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Abstract
In order to control the accuracy of a preconditioner for an outer iterative process

one often involves variable preconditioners. The variability may for instance be due
to the use of inner iterations in the construction of the preconditioner. Both the outer
and inner iterations may be based on some conjugate gradient type of method, e.g.
generalized minimum residual methods.

A background for such methods, including results about their computational com-
plexity and rate of convergence, is given. It is then applied for a variable precondi-
tioner arising for matrices partitioned in two-by-two block form. The matrices can be
unsymmetric and also inde�nite. The aim is to provide a black�box solver, applicable
for all ranges of problem parameters such as coe�cient jumps and anisotropy.

When applying this approach for elliptic boundary value problems, in order to
achieve the latter aim, it turns out to be e�cient to use local element approximations
of arising block matrices as preconditioners for the inner iterations.

It is illustrated by numerical examples how the convergence rate of the inner-outer
iteration method approaches that for the more expensive �xed preconditioner when
the accuracies of the inner iterations increase.

1 Introduction.
This paper aims at presenting a new type of fully robust iterative solution method that
can be applied for a variety of di�erent types of problems, such as symmetric and positive
de�nite, unsymmetric, inde�nite and coupled system of di�erent types of equations. Due
to space limitations, the present paper discusses only the case of single elliptic equations.
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In applications for partial di�erential equations, the performance of the methods should
be insensitive to practically all ranges of problem parameters involved, such as jumps of
coe�cients and anisotropy. A user is mostly interested in robustness rather than in fastest
rate of convergence. Nevertheless, it turns out that the method to be presented converges
also fast, normally with an optimal order convergence rate.

Preconditioning techniques have emerged as an essential part of successful and e�cient
iterative solutions of linear systems of equations. Preconditioning can be described as a
transformation of the original system aiming at accelerating the convergence of iterative
methods. Most successful techniques are based on some algebraic form of multilevel tech-
niques and attempt to provide a "black�box" solver, similar to direct solution methods. At
the same time, when applied to boundary value problems for partial di�erential equations,
preconditioning aims to provide a mesh independent computational complexity, linearly
proportional to the total degree of freedoms in the problem. Hence it aims at an optimal
order of complexity which, in general, can not be achieved by direct solution methods
which on the contrary can become very costly for large scale problems.

The preconditioning is applied for a parameter-free iterative method, such as a conju-
gate gradient method.

It is well-known , see e.g. [4], that if the preconditioner B to a matrix A is �xed and
A, B are symmetric and positive de�nite, the preconditioned conjugate gradient method
can be viewed as the corresponding unpreconditioned method applied to the precondi-
tioned system B−1Ax = B−1b, which is symmetric in the inner product (x, y)B = (x,By).
Therefore the convergence theory obtained for unpreconditioned methods holds also for
preconditioned methods. For instance, for normal matrices, all recursions to update the
solution and search vectors truncate automatically to short versions and the convergence
rate can be determined from the best polynomial approximations (of zero) on the spectrum
of B−1A.

To fully control the accuracy of preconditioners in particular for ill�conditioned prob-
lems, it turns out that variable preconditioners must be used. When the preconditioner
may vary from step to step, the above mentioned theory does not hold and more general
convergence estimates, not related to eigenvalues, must be used.

An e�cient technique to control the accuracy of the preconditioner is to include some
inner iterations in its construction. If this is based on a conjugate gradient type of method,
where the iterations depend on the initial vector and for which we use some �xed stopping
criteria instead of a �xed number of iterations, then the global preconditioning becomes
variable. In general, one can then only provide an upper bound of the convergence rate of
the method, which in many cases can be overly pessimistic. On the other hand, as shown
in [18] under certain, though special, cases these upper bounds may actually be sharp,
showing that the method in these cases can not converge faster than for the corresponding
steepest descent method. At any rate, we aim at satisfying some convergence bound which
makes the method a black-box solver, i.e. fully robust.

For this purpose, we consider preconditioners with inner iterations for matrices parti-
tioned in two-by-two block form. Such a matrix structure arises in a geometric context
for �nite element approximation of di�erential equations, when we partition the node set
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in "coarse" (vertex) and "�ne" (edge and interior) node sets, see e.g. [5]. It also arises in
an algebraic context for corresponding partitioning of the matrix graph of a sparse matrix
and for some aggregation, agglomeration techniques, see e.g. [14]. The technique can be
applied also for systems of PDE's such as Navier-Stokes and Navier-Lamè equations.

In order to save computational labour, it turns out to be advantageous to make an
initial transformation of the given matrix with a block (lower) triangular matrix with unit
diagonal blocks. Such a transformation preserves the Schur complement matrix and allows
a preconditioning on (upper) block triangular form.

The present paper, following [8], summarizes the basic properties of a black�box mini-
mal residual method. A general framework based on local element approximations, to con-
struct preconditioners with inner iterations for matrices partitioned in two-by-two block
form is described. Preconditioning for inner iterations based on local element matrices are
then discussed. This is partly based on earlier results in [12] and [15]. The paper ends
with some numerical illustrations.

