are small and can be stored
as 8-bit integers wheng < 5. For models with a binary covariate
including all covariate interactions, an extra digit is added to the
class code and the covariate type treated as the genotype at an extra
locus for whichg = 2.

If the number of QTLd is greatly increased, the number of
genotype classes will be very large and the above strategy must be
modified for an efficient implementation. The number of arithmetic
operations required by PERF will still be very small compared with
that of QR factorization. In this study we have limitedd to 4, which
is appropriate given the size of the real data sets.

We compare PERF with the updated QR factorization technique
presented in (Ljungberget al., 2002), implemented using the Lapack
library routines dgeqrf, dormqr and dgels (Andersonet al., 1990).
The relative efficiency of updating and dgels only, the library routine
used in e.g. the QTL analysis software Pseudomarker (Wuet al.,
2005), depends onm, k and the number of covariates. We only use
updating when it is faster than dgels, which for the data sets used in
this paper is all models with one covariate when analyzing intercross
data, and 1 QTL models without QTL-covariate interaction for
backcross data. This makes the comparison as favorable as possible
for the traditional method in relation to PERF. To completely ensure
safe handling of possibly rank deficient matrices, QR factorization
with column pivoting, e.g. using the Lapack routine dgeqp3, should
be performed. This slows down the computations. Neither dgels
nor the updating algorithm performs column pivoting. We make
this choice to mimic the approach of (Wuet al., 2005). There a
first, but not complete, rank check is performed by monitoring
the diagonal elements of the matrixR from the QR factorization.
The corresponding PERF approach is to only check the diagonal
elements ofD, and not perform any rank estimation.

RESULTS
The methods were tested on data from a 999 mice intercross
population (Beameret al., 1999) and from a 256 mice backcross
population (Mahleret al., 2002). Both datasets were downloaded
from The Jackson Laboratory QTL Archive at http://www.jax.org
and are publicly available from there. In a preparatory step, a set
of 32 complete information realizations of the genotype data were
generated using the software Pseudomarker (Sen and Churchill,
2001; Wuet al., 2005). A test program, performing a fixed number
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Fig. 1. The computing time for updated QR factorization and PERF,
backcross data set. All results are normalized with the computing time for
thek = 2 model using PERF.
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Fig. 2. Subsection of Figure 1. Computing time using PERF normalized
with the time for the smallest model. The longest time is less than1.5× that
of the simplest model.

of RSS evaluations for 34 different1−4 QTL models using PERF or
updated QR was implemented in C, and the test program computing
time was measured for all models.

Computing time dependence on the number of parametersk,
backcross data:Figure 1 shows the computing time for evaluating
RSS for 19 different 1-4 QTL models of the backcross data. Figure 2
shows the backcross dataset computing time for PERF in closer
detail. The times are normalized with the computing time for PERF
applied on the two parameter (mean plus one QTL) model. The
time for QR factorization increases greatly with the number of
model parametersk, while the computing time for PERF is close
to constant. The smallest difference in computing time between
PERF and QR factorization occurs for the two parameter model,
when QR factorization is 10 times as slow. The variation in QR
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Fig. 3. The computing time for updated QR factorization and PERF,
intercross data. All results are normalized with the computing time for the
k = 3 model using PERF.

factorization computing time fork = 3 demonstrates the gain
of updating. The faster results are for models with 1 QTL and
one additive covariate and the slower represents a model with 2
QTL without interactions nor covariates. There is sometimes a
small variation in QR computing time for the samek also for
other models, depending on the fact that it takes slightly longer to
compute element-wise column products for interaction parameters
when building the design matrixA, compared to only copying
data from memory. The extra time required is however negligible
compared to the total time. It can be observed in Figure 2 that
the computing time for PERF also varies for the same number of
parametersk. For example, whenk = 3, a 1 QTL model with one
additive, binary covariate is faster to compute than a 2 QTL model
without covariate nor interactions. This is the result of differences
in memory access time. The covariate information is stored in one
n-element vector, while the genotypes are retrieved from a larger
data structure.

