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Abstract

The numerical solution of linear elliptic partial differential equations most often involves
a finite element or finite difference discretization. To preserve sparsity, the arising system is
normally solved using an iterative solution method, commonly a preconditioned conjugate
gradient method. Preconditioning is a crucial part of such a solution process. It is desirable
that the total computational cost will be optimal, i.e. proportional to the degrees of freedom
of the approximation used, which also includes mesh independent convergence of the itera-
tion. This paper surveys the equivalent operator approach, which has proven to provide an
efficient general framework to construct such preconditioners. Hereby one first approximates
the given differential operator by some simpler differential operator, and then one chooses
as preconditioner the discretization of this operator for the same mesh. In this survey we
give a uniform presentation of this approach, including theoretical foundation and several
practically important applications.

Keywords: elliptic problem, conjugate gradient method, preconditioning, equivalent oper-
ator

1 Introduction

Finite element and finite difference approximations of linear partial differential equations of
elliptic type lead to algebraic systems, normally of very large size. However, since the matrices
are sparse, even extremely large-sized systems can be handled in a reasonable computing time if
proper solution methods are used. To save computer memory and elapsed time, such equations
are normally solved by iteration, most commonly using a preconditioned conjugate gradient
(PCG) method. Preconditioning techniques have emerged as an essential part of efficient solution
of linear systems of equations. Preconditioning can be described as a transformation of the
original system, aiming at accelerating the convergence of iterative methods. As is well-known
(see, e.g., [4]), the rate of convergence depends in general on the condition number of the pre-
conditioned operator or of its discrepancy from the identity operator.

When solving discretized partial differential equations, the rate of convergence should not
slow down when the mesh is refined and hence a larger system must be solved. This is not a
trivial task to achieve as the condition number of the given finite element (or finite difference)
matrix increases rapidly as the mesh is refined. At the same time, the computational labour
required to solve the preconditioning system should be proportional to the degrees of freedom
(d.o.f.) of the approximation used. If both these requirements, i.e. a bounded number of
iterations and cost proportional to the d.o.f. are fulfilled, then the total computational cost will
be optimal, i.e. proportional to the d.o.f. as well.

The goal of this paper is to survey a general framework to construct such preconditioners.
The main idea is as follows: instead of constructing the preconditioner directly for the given
finite element (FE) or finite difference (FD) matrix, it can be more efficient to first approximate
the given differential operator by some simpler differential operator, and then to use the FE or
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FD matrix of this operator as preconditioner, hereby using the same discretization mesh as for
the original operator. This idea can be described formally as follows. Let

Lu = g (1.1)

be a given elliptic boundary value problem, let

Lhuh = gh (1.2)

be a suitable finite dimensional discretization of (1.1), where one wishes to solve (1.2) with some
preconditioned iterative method. Then one can take another elliptic operator S and propose its
discretization Sh as preconditioner for (1.2):

S−1
h Lhuh = S−1

h gh . (1.3)

This approach has been developed in a large number of works, of which we first mention
here the early papers [42, 58] and later e.g. [37, 45, 77, 100]. Numerous papers will be cited in
this survey, dealing with second order elliptic problems in the above form. A general theory for
such preconditioning has been developed in [49], see also [52, 78], where the notion of equivalent
operator has been introduced and used to give a rigorous Hilbert space background for the
convergence properties. A similar preconditioning approach is used in [75, 92] where precondi-
tioning by S is replaced by a related solution operator, for first order problems in [32] and for
second order nonlinear problems in e.g. [84] and the authors’ works [9, 50, 68].

To obtain favourable preconditioners in the above way, one must satisfy the previously
mentioned two requirements for the preconditioning matrix. First, solving problems with Sh

should be considerably simpler than those with Lh. This can be fulfilled by various choices of
particular elliptic operators S, for instance, if in contrast to L:

• S is a symmetric operator

• Sh is an M -matrix or is diagonally dominant

• Sh has a favourable block structure

• Sh has a better sparsity pattern.

On the other hand, the conditioning of S−1
h Lh should be considerably better than the con-

ditioning of Lh, in fact, the rate of convergence must not slow down as the mesh is refined.
When preconditioning by an elliptic operator, one can indeed obtain mesh independent spectral
relations between the given and the approximate FE or FD matrices, which implies that the
preconditioned conjugate gradient method converges with a h-independent rate. For the study
of linear convergence, a natural framework to characterize the relation between the given and
the approximate operator has proved to be that of equivalent operators, developed rigorously in
[49], see also [52, 77, 78]. The main idea for (1.3) is that, under proper assumptions, the condi-
tion number κ(S−1

h Lh) is bounded as h → 0 (in contrast to κ(Lh) which tends to ∞), because
κ(S−1

h Lh) approaches, roughly speaking, κ(S−1L) as h → 0: moreover, for FEM discretizations
we usually have

κ(S−1
h Lh) ≤ κ(S−1L).