2 A black�box generalized minimum residual conjugate
gradient method.

To solve a linear system Ax = b, where A is a nonsingular matrix of order n, we shall
use an iterative method of preconditioned conjugate gradient type. Following [8], [10], the
preconditioner will be de�ned by a, in general nonlinear, mapping r → B[r] such that
AB[r] ∼ r , i.e. B[r] is an approximation of A−1r for a given vector r. The following
presentation is modi�ed to better cope with the actual preconditioner used here.

As outlined in [1], [3], the method of forming the approximate solutions will be based
on certain linear combinations of an increasing set of linearly independent search direction
vectors {d(j)}k

j=0. If the preconditioner is a �xed linear mapping, B[r] = Br for some
matrix B, this set spans a so called Krylov subspace,

{r(0), ABr(0), . . . , (AB)kr(0)},

where r(0) = Ax(0) − b is the initial residual, formed from some initial approximation x(0).
However, for the purpose of making it possible to control the accuracy of the preconditioner
and the convergence rate of the iterative method, in a way which depends on the current
residual, we chose here a variable preconditioner by use of certain inner iterations.

The corresponding generalized conjugate gradient minimum residual method (GCG�
MR) with a variable preconditioner takes the form:

Let r̂(0) = B[r(0)] be the pseudo-residual for x(0) and let d(0) = −r̂(0) be the initial
search vector. Let (u, v) and (u, v)1 be inner products and let s ≥ 1 be a given
integer, determining the maximum number of previous search vectors that will be used
when forming a new approximation. Let 1 ≤ sk ≤ min(k, s).

For k = 1, 2, . . . , let {d(j)}k−1
j=k−sk

be (., .)1 orthogonal search vectors. Then the coe�-
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cients αk−1
j in the next approximation,

x(k) = x(k−1) +
k−1∑

j=k−sk

α
(k−1)
j d(j) (1)

will be determined such that the norm of the residual becomes minimal, i.e.

α(k) = argmin(r(k), r(k)),

is taken, where α(k) = (α
(k−1)
k−j ), 1 ≤ j ≤ sk.

It follows from (1) that the residuals r(k) ≡ Ax(k) − b can alternatively be computed in
a similar manner, i.e.

r(k) = r(k−1) +
k−1∑

j=k−sk

α
(k−1)
j Ad(j). (2)

When k ≥ sk +1, we delete the oldest vector from the recursion and the optimization takes
place over a vector space of dimension s, when k ≥ s.

The minimization property implies
(
r(k), Ad(j)

)
= 0, j = k − sk, . . . , k − 1, (3)

i. e., r(k) is the error in the projection of r(k−1) onto the subspace span{Ad(k−sk), . . . , Ad(k−1)}.
It follows from (3) that α(k) is the solution of

Λ(k)α(k) = γ(k),

where (4)
Λ

(k)
ij = (Ad(k−i), Ad(k−j)), 1 ≤ i, j ≤ sk, (5)

γ
(k)
1 = −(r(k−1), Ad(k−1)), γ

(k)
j = 0, j = 2, 3, , . . . , sk,

where Λ(k) is symmetric and also positive de�nite when the vectors {Ad(j)}k−1
k−sk

are linearly
independent. If they are linearly dependent at some step k, then r(k) = 0 i.e., assuming
exact arithmetic, the solution has already been found.

Further Λ(k) equals Λ(k−1) augmented with a row and a column. If, due to k > s, a
truncation takes place, then the oldest row and column of Λ(k) is deleted. There is no need
to compute any additional matrix � vector products when forming Λ(k), except to form
Ad(k−1), which is anyway needed for the update of the recursion for r(k).

The new search direction at step k is de�ned by

d(k) = −r̂(k) +
k−1∑

j=k−sk

β
(k−1)
j d(j),
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where r̂(k) = B[r(k)]. Here the coe�cients are determined by a Gramm�Schmidt orthogo-
nalization so that

(d(k), d(j))1 = 0, j = k − sk, . . . , k − 1,

that is
β

(k−1)
j = (r̂(k), d(j))1/(d

(j), d(j))1, j = k − sk, . . . , k − 1.

We consider two choices of inner products (. , .)1:

(i) (u, v)1 = (Au,Av), ∀u, v

(ii) (u, v)1 = (u, v), ∀u, v.

Here (. , .) can be the standard l2−inner product, in which case (u, v)1 = (u,AT Av).
In the case (i),

(Ad(k), Ad(j)) = 0, j = k − sk, . . . , k − 1

implying that Λ(k) in (4) becomes diagonal, so d
(k−1)
k−j = 0, j = 2, . . . , sk and the long

recursions for x(k) and r(k) truncate automatically to short recursions. The GCG�MR
method takes then the following form.