Computing time dependence on the number of parametersk,
intercross data:Figure 3 shows the intercross data computing time
for computing RSS using 15 different 1-4 QTL models. Figure 4
shows the intercross dataset computing time for PERF of Figure 3
in closer detail. The times are normalized with the computing time
for PERF applied on the three parameter (mean plus the additive and
dominance effect of one QTL) model. The time for QR factorization
increases greatly with the number of model parametersk, while
again the computing time for PERF is close to constant. The
smallest computing time difference between the two methods occurs
for the k = 3 model, for which PERF is 13 times faster. The
variation in computing time for PERF is small, and Figure 4 shows
that the slowest computation takes less than1.6× the time of the
fastest one. The “worst” case occurs for a three QTL model with
pairwise, but not three-way, epistatic interactions. Then there are
10 non-orthogonal columns ofU , and the time required to factorize
UT U is noticeable. Different computing times for the samek can
be explained with differences in the amount of memory that needs
to be accessed, or the sparsity pattern ofUT U .

5



Kajsa Ljungberg

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

number of model parameters k

N
or

m
al

iz
ed

 c
om

pu
tin

g 
tim

e

PERF

Fig. 4. Subsection of Figure 3. Computing time using PERF normalized
with the time for the smallest model. The longest time is less than1.6× that
of the simplest model.
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Fig. 5. Computing time after subtracting the offset, i.e. the time required for
n = 125 using the samemethod, and dividing by the time forn = 250
using PERF. The computing time for both methods is super-linear inn.

We again point out that we in this paper do not minimize the RSS
as a function of̄x. Figures 1 and 3 show the normalized computing
time for a fixed number of RSS evaluations, not the total time to find
the optimalx̄ for the different models.

Time dependence on the number of individualsn: The
computing time dependence onn was studied by comparing results
for subsets and multiples of the original datasets. Figure 5 shows
the computing time as a function ofn. The time is normalized by
first subtracting the offset, i.e. the respective computing times for
a dataset withn = 125, and then dividing the results for both
algorithms by the PERF computing time forn = 250. If they-value
in in Figure 5 is doubled whenn is doubled this represents perfect
linear dependence onn. Figure 5 shows that QR factorization is
super-linear inn for smalln, but the slope is smaller for largern.
If studying the plot in closer detail it can be seen that the same

Table 1. Relative computing time for updated QR
compared to PERF for the same model, 999 individuals.
Models without covariates. ’-’ indicates no interactions,
’2w’ pairwise epistatic interactions and ’3w’ three-way
interactions.

Model Gain bc (k) Gain F2 (k)

1 QTL 10 (2) 13 (3)
2 QTL, - 12 (3) 20 (5)
3 QTL, - 14 (4) 25 (7)
4 QTL, - 16 (5) 29 (9)
2 QTL, 2w 16 (4) 39 (9)
3 QTL, 2w 24 (7) 72 (19)
3 QTL, 2w and 3w 29 (8) 168 (27)

relation holds for PERF (not shown). The results show that the
absolute increase in time is much greater for QR factorization when
increasingn, however the relative increase is approximately the
same.

Relative computing time QR/PERF: In some cases PERF
enables the imputation method of (Sen and Churchill, 2001) to
compete with the regression method of (Haley and Knott, 1992)
in terms of computational speed. The time required for a single
QR factorization of a matrix of fixed size is the same regardless
of the whether the entries represent complete genotype information,
as when using the imputation method, or approximations, as with
the regression method. When choosing the imputation method
instead of regression, a single QR factorization using incomplete
information is replaced by a number of RSS evaluations for
complete genotype information. If using standard QR factorization
for the imputed data sets, the total computing time is simply the time
for regression multiplied with the number of imputations. Table 1
and Table 2 show how many RSS evaluations with PERF that can
be performed during the time required for a single QR factorization
in the case of 1-4 QTL models without covariates and 1-3 QTL
models with one covariate. If the number of imputations chosen
for a particular data set equals the number reported in Table 1 or
Table 2, the imputation method is as fast as the regression method.
If the number of imputations is smaller the imputation method is
faster, and if the number of imputations is, for example, twice
the number reported then imputation takes twice the time of the
regression method. The number of imputations required varies with
the type of data and the amount of missing information (Sen and
Churchill, 2001).