This is one of the major topics of this paper, summarized as follows: if the two operators (the
original and preconditioner) are equivalent then the corresponding PCG method provides mesh
independent linear convergence.

2



The property of equivalent operators can be refined to provide pairs of operators which
are so-called compact-equivalent, i.e. for which the corresponding preconditioned operator is a
compact perturbation of the identity operator. In this case the corresponding preconditioner
is such that the PCG method converges with a mesh independent superlinear rate [14, 16],
which normally means that much fewer iterations will be needed to achieve an increased relative
accuracy, that is, loosely speaking, each additional correct digit in the approximate solution
requires fewer iterations than the previous digit. To a great deal the paper will also deal
with the properties and construction of compact-equivalent operators, which have their main
importance when solving nonsymmetric problems. Summing up this second major topic: if the
two operators (the original and preconditioner) are compact-equivalent then the corresponding
PCG method provides mesh independent superlinear convergence.

In this paper we give a uniform presentation of the above topics and provide several practi-
cally important applications. The preconditioner must be such that the resulting linear algebraic
systems can be solved with relatively little computational effort and demand of computer storage.
We give several examples when this can occur. Both symmetric (self-adjoint) and nonsymmetric
(non-self-adjoint) operators will be dealt with, therefore some properties of both the classical
and the generalized conjugate gradient methods will be presented as well. Inner-outer itera-
tions, i.e. solving the preconditioning systems themselves also by iteration, are discussed as
well. Variational formulations which lead to matrices in saddle-point form will also be treated.

The paper is organized as follows. Classical and generalized conjugate gradient methods are
presented in section 2. Hilbert space background is summarized in sections 3-4: equivalent op-
erators and linear convergence properties are discussed in section 3, whereas compact-equivalent
operators and superlinear convergence properties are presented in section 4. The further sections
are devoted to applications to various classes of problems. Symmetric equations and systems
are discussed in sections 5 and 6, respectively. The next three sections deal with nonsymmetric
problems. Symmetric preconditioners for nonsymmetric equations and systems are discussed in
sections 7 and 8, respectively, and some nonsymmetric preconditioners are presented in section
9. Finally some comments on inner-outer iterations are enclosed in section 10.

2 Conjugate gradient algorithms and their rate of convergence

In this section we briefly summarize well-known facts about some important conjugate gradient
(CG) algorithms that we consider. For detailed discussions on CG methods, see e.g. [2, 4, 48,
56, 90, 101].

Let us consider a linear system
Au = b (2.1)

with a given nonsingular matrix A ∈ Rn×n, f ∈ Rn and solution u. Letting 〈., .〉 be a given
inner product on Rn and denoting by A∗ the adjoint of A w.r.t. this inner product, in what
follows, we assume that

A + A∗ > 0, (2.2)

i.e., A is positive definite w.r.t. 〈., .〉. We define the following quantities, to be used frequently
in the study of convergence:

λ0 := λ0(A) := inf{〈Ax, x〉 : ‖x‖ = 1} > 0, Λ := Λ(A) := ‖A‖, (2.3)

where ‖.‖ denotes the norm induced by the inner product 〈., .〉.
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2.1 Self-adjoint matrices: the standard CG method

If A in (2.1) is self-adjoint, i.e. 〈Au, v〉 = 〈u,Av〉 for all u, v ∈ Rn, then the standard CG method
reads as follows [4, 98]: let u0 ∈ Rn be arbitrary, d0 := r0; for given uk and dk, with residuals
rk := Auk − b, we let

uk+1 = uk +αkdk, where αk = − 〈rk, dk〉
〈Adk, dk〉 ; dk+1 = rk+1 +βkdk, where βk =

‖rk+1‖2

‖rk‖2
. (2.4)

To save computational time, normally the residual vectors are also formed by recursion:

rk+1 = rk + αkAdk. (2.5)

Further, we have 〈rk, dk〉 = −‖rk‖2, hence for αk in (2.4) we use αk = ‖rk‖2/〈Adk, dk〉. In the
study of convergence, one considers the error vector

ek = u− uk (2.6)

and is generally interested in its energy norm

‖ek‖A = 〈Aek, ek〉1/2. (2.7)

Below we briefly summarize the minimax property of the CG method and the derivation of two
convergence estimates, based on [4].