Algorithm 1.
Given x(0) and s ≥ 1, let r(0) = Ax(0) − b, d(0) = −B[r(0)].
For k = 1, 2, . . . until convergence:

Compute Ad(k−1)

Let α
(k−1)
k−1 = − (r(k−1), Ad(k−1)

)
/
(
Ad(k−1), Ad(k−1)

)

x(k) = x(k−1) + α
(k−1)
k−1 d(k−1)

r(k) = r(k−1) + α
(k−1)
k−1 Ad(k−1)

Compute r̂(k) = B[r(k)]

Compute Ar̂(k)

Let sk = min(k, s); d(k) = d(k−1)

For j = k − sk, . . . , k − 1 let
β

(k−1)
j =

(
Ar̂(k), Ad(j)

)
/
(
Ad(j), Ad(j)

)

d(k) = d(k) + β
(k−1)
j d(j)

EndEnd
It is seen that the algorithm requires two matrix-vector multiplications with A. This

algorithm is similar to the generalized conjugate residual (GCR) in [16]. In that algorithm,
one normally replaces the computation of Ar̂(k) by a long recursion, in this way avoiding
the second matrix vector multiplication with A. This can, however, not be applied in our
case when the preconditioner is variable.

5



Algorithm 1 achieves the same result as the well�known GMRES method [21], [24],
but has a simpler form as the so called upper Hessenberg matrices need not be used. The
GMRES is further based on an Arnoldi process to form the orthogonal vectors. Here also
two matrix-vector multiplications with A are needed.

3 Reducing in�uence of rounding errors, computational
complexity and rate of convergence of the GCG�MR
method.

Rounding errors may cause some loss of orthogonality, and the vectors used in the recursion
for xk and rk may not be exactly orthogonal, implying that the recursion for such inexact
vectors may actually not truncate. To some extent, we may correct for this by computing
the right hand side components γ

(k)
0 = −(r(k−1), Ad(k−j)), j = 2, 3, . . . sk in (4) (which in

exact arithmetic are equal to zero) and solve Λ(k)α(k) = γ(k). To save computational labour,
this computation should be performed only at every s step, say. As already pointed out,
Algorithm 1 requires two matrix�vector multiplications with A , which may be costly in
some applications where A is somewhat less sparse. It can therefore be advisable to apply
case (ii), where the approximate solutions are computed by long recursions and the residual
is minimized over a set of vectors:

Algorithm 2.
Given x(0), and s, let r(0) = Ax(0) − b, d(0) = −B[r(0)].
For k = 1, 2, . . . until convergence:

Compute Ad(k−1)

Let sk = min(k, s)
For j = 1, . . . , sk compute:(

Ad(k−1), Ad(k−j)
)

(to form a new row of Λ(k))

End
Compute

(
r(k−1), Ad(k−1)

)

Solve Λ(k)α(k) = γ(k)

Let x(k) = x(k−1) +

sk∑
j=1

α(k−1)d(k−j)

r(k) = r(k−1) +

sk∑
j=1

α
(k−1)
j Ad(k−j)

(or use r(k) = Ax(k) − b, if it is cheaper)
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Compute r̂(k) = B[r(k)]. Let d(k) = −r̂(k).

For j = 1, . . . , sk let
β

(k−1)
j =

(
r̂(k), d(j)

)
/
(
d(j), d(j)

)

d(k) = d(k) + β
(k−1)
k−j d(k−j)

End
End

To avoid having three long recursions, for x(k), r(k) and d(k), we can postpone the update
of the solutions x(k) until the residual at some step k0 has become su�ciently small.

Assume then �rst that no truncation has taken place, i.e. k0 ≤ s and let

x(k0) = x(0) +

k0−1∑
j=0

a
(k0)
j d(j).

Then the corresponding residual satis�es

r(k0) = r(0) +

k0−1∑
j=0

a
(k0)
j d(j)

and the optimality property min(r(k0), r(k0)) implies

(r(k0), Ad(j)) = 0, 0 ≤ j ≤ k0,

or
[
(Ad(j), Ad(i))

] [
a

(k0)
j

]
= −




(r(0), Bd(k0−1))
...

(r(0), Bd(0))


 (6)

where the vector [a
(k0)
j ] has components a

(k0)
j , 0 ≤ j ≤ k0 − 1. The coe�cient matrix is the

same as Λ(k) in (4), so the computation of x(k0) requires only the computation of the k0

inner products in the right hand side in (6). This computational complexity is, however,
less than that required when a long recursion has been used for x(k), k = 0, 1, . . . , k0, as
in Algorithm 2.

If truncation takes place we must perform such an update of the solution each time
is takes place. It is therefore advisable to truncate only after every k0 = s step, as
which points we delete s of the oldest vectors after update of the solution and computes
a "fresh" residual, x(k0) = Ax(k0) − b, not contaminated by rounding errors arising from
the corresponding recursion. The �rst time truncation takes place is after 2s steps. In this
way, the number of search directions used in the vector updates varies between s and 2s.