The results in Tables 1 and 2 concern the time for evaluating the
kernel function exclusively. Finding the most likely QTL positionsx̄
requires a search over all possiblex̄, e.g. using exhaustive stepwise
search or a more advanced global optimization algorithm. Methods
for global optimization were compared in (Ljungberget al., 2004),
and there it was observed that the total computing time for the
global search is close to directly proportional to the time of one RSS
evaluation. This holds also when a more advanced search method
than exhaustive grid search is used, and therefore the relative gain
in computing time for the global search will be very close to the
results shown in Tables 1 and 2.
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Table 2. Relative computing time for updated QR
compared to PERF for the same model, 999
individuals. Models with one additive covariate. ’-
’ indicates no interactions, ’2w’ pairwise epistatic
interactions and ’3w’ three-way interactions.

Model Gain bc (k) Gain F2 (k)

1 QTL 10 (3) 12 (4)
2 QTL, - 16 (4) n.a. (6)
3 QTL, - 18 (5) n.a. (8)
2 QTL, 2w 16 (5) 36 (10)
3 QTL, 2w+3w 28 (9) 135 (28)

It is common to observe several phenotypes in a single population,
which gives a least squares problem with multiple right hand
sides. Since theUT WU factorization is independent ofy, it
is only necessary to compute new phenotype sums to evaluate
RSS for multiple phenotypes. The same technique can be applied
to permuted data sets, when producing empirical significance
thresholds (Churchill and Doerge, 1994). Then also the covariate
sums must be recomputed. The standard method QR factorization
also allows for reusage, but the additional cost for each phenotype
vector is greater when using the QR factorization.

We have shown that our algorithm PERF computes the RSS
at least one order of magnitude faster than the most efficient
QR factorization routine. The difference increases with increasing
number of individuals, and with more complicated models. This
opens the possibility for much more detailed data analysis in
the same amount of time, and to perform more thorough model
comparisons.
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APPENDIX
Here we list theRSS or UT y andUT U for common models. The matrixUT U is symmetric and only elements below and on the diagonal
are given. As defined in the article, we use the following notation. At each locus, an individual has one ofg genotypes, whereg = 2 for a
backcross andg = 3 for an intercross population. For anyx̄, the individuals will, depending on their genotypes atx̄, belong to one ofc = gd

classes, whered is the number of QTL in the model. Each class is identified with ad-digit code without brackets (this is different from the
article), where thejth digit denotes the genotype atxj .The number of individuals in classl is denoted bynl, and a joker sign∗ indicates a
sum over all categories at that position. In the case of discrete covariate the division into covariate groups is done in the same way, but the
covariate code is enclosed by angular brackets. The sum of elements in a vectorv for individuals in a class is denoted byΣlv. The Hadamard
(element-wise) product of two vectors is indicated by¯. In formulas where the classes are identified by an index instead of a code, angular
brackets are used around the index. Weights are not included in the formulas. In the case of weighted problems, the class countsnl should be
replaced byΣlw, yT y by yT Wy and the phenotypes sumsΣly by Σl(Wy). The models are labelled according to the patterncross/number
of QTL/interactions/covariatewherecrossis either ’BC’ for backcross, i.e.g = 2, or ’F2’ for an intercross,g = 3, andinteractionsis either
’marg.’ for a model with only marginal effects, ’2way’ for a model with marginal and all two-way genetic interaction effects, and ’3way’ for a
model including all marginal, two-way and three-way genetic interaction effects. The last fieldcovariateis either ’-’ indicating no covariates,
’cont.’ for a continuous, additive covariate, ’bin.’ for a binary, additive covariate or ’int.’ for a binary covariate including interaction effects
with all other parameters in the model. Binary covariates are included in the class definitions except for in Formula (16). Braces are used
around class indices.