2.1.1 Optimality and minimax properties of the CG method

Let Sk := span{r0, Ar0, . . . , A
kr0}, the so-called Krylov subspace, where r0 is the initial residual.

It is seen from algorithm (2.4) that ek ∈ e0 + Sk = {e0 + h : h ∈ Sk}. By construction, the
method is optimal in the sense that the error vector is smallest in energy norm on e0 + Sk,
i.e. ‖ek‖A ≤ ‖e‖A for all e ∈ e0 + Sk. Note that rk = −Aek implies ‖ek‖A = ‖rk‖A−1 , so the
residuals are also minimized but in the norm ‖.‖A−1 .

One normally considers a preconditioned system

C−1Au = C−1b

or Bu = f , where B = C−1A and f = C−1b. The preconditioner C is assumed to be sym-
metric and positive definite. Here C is some approximation of A which normally reduces the
condition number or makes the spectrum σ(C−1A) more suitable for faster convergence of the
CG algorithm, see below for details. In addition to the two inner products and three linear
updates, each iteration step of the PCG method requires a solution of a linear system with the
preconditioning matrix. Let the inner product 〈x, y〉C = 〈Cx, y〉 be defined by C and consider
algorithm (2.4) with A replaced by B and rk by the pseudo-residuals hk = C−1rk = Buk − f .
It is readily seen that B is self-adjoint w.r.t. the inner product 〈., .〉C . Further,

f(h) := 〈B−1h, h〉C = 〈CA−1Ch, h〉 = 〈A−1r, r〉 = ‖r‖2
A−1 ,

where r = Ch = Au − b. Hence it follows that the preconditioned algorithm minimizes
the same functional ‖r‖2

A−1 as for the unpreconditioned method, but on the Krylov subspace
{r0, AC−1r0, . . . , (AC−1)kr0}. By proper preconditioning, this sequence allows a sufficiently
small error of the approximation of e0 using much fewer vectors, i.e. much fewer iterations, than
are required for the unpreconditioned method.
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Since the Krylov basis vectors are linearly independent, the algorithm terminates with resid-
ual zero in at most n steps, where n is the order of A. However, we are interested in stopping
the iterations much earlier, when a sufficient accuracy has been achieved. We need then infor-
mation about the rate of convergence of the method. For this purpose we first note that the
construction of the algorithm implies ek = Pk(A)e0 with some Pk ∈ π1

k, where π1
k denotes the set

of polynomials of degree k, normalized at the origin. Moreover, the optimality property shows
that

‖ek‖A = min
Pk∈π1

k

‖Pk(A)e0‖A . (2.8)

Let {λi, vi}n
1 be the eigensolutions of A, where 0 < λ1 ≤ . . . ≤ λn, and the eigenvectors have

been taken to be orthonormal, i.e. (vi, vj) = δij . Let e0 =
∑n

1 civi where ci = (e0, vi). Then
‖Pk(A)e0‖2

A = ‖∑n
1 ciPk(λi)vi‖2

A =
∑n

1 c2
i Pk(λi)2, hence (2.8) yields the following upper bound:

‖ek‖A

‖e0‖A
≤ min

Pk∈π1
k

max
λ∈σ(A)}

|Pk(λ)| , (2.9)

which is a basis for the convergence estimates of the CG method.

2.1.2 Linear convergence

If we only use the fact σ(A) ⊂ [λ1, λn], where λ1 = λmin(A) and λn = λmax(A), then, using
Chebyshev polynomials, one obtains

‖ek‖A

‖e0‖A
≤ max

λ1≤λ≤λn

Tk[(λn+λ1−2λ)/(λn−λ1)]
Tk(λn+λ1)/(λn−λ1) = {Tk[(λn + λ1)/(λn − λ1)]}−1

where Tk denotes the Chebyshev polynomial of degree k of the first kind. As is well-known,

Tk(x) =
1
2
[(x +

√
x2 − 1)k + (x−

√
x2 − 1)k].

Using elementary estimates, we then obtain the linear convergence estimate, see e.g. [4]:

Theorem 2.1.1 We have
(‖ek‖A

‖e0‖A

)1/k

≤ 21/k

√
λn −

√
λ1√

λn +
√

λ1
= 21/k

√
κ(A)− 1√
κ(A) + 1

(k = 1, 2, ..., n), (2.10)

where κ(A) = λn/λ1 is the standard spectral condition number.