The GCG�algorithms 1 and 2 require one action of B[ . ]. In addition, Algorithm 1
requires two matrix�vector multiplications with A at each iteration step, while Algorithm
2, based on the inner product (u, v)1 = (u, v), requires only one such matrix�vector multi-
plication.
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This is the minimal number required for any method. Frequently, as in our application,
the action of B[ . ] is the most expensive part of the iteration method, and may dominate
the e�orts involved in the long recursions for the outer iterations.

The average number of arithmetic operations involved in the recursions for r(k) and d(k)

is 23
2
s = 3s, implying 3sn operations per iteration step. In addition, there occur 3

2
s inner

products in order to form a new row of Λ(k). The computation of x(k0) requires 3
2
k0 = 3

2
s

inner products and the same number of arithmetic operations involved in the recursion,
i.e. in average 3n operations for every k0 = s steps.

If x(k) is updated at each step it would cost 3
2
sn operations, that is, there is a saving for

s > 2. In practice, one chooses s ≥ 6, say. The solution of the linear system with matrix
Λ(k), which has order 3

2
s× 3

2
s (in average), is negligible.

The computational cost of the corresponding inner products and vector updates in
Algorithm 1 is 3

2
s + 3.

We conclude that if a matrix�vector multiplication with A requires more than (4.5s +
3 − (3

2
s + 3)) = 3sn in operations, which is the total for all occurring vector updates

and inner products, then Algorithm 2 can be recommended over Algorithm 1 also from a
computational labour point of view.

An upper bound of the rate of convergence of the methods can be determined by two
parameters, the coercivity (i.e. positive de�niteness) and boundedness parameters, see [4],
[8]. For completeness, we present a proof similar but di�erent from that in [1, 3].

Proposition 3.1 Let the preconditioning mapping B[ . ] satisfy the assumptions
(i) (v, AB[v]) ≥ δ1(v, v) ∀v ∈ Rn

(ii) ‖ AB[v] ‖≤ δ2 ‖ v ‖ ∀v ∈ Rn

for some positive constants δ1, δ2. Then the variable-step GCG method converges mono-
tonically and the following convergence rate bound holds,

‖ r(k) ‖≤
√

1− (δ1/δ2)2 ‖ r(k−1) ‖, k = 1, 2, . . . .

Proof Using the orthogonality property (3) we �nd

(r(k), r(k)) = (r(k), r(k−1)) = (r(k−1), r(k−1)) + α
(k−1)
k−1 (r(k−1), Ad(k−1))

Further Cramer's rule shows that

α
(k−1)
k−1 =

(
r(k−1), AB[r(k)]

)
det(Λ(k−1))/ det(Λ(k)),

so
‖ r(k) ‖2=‖ r(k−1) ‖2 − (r(k−1), AB[r(k)]

)2
det(Λ(k−1))/ det(Λ(k)).

It has been shown in [4] that

det(Λ(k))/ det(Λ(k−1)) = min
g∈Wk−2

‖ AB[r(k−1)]− g ‖2 ,
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where Wk−2 is the vector space spanned by {Ad(j)}k−2
j=0 . Therefore the upper bound

‖ r(k) ‖2≤‖ r(k−1) ‖2 − (r(k−1), AB[r(k−1)]
)2

/ ‖ AB[r(k−1)] ‖2

holds, which applying (i) and (ii) completes the proof.

Remark 3.1 As is readily seen, the above upper bound holds also for the truncated versions
of the method, including the steepest descent method which corresponds to s = 0.

Remark 3.2 There is a simple way to automatically determine if the preconditioner is
su�ciently accurate, namely to check the sign of

(
r(k−1), AB[r(k−1)]

)
, which equals to(−r(k−1), Ad(k−1)

)
. Should this sign be negative, then γ

(k)
1 < 0 and α

(k−1)
k−1 < 0 since

det(Λ(k)) > 0 as Λ(k) is symmetric and positive de�nite. Then no convergence occurs
and we must repeat the last step with a more accurate preconditioner, e.g. by performing
more inner iterations.

4 A variable preconditioning for matrices partitioned in
two-by-two block form using inner iterations.

In an iterative solution method, preconditioning is the essential part to enhance its rate
of convergence. It is normally applied in conjunction with a conjugate gradient type
accelerator method.

To control the accuracy of a preconditioning method one can base it on use of inner it-
erations for instance for some subblocks of the given matrix. Inner-outer iteration methods
have been presented in several publications, such as [17, 20, 22, 23, 7, 13]

We apply here these ideas for matrices which have been partitioned in two-by-two block
form,

A =

[
A11 A12

A21 A22

]
. (7)

Such a partitioning arises naturally for �nite element matrices where we can split the node
set in a �nite element mesh into vertex and remaining nodes (i.e. edge and interior nodes in
a 2D context). It also arises for algebraical two�level methods for a sparse general matrix,
where we partition the matrix graph in a number of subdomains (elements) and corner
nodes are separated from remaining nodes.

We assume that A11 and the Schur complement matrix, S2 = A22 − A21A
−1
11 A12 are

nonsingular. As shown in the next Proposition, A can then be factored in block matrix
form and its inverse can be written in a corresponding two-by-two block form.