RSS = yT y − (Σ{1}y)2

n{1}
− (Σ{2}y)2

n{2}
− · · · − (Σ{c}y)2

n{c}
(13)

RSS(x̄) = yT y − (Σ1∗y)2

n1∗
− (Σ2∗y)2

n2∗
−
�

Σ∗1y − n11

n1∗
Σ1∗y − n21

n2∗
Σ2∗y

�2

·
�

n∗1 − n2
11

n1∗
− n2

21

n2∗

�−1

(14)

RSS(x̄) = yT y −
�
Σ{1}y

�2
n{1}

− · · · −
�
Σ{c}y

�2
n{c}

−
�

yT q − Σ{1}(y ¯ q)

n{1}
− . . .− Σ{c}(y ¯ q)

n{c}

�2

·
�

qT q − Σ{1}(q ¯ q)

n{1}
− · · · − Σ{c}(q ¯ q)

n{c}

�−1
(15)

RSS(x̄) = yT y −
�
Σ{1}y

�2
n{1}

− · · · −
�
Σ{c}y

�2
n{c}

−
�

Σ〈1〉y −
Σ{1},〈1〉y

n{1}
− . . .− Σ{c},〈1〉y

n{c}

�2

·
�

n〈1〉 −
n{1},〈1〉

n{1}
− · · · − n{c},〈1〉

n{c}

�−1
(16)

Formula 14 with weighting is Kolla!!!!!!!!

RSS(x̄) = yT Wy −
�
Σ[1∗](Wy)

�2
Σ[1∗]w

−
�
Σ[2∗](Wy)

�2
Σ[2∗]w

−�
Σ[∗1](Wy)− Σ[11]w

Σ[1∗]w
Σ[1∗](Wy)− Σ[21]w

Σ[2∗]w
Σ[2∗](Wy)

�2

· 
Σ[∗1]w −

�
Σ[11]w

�2
Σ[1∗]w

−
�
Σ[21]w

�2
Σ[2∗]w

!−1

(17)

which is also simple to evaluate. If all weights are equal to1 formula 17 reduces to formula 14.
Formulas without covariates
BC/1/marg./- Formula (13)
BC/2/marg./- Formula (14)
BC/2/2way/- Formula (13)
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BC/3/marg./- 0BB@ n1∗∗
0 n2∗∗

n11∗ n21∗ n∗1∗
n1∗1 n2∗1 n∗11 n∗∗1

1CCA
0BB@ Σ1∗∗y

Σ2∗∗y
Σ∗1∗y
Σ∗∗1y

1CCA (18)

BC/3/2way/- 0BBBBBBBB@
n11∗

0 n21∗
0 0 n12∗
0 0 0 n22∗
0 0 n121 n221 n∗21

n111 n211 0 0 0 n∗11
n111 0 n121 0 n121 n111 n1∗1

1CCCCCCCCA

0BBBBBBBB@
Σ11∗y
Σ21∗y
Σ12∗y
Σ22∗y
Σ∗21y
Σ∗11y
Σ1∗1y

1CCCCCCCCA
BC/3/3way/- Formula (13)
BC/4/marg./- 0BBBB@

n1∗∗∗
0 n2∗∗∗

n11∗∗ n21∗∗ n∗1∗∗
n1∗1∗ n2∗1∗ n∗11∗ n∗∗1∗
n1∗∗1 n2∗∗1 n∗1∗1 n∗∗11 n∗∗∗1

1CCCCA
0BBBB@

Σ1∗∗∗y
Σ2∗∗∗y
Σ∗1∗∗y
Σ∗∗1∗y
Σ∗∗∗1y

1CCCCA
BC/5/marg./- 0BBBBBB@

n1∗∗∗∗
0 n2∗∗∗∗

n11∗∗∗ n21∗∗∗ n∗1∗∗∗
n1∗1∗∗ n2∗1∗∗ n∗11∗∗ n∗∗1∗∗
n1∗∗1∗ n2∗∗1∗ n∗1∗1∗ n∗∗11∗ n∗∗∗1∗
n1∗∗∗1 n2∗∗∗1 n∗1∗∗1 n∗∗1∗1 n∗∗∗11 n∗∗∗∗1