Proposition 4.1 Given the matrix A partitioned like in (7) where A11 and S2 = A22 −
A21A

−1
11 A2 are assumed to be nonsingular, then A can be factorized in the form

(a) A =

[
I1 0

A21A
−1
11 I2

] [
A11 A12

0 S2

]
(8)
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(b) A is nonsingular and

A−1 =

[
A−1

11 + A−1
11 A12S

−1
2 A21A

−1
11 −A−1

11 A12S
−1
2

−S−1
2 A21A

−1
11 S−1

2

]

(c) If also A22 is nonsingular, then S1 = A11 − A12A
−1
22 A21 exists and is nonsingular.

Further;

(d) A−1
11 A12S

−1
2 = S−1

1 A12A
−1
22

(e) A−1
11 + A−1

11 A12S
−1
2 A21A

−1
11 = S−1

1

(f) A−1 =

[
S−1

1 −S−1
1 A12A

−1
22

−S−1
2 A21A

−1
11 S−1

2

]
.

Proof Part (a) is the block factorization of A , which leads to part (b) by direct computa-
tions.

If A22 is nonsingular, then S1 is also nonsingular, which follows from a reordering
1 ↔ 2 of A to Â =

[
A22 A21

A21 A11

]
and a block matrix factorization of Â , which shows part

(c) since A, and hence Â, are nonsingular.
Part (d) follows from

S1A
−1
11 A12S

−1
2 = (I − A12A

−1
22 A21A

−1
11 )A12S

−1
2 =

= A12(I − A−1
22 A21A

−1
11 A12)S

−1
2 = A12A

−1
22 (A22 − A21A

−1
11 A12)S

−1
2 = A12A

−1
22 ,

which implies

A−1
11 + A−1

11 A12S
−1
2 A21A

−1
11 = (I1 + S−1

1 A12A
−1
22 A21)A

−1
11 = S−1

1 A11A
−1
11 = S−1

1

and part (f).
Although these and related results may be familiar to many readers, we include them

here (with a short proof) for clarity.
Normally, when constructing a preconditioner for A one bases it on (8) and replaces

A11 and S2 with some approximations. This requires two actions of the approximation
of A11 and one for S2 , at each iterations step. In order to save computational labour, we
make here instead an initial transformation of the matrix with a lower block triangular
matrix with unit diagonal blocks. Here the lower, left matrix L21, which approximates
A21A

−1
11 , can be computed based on the inverses of local element matrices. This implies

that L21 is sparse and the transformed matrix Ã is still as sparse as the original matrix A
is.

This idea was �rst presented in [12]. The resulting matrix can then be e�ciently
preconditioned from right by an upper block triangular matrix, implying that only a single
action of the approximation of matrix A11 is needed. An additional gain using the initial
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transformation is that the lower block diagonal matrix Ã22, which is still sparse, is close to
the Schur complement matrix S2 and can therefore be used as an iteration matrix for inner
iterations. On the other hand, note that when we use standard, as opposed to hierarchical,
�nite element basis functions the original matrix A22 in �nite element contexts is normally
diagonal, implying that it can not be a useful approximation of S2.

The above follows from the next proposition.

Proposition 4.2 The Schur complement of a matrix A of the 2 × 2 structure (7) is in-
variant under any transformation of the form

Ã =

[
I1 0
−L21 I2

]
A,

that is, S2(A) = S2(Ã). Further, it holds

Ã =

[
A11 A12

Ã21 Ã22

]
,

where Ã21 = A21 − L21A11, Ã22 = A22 − L21A12.
Proof A simple computation gives the above expression of Ã. Further,

S2(Ã) = Ã22 − Ã21A
−1
11 A12 = Ã22 − (A21 − L21A11) A−1

11 A12

= A22 − A21A
−1
11 A12 = S2(A) .

Note that Ã21 = E21A11 , where E21 = A21A
−1
11 − L21 and

Ã22 = S2(A) + E21A12. (9)
Here E21 is the error matrix arising from the initial transformation and approximation L21

of A21A
−1
11 .

Matrix Ã can now be preconditioned from right by the upper block triangular matrix

R =

[
A−1

11 −A−1
11 A12S

−1

0 S−1

]
(10)

where S is an approximation of S2(A).
Using (9), a direct computation shows that

ÃR = Ã

[
A−1

11 −A−1
11 A12S

−1

0 S−1

]
=

[
I1 0

Ã21A
−1
11 S2S

−1

]
.

As is seen from (10), each action of R involves one action of
S−1 followed by one action of A−1

11 , namely
[

x1

x2

]
= R

[
y1

y2

]
is computed as (i) x2 = S−1y2,

(ii) x1 = A−1
11 (y1 − A12x2).

(11)
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In a variable preconditioning method we may perform these actions using inner iterations,
preferably using a conjugate gradient method of GCG�MR type if the matrices are un-
symmetric or of classical CG�type if they are symmetric and positive de�nite.

5 Local �nite element approximations
While the approach taken in the paper up to this point has been general, applicable not
only for �nite element matrices, we now present a method which is more based on the �nite
element framework.

The outer iterations in the GCG�MR method involve matrix-vector actions with matrix
ÃR. Actions of Ã are straightforwardly implemented and involve only sparse matrices. To
perform the actions with R, i.e. to compute x1, x2 in (11), we will involve inner iterations
for A−1

11 , using some preconditioner B11 as an approximation of A−1
11 . The arising actions

of S−1 to compute x2 in (11,i) depend on the choice of S. We consider two variants,

(i) S = Ã22,

(ii) S = Ã22 − Ã21B11A12.
(12)

Here, S is still a sparse matrix with a favourable band matrix structure, such as the original
matrix has for a proper ordering of the unknowns. Since the order of S is much smaller
than that for the original matrix, it may be viable to use a direct solution method to
compute x2. However, if the order is still too big, we can partition S in a similar way
as the original matrix and use again a preconditioned iterative method based on the two-
by-two block partitioning to solve the system with S. This procedure can be repeated
by using the multilevel framework, see e.g. [9]. Alternatively, one can use the coarse
mesh �nite element matrix as preconditioner and possibly solve this by such a multilevel
preconditioned conjugate gradient iterative method.

To indicate that the latter can be an e�cient approach, we recall from e.g. [4] that for
symmetric positive de�nite problems there holds a spectral relation,

(1− γ2)xT Â22x ≤ xT S2(A)x ≤ xT Â22x ∀x

where Â22 is the coarse mesh matrix and γ is the constant in the corresponding Cauchy-
Bunyakowski-Schwarz inequality. Here γ takes values strictly less than unity, independent
on the mesh size, anisotropy in the di�erential equation and element shape if we use
piecewise linear �nite element approximations.

For S = Ã22 we get

ÃR =

[
I1 0

Ã21A
−1
11 S2(A)Ã−1

22

]

where S2(A)Ã−1
22 = I2− Ã21A

−1
11 A12Ã

−1
22 . It follows that if we perform a su�cient number of

inner iterations to solve the arising system with matrix A11 in (11), then the convergence of

12



the outer iteration method is essentially determined by the eigenvalues of S2(A)Ã−1
22 , which

are close to unity if matrix Ã21 is small, i.e. if L12 is a su�ciently accurate approximation
of A21A

−1
11 .

The way how to construct S, described in (12), can be extended to get increasingly
more accurate approximations of the exact Schur complement matrix

S2(Ã) = Ã22 − Ã21A
−1
11 A12,

namely by adding more terms in the Neumann expansion of A−1
11 , i.e.

A−1
11 = B11 + B11(I − A11B11) + B11(I − A11B11)

2 + · · · .

The convergence assumes, however, that

‖ I − A11B11 ‖< 1.

The next term in the approximation, following (12, i, ii) is then

(iii) S = Ã22 − Ã21(2B11 −B11A11B11)A12. (13)

A straightforward computation shows that S2(A)S−1 take the following forms for the
three variants,

(i) if S = Ã22, then S2(A)S−1 = I2−E21A12Ã
−1
22 , where E21 = A21A

−1
11 −L21, a �rst order

method,

(ii) if S = Ã22 − Ã21B11A12, then S2(A)S−1 = (I2 − E21(A11B11 − I1)A12S2(A)−1)−1, a
second order method,

(iii) if S is as in (13), then S2(A)S−1 = (I2 + E21(A11B11 − I1)
2A12S2(A)−1)−1, a third

order method.

In the numerical tests to follow we have used as approximation of S2(A) the assembly
of the exact local Schur complements.

It remains to discuss the choice of the preconditioner for the arising systems with A11

This will be based on elementwise approximations, see e.g. [6, 12, 15].
Since A11 is the assembly of local element matrices A11,E, we can use

B11 =
∑

E

RT
EA−1

11,ERE (14)

as an approximation to A−1
11 . Here, RE is the restriction to element E and RT

EA−1
11,ERE

denotes the extension of the element matrix inverse A−1
11,E to the global order. Note that

RE is a Boolean matrix.

13



It can be readily seen, that this choice does not work well for problems with coe�cient
jumps (between the elements E). For these problems, we assemble �rst the global matrix
A11 and take its restrictions to elements E,

Â11,E = REA11R
T
E.

The approximation B11 to A−1
11 is then formed as

B11 =
∑

E

RT
EÂ−1

11,ERE. (15)

Due to space limitations, we will not present an analysis of the residual error A11B11−I
in this paper. We refer instead to [12].

6 Numerical tests
The major aim of the numerical tests is to show how the number of outer iterations depend
on the number of inner iterations for the arising sub-block systems. All experiments are
done using MATLAB.

For illustration purposes we implemented some variant of the described methods and
show now the results obtained by solving two model type problems in 2D.