1CCCCCCA
0BBBBBB@

Σ1∗∗∗∗y
Σ2∗∗∗∗y
Σ∗1∗∗∗y
Σ∗∗1∗∗y
Σ∗∗∗1∗y
Σ∗∗∗∗1y

1CCCCCCA
F2/1/marg./- Formula (13)
F2/2/marg./- 0BBBB@

n1∗
0 n2∗
0 0 n3∗

n11 n21 n31 n∗1
n12 n22 n32 0 n∗2

1CCCCA
0BBBB@

Σ1∗y
Σ2∗y
Σ3∗y
Σ∗1y
Σ∗2y

1CCCCA
F2/2/2way/- Formula (13)
F2/3/marg./- 0BBBBBBBB@

n1∗∗
0 n2∗∗
0 0 n3∗∗

n11∗ n21∗ n31∗ n∗1∗
n12∗ n22∗ n32∗ 0 n∗2∗
n1∗1 n2∗1 n3∗1 n∗11 n∗21 n∗∗1
n1∗2 n2∗2 n3∗2 n∗12 n∗22 0 n∗∗2

1CCCCCCCCA

0BBBBBBBB@
Σ1∗∗y
Σ2∗∗y
Σ3∗∗y
Σ∗1∗y
Σ∗2∗y
Σ∗∗1y
Σ∗∗2y

1CCCCCCCCA
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F2/3/2way/-0BBBBBBBBBBBBBBBB@

n11∗ 0 0 0 0 0 0 0 0 n112 0
n21∗ 0 0 0 0 0 0 0 n212 0

n31∗ 0 0 0 0 0 0 n312 0
n12∗ 0 0 0 0 0 0 n122

n22∗ 0 0 0 0 0 n222

n32∗ 0 0 0 0 n322

n13∗ 0 0 0 0
n23∗ 0 0 0

n33∗ 0 0
n∗12 0

n∗22

0 n111 − n113 0 n111 − n113 0 n111 n112 0
0 0 n211 − n213 n211 − n213 0 n211 0 n212

0 0 0 n311 − n313 0 n311 0 0
0 n121 − n123 0 0 n121 − n123 n121 n122 0
0 0 n221 − n223 0 n221 − n223 n221 0 n222

0 0 0 0 n321 − n323 n321 0 0
n132 n131 − n133 0 0 0 n131 n132 0
n232 0 n231 − n233 0 0 n231 0 n232

n332 0 0 0 0 n331 0 0
0 0 0 0 0 0 n112 n212

0 0 0 0 0 0 n122 n222

n∗32 0 0 0 0 0 n132 n232

n1∗1 + n1∗3 0 n111 + n113 n121 + n123 n1∗1 0 0
n2∗1 + n2∗3 n211 + n213 n221 + n223 n2∗1 0 0

n∗11 + n∗13 0 n∗11 0 0
n∗21 + n∗23 n∗21 0 0

n∗∗1 0 0
n1∗2 0

n2∗2

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

Σ11∗y
Σ21∗y
Σ31∗y
Σ12∗y
Σ22∗y
Σ32∗y
Σ13∗y
Σ23∗y
Σ33∗y
Σ∗12y
Σ∗22y
Σ∗32y

Σ1∗1y + Σ1∗3y
Σ2∗1y + Σ2∗3y
Σ∗11y + Σ∗13y
Σ∗21y + Σ∗23y

Σ∗∗1y
Σ1∗2y
Σ2∗2y

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
F2/3/3way/- Formula (13)
F2/4/marg./- 0BBBBBBBBBBBB@

n1∗∗∗
0 n2∗∗∗
0 0 n3∗∗∗

n11∗∗ n21∗∗ n31∗∗ n∗1∗∗
n12∗∗ n22∗∗ n32∗∗ 0 n∗2∗∗
n1∗1∗ n2∗1∗ n3∗1∗ n∗11∗ n∗21∗ n∗∗1∗
n1∗2∗ n2∗2∗ n3∗2∗ n∗12∗ n∗22∗ 0 n∗∗2∗
n1∗∗1 n2∗∗1 n3∗∗1 n∗1∗1 n∗2∗1 n∗∗11 n∗∗21 n∗∗∗1
n1∗∗2 n2∗∗2 n3∗∗2 n∗1∗2 n∗2∗2 n∗∗12 n∗∗22 0 n∗∗∗2