Problem 1 (Di�usion problem with discontinuous coe�cients)

−div(a∇u) = f in Ω = [0, 1]2 (16)
u = 0 on ∂Ω (17)

with a discontinuous coe�cient a. The value of a is set to one in the whole domain Ω
except in the subregion 0.5 ≤ x, y ≤ 0.75, where a can vary. The discretization is done
with right-angled triangles, which have varying size but are aligned with the discontinuity
region.

Problem 2 (Model heat equation)
∂u

∂t
− div(∇u) = f(x, y, t), u = u(x, y, t), (x, y) ∈ Ω = [0, 1]2, t > 0

u = 0 on ∂Ω
u(x, y, 0) = g(x, y)

(18)

The initial condition function g(x, y) is discontinuous. It equals one in all points lying in
a circle centered at (0.5, 0.5) and radius equal to 0.2, and is zero elsewhere. The function
f(x, y, t) is taken to be the constant function 1.

To discretize in time, we use the so-called θ-method (see e.g., [2]), resulting in a sequence
of linear equations

u(t + δt)− θδt div(∇u(t + δt)) = u(t) + (1− θ)δt div(∇u(t)) + δt

14



t = 0, δt, · · · , where δt > 0 is the time-step and the parameter θ is chosen in the interval
[0, 1]. Here θ = 1 corresponds to the implicit Euler method and θ = 0.5 corresponds to the
trapezoidal method.

The problem is then discretized in space using triangular meshes and piecewise linear
�nite element basis functions. Figure 2 illustrates one triangulation and the initial condition
g(x, y). The fully discretized problem has the form

(M + θδt K)U(t + δt) = (M − (1− θ)δt K)U(t) + δt [θF (t + δt) + (1− θ)F (t)] (19)

t = 0, δt, · · · . Here M is the corresponding mass matrix and K is the sti�ness matrix for
the operator −div(∇u).

The time-step δt can be variable, however in these experiments it is constant and equals
hmax, where hmax is the largest edge length in the corresponding spatial mesh. The theory
recommends to choose the parameter θ as 0.5 + ξ for some small value of ξ in order to
maintain second order of accuracy and at the same time avoid oscillations in the numerical
solution (see for details [2]). Here, to better handle the discontinuity in the initial value,
we choose θ to be equal to 1− h2

max.
We �rst discuss the results in Tables 1 and 2, corresponding to Problem 1.
The matrix A of the corresponding algebraic system is �rst transformed by apply-

ing one-sided transformation of the form
[
I1 −Z12

0 I2

]
and the resulting system is solved

by a GCG�MR method, preconditioned by
[
A11 0
A21 S

]
. The iterations are terminated af-

ter reducing the norm of the residual by a factor 10−6. Here S is the approximation
of the Schur complement of A, computed as an assembly of local Schur complements,
S =

∑
E

RT
E(A22,E − A21,EA−1

11,EA12,E)RE. where the matrices RE are the same as in (15).

Similarly, Z12 =
∑
E

RT
EA−1

11,EA12,ERE. Systems with A11 are solved by an inner iteration

method, preconditioned by B−1
11 computed as in (15). We point out that since we construct

an approximate inverse of A11, which is sparse, the preconditioning step in the inner it-
eration method is cheap - it involves one multiplication with a sparse matrix of the same
structure as A11 itself.

Since in this case the matrix A11 is symmetric and positive de�nite, we can use the
standard conjugate gradient method for the inner iterations with A11 which can demand
a signi�cantly lower arithmetic cost than the use of the GCG�MR method.

The primary goal is therefore to reduce the number of outer iterations. It is �rst tested
how the number of the outer iterations depends on the number of inner iterations for A11,
see Table 1.

We see that the number of outer iterations decays with increasing number of inner
iterations until a threshold ( 8 to 9) iterations is reached. Clearly one should try to �nd a
proper number of inner iterations to achieve this threshold without performing too many
iterations. This can be done by applying a proper relative stopping criteria for the inner
iterations.
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Number of jump 10−3 jump 1 jump 10+3

inner iter. outer.it total inner.it outer.it total inner.it outer.it total inner.it
1 22 22 22 23 25 25
2 13 26 13 26 16 32
3 9 27 9 27 11 33
4 8 32 8 32 10 40
6 8 48 8 64 9 54
8 8 64 8 64 9 72

10 8 80 8 80 9 90
rel.10−3 8(6) 48 8(6) 48 9(5) 45
rel.10−2 9(4) 36 9(4) 36 26(4) 104

Table 1: Problem 1: Number of outer iterations as a function of the number of inner
iterations for problem size 37121. Outer iteration stopping criterion: rel. 10−6

. Average numbers of inner iterations are in brackets

Size(A) jump 10−3 jump 1 jump 10+3

Size(A11) 3 in.it rel.10−3 3 in.it rel.10−3 3 in.it rel.10−3

609 8(3) 8(6) 8(3) 8(6) 10(3) 9(5)
448 24 48 24 48 30 45

2369 8(3) 8(6) 8(3) 8(6) 10(3) 9(6)
1760 24 48 24 48 30 54
9345 9(3) 8(6) 9(3) 8(6) 11(3) 9(6)
6976 27 48 27 48 33 54

37121 9(3) 8(6) 8(3) 8(6) 11(3) 9(5)
27776 27 48 24 48 33 45

147969 10(3) 8(6) 9(3) 8(6) 9(3) 8(6)
110848 30 48 27 48 27 48
590849 24(3) 8(9) 11(3) 8(6) 22(3) 18(6)
442880 72 72 33 48 66 108

Table 2: Problem 1: First line: number of outer iterations with inner iterations within
brackets. Second line: total number of iterations with A11
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Figure 1: Problem 1: Decay of the outer iteration residual

In Table 1, for a jump in the coe�cients of order 10+3, a noticeable increase of the
number of outer iterations is encountered. The reason for that is that the number of inner
iterations per outer iteration varies. It turns out that in the beginning of the iterative
process, the inner stopping criterion 10−2 is reached within two inner iterations, which
does not provide the necessary quality of the outer preconditioner and entails more outer
iterations. We see, that if we require three inner iterations for all outer iterations, the
outer iteration count is twice smaller, 11 instead of 26.

Table 2 shows how the number of outer and inner iterations varies with problem size.
It is seen that when a relative stopping criteria is used, the number of outer iterations
does not vary with the problem size. The number of inner iterations is quite stable. Only
for the largest problem size it did increase when a relative stopping criteria was used. A
less accurate relative stopping criterion (10−2) works also satisfactory, except for coe�cient
jumps from 1 to 10+3.

Figure 1 illustrates clearly the advantage of using a relative stopping criteria (ε = 10−3)
as opposed to using a �xed number of inner iterations (3 in this case). It illustrates the
decay of outer iteration residuals as a function of number of iterations. It is seen that
for an inner iteration with a relative stopping criterion, the decay of the logarithm of the
residual is linear while this does not hold when a �xed number of inner iteration is used.

Clearly we make substantial savings by having a low, constant number of outer it-
erations, independent of problem size. It saves in number of Schur complement matrix
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Figure 2: Problem 2: Example of a space discretization mesh and the initial condition
(marked with hexagonals)

solutions, long recursions and number of inner products as well as in overhead in the form
of data shu�ing and message passing in a parallel computing environment, in particular
for very large scale problems. These savings are very important and the bene�ts of the
inner-outer iterative approach was already observed, see e.g. [11, 12] and the references
therein.

Table 3 illustrates the behaviour of the block-factorized preconditioner
[
A11 0
A21 S

] [
I1 Z12

0 I2

]

applied to the matrix A = M + θδt K in Problem 2. We perform 10 timesteps and report
the largest number of outer iterations. The solution methods is as for Problem 1. The
stopping criterion in this case is relative, of magnitude 10−4. The approximation of the
block A11 is as in (15). Here we do not perform any initial transformation of the system
matrix.

It is seen that the number of outer iterations is very small, independent of the space
discretization parameter and also essentially on the time-step. Only very large time-steps,
(not used in practice) could possibly provoke an increase of the number of outer iterations.

Remark 6.1 In the experiments, the system whith the approximate Schur complement
in the preconditioner is solved exactly. Other experiments, not included here, show that
it requires only two inner iterations per outer iteration when solved by an inner solver,
preconditioned by an algebraic multilevel iteration method based on a recursive application
of the local Schur approximation idea. The latter behaviour, illustrated on symmetric and
nonsymmetric linear system originating from a visco-elasticity problem, is reported in [11]
and [12].
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Problem size Outer iter(Aver.inner iter)
417 7(5)

1601 7(5)
6272 8(6)

24833 8(6)
98817 8(6)

394241 8(6)

Table 3: Problem 2: Average outer iterations for ten timesteps and in brackets, the average
number of inner iterations to solve systems with A11

Remark 6.2 All numerical experiments indicate that the total number of iterations to
solve A11 is fairly constant, irrespective of the number of inner solves. Clearly, decreasing
the number of outer iterations by having a su�cient, but not too big number of inner
iterations, we save on fewer number of Schur complement solves and overhead (matrix�
vector multiplications, data transfers etc.).

7 Conclusions
It has been shown that an e�cient approach to solve sparse matrix problems is to apply
variable preconditioners, i.e., by solving block matrix equations by inner iterations, for
certain subblocks which arise in the global matrix preconditioner for matrices partitioned
in two-by-two block matrix form. The variability arises from using conjugate gradient
methods also for the inner iterations. By using a su�cient number of inner iterations,
the behaviour of the outer iterative method approaches that for a corresponding �xed but
more expensive, optimal order preconditioner. This can result in few outer iterations, in
this way making substantial gains in an overall lower computational complexity.

The number of inner iterations can be made small and can be performed cheaply and
even in parallel by use of an e�cient preconditioner, such as the assembly of certain local
element approximations.

The combined method results in an e�cient black-box solver applicable for a variety of
di�erent types of problems, and the behaviour of the method is insensitive to the actual
values of problem parameters involved.
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