1CCCCCCCCCCCCA

0BBBBBBBBBBBB@

Σ1∗∗∗y
Σ2∗∗∗y
Σ3∗∗∗y
Σ∗1∗∗y
Σ∗2∗∗y
Σ∗∗1∗y
Σ∗∗2∗y
Σ∗∗∗1y
Σ∗∗∗2y

1CCCCCCCCCCCCA
Formulas including a covariate
BC/1/marg./int. Formula (13)
BC/1/marg./cont. Formula (15)
BC/1/marg./bin. Formula (14)
BC/2/marg./int. 0BBBBBB@

n1∗〈m〉
0 n2∗〈m〉
0 0 n1∗〈f〉
0 0 0 n2∗〈f〉
0 0 n11〈f〉 n21〈f〉 n∗1〈f〉

n11〈m〉 n21〈m〉 0 0 0 n∗1〈m〉

1CCCCCCA
0BBBBBB@

Σ1∗〈m〉y
Σ2∗〈m〉y
Σ1∗〈f〉y
Σ2∗〈f〉y
Σ∗1〈f〉y
Σ∗1〈m〉y

1CCCCCCA
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BC/2/marg./cont. 0BB@ n1∗
0 n2∗

n11 n21 n∗1
Σ1∗q Σ2∗q Σ∗1q qT q

1CCA
0BB@ Σ1∗y

Σ2∗y
Σ∗1y
qT y

1CCA
BC/2/marg./bin. Formula (18)
BC/2/2way/int. Formula (13)
BC/2/2way/cont. Formula (15)
BC/2/2way/bin. Formula (16)
BC/3/marg./bin. Formula ()
BC/3/3way/int. Formula (13)
BC/3/3way/cont. Formula (15)
BC/3/3way/bin. Formula (16)
BC/4/marg./bin. Formula ()
F2/1/marg./int. Formula (13)
F2/1/marg./cont. Formula (15)
F2/1/marg./bin. Formula (16)
F2/2/marg./int.0BBBBBBBBBBBBBB@

n1∗〈m〉
0 n2∗〈m〉
0 0 n3∗〈m〉
0 0 0 n1∗〈f〉
0 0 0 0 n2∗〈f〉
0 0 0 0 0 n3∗〈f〉
0 0 0 n11〈f〉 n21〈f〉 n31〈f〉 n∗1〈f〉
0 0 0 n12〈f〉 n22〈f〉 n32〈f〉 0 n∗2〈f〉

n11〈m〉 n21〈m〉 n31〈m〉 0 0 0 0 0 n∗1〈m〉
n12〈m〉 n22〈m〉 n32〈m〉 0 0 0 0 0 0 n∗2〈m〉

1CCCCCCCCCCCCCCA

0BBBBBBBBBBBBBB@

Σ1∗〈m〉y
Σ2∗〈m〉y
Σ3∗〈m〉y
Σ1∗〈f〉y
Σ2∗〈f〉y
Σ3∗〈f〉y
Σ∗1〈f〉y
Σ∗2〈f〉y
Σ∗1〈m〉y
Σ∗2〈m〉y

1CCCCCCCCCCCCCCA
F2/2/marg./cont. 0BBBBBB@

n1∗
0 n2∗
0 0 n3∗

n11 n21 n31 n∗1
n12 n22 n32 0 n∗2
Σ1∗q Σ2∗q Σ3∗q Σ∗1q Σ∗2q qT q

1CCCCCCA
0BBBBBB@

Σ1∗y
Σ2∗y
Σ3∗y
Σ∗1y
Σ∗2
qT y

1CCCCCCA
F2/2/2way/int. Formula (13)
F2/2/2way/cont. Formula (15)
F2/2/2way/bin. Formula (16)
F2/3/3way/int. Formula (13)
F2/3/3way/cont. Formula (15)
F2/3/3way/bin. Formula (16)
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