Note that for ε > 0, by a simple derivation from (2.10),

‖ek‖A

‖e0‖A
≤ ε when k = b1

2

√
κ(A) ln

2
ε

+ 1c.

Therefore the upper bound of the number of iterations is proportional to both the square root of
the condition number and the number of significant digits in the computed approximate solution.

5



2.1.3 Superlinear convergence

To show superlinear convergence rates, another useful estimate is derived if we consider the
decomposition

A = I + E (2.11)

or, more generally, for the preconditioned version, B = C−1A = I + E, where E = C−1(A−C).

Here we choose Pk(λ) :=
k∏

j=1

(
1− λ

λj

)
in (2.9), where λj := λj(A) are ordered according to

|λ1 − 1| ≥ |λ2 − 1| ≥ ... ≥ |λk − 1|. Here Pk(λi) = 0 (i = 1, . . . , k), which implies

max
λ∈σ(A)

|Pk(λ)| = max
i≥k+1

|Pk(λi)| = max
i≥k+1

k∏

j=1

|µj − µi|
λj

≤ (
2‖A−1‖)k

k∏

j=1

|µj | (2.12)

where µj = λj − 1, using that |µj − µi| ≤ 2|µj | (i ≥ k + 1, 1 ≤ j ≤ k) and 1
λj
≤ ‖A−1‖. Since

λj(E) = µj and using (2.9), (2.12) and the arithmetic-geometric means inequality, we finally
find that (‖ek‖A

‖e0‖A

)1/k

≤ 2‖A−1‖
k

k∑

j=1

∣∣λj(E)
∣∣ (k = 1, 2, ..., n). (2.13)

Here by assumption |λ1(E)| ≥ |λ2(E)| ≥ ... ≥ 0. If these eigenvalues accumulate in zero then the
convergence factor is less than 1 for k sufficiently large. Moreover, the upper bound decreases,
i.e. we obtain a superlinear convergence rate. For the preconditioned method, A in (2.13) is
replaced by B = C−1A and E by C−1(A− C).

Remark 2.1.1 For the diagonally compensated reduction method [17] and modified precondi-
tioning methods [60], the factor ‖B−1‖ = ‖A−1C‖ does not take large values and is frequently
even close to 1.

A magnitude O(k−1/2) of the superlinear rate is obtained if the arithmetic mean in (2.13)

is replaced by the mean of squares. Using the Frobenius norm ‖E‖2
F :=

k∑
i=1

λi(E)2, one then

obtains (‖ek‖A

‖e0‖A

)1/k

≤ 2 ‖E‖F

λ0

√
k

(k = 1, 2, ..., n). (2.14)

Another approach for superlinear convergence is based on the K-condition number

K(A) =
(

1
k
trace(A)

)k

/det(A) =

(
1
k

k∑

i=1

λi(A)

)k (
k∏

i=1

λi(A)

)−1

, (2.15)

see e.g. [4]. It is proved in [11] that if k ∈ N is even and k ≥ 3 ln K(A), then

(‖ek‖A

‖e0‖A

)1/k

≤
(

3 ln K(A)
k

)1/2

. (2.16)

K-condition numbers can be related to Frobenius norms via the decomposition (2.11). If, for
simplicity, E is positive semidefinite, then by [65],

ln K(A) ≤ 1
2
‖E‖2

F . (2.17)
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Then (2.16) becomes (‖ek‖A

‖e0‖A

)1/k

≤
(

3
2k

)1/2

‖E‖F . (2.18)

Since E is positive semidefinite, we have λ0 = 1, hence the multiplier 2 of ‖E‖F /
√

k in (2.14)
has been reduced to

√
3/2.

2.2 Nonsymmetric systems of algebraic equations

2.2.1 The generalized conjugate gradient–least square (GCG-LS) and related meth-
ods

For nonsymmetric matrices A, several CG algorithms exist (see e.g. [2, 4, 44]). First we discuss
the approach that generalizes the minimization property (2.8) for nonsymmetric A but avoids
the normal equation (2.34). A general form of the algorithm, which uses least-square residual
minimization of f(u) = ‖Au − b‖2, is the generalized conjugate gradient–least square method
(GCG-LS method) [3, 4]. Its full version uses all previous search directions. The general method
involves an integer s ∈ N, which limits the number of search directions used, by letting sk =
min{k, s} (k ≥ 0). Then the algorithm is as follows: let u0 ∈ Rn be arbitrary, d0 := Au0 − b;
for given uk and dk, with rk := Auk − b, we let





uk+1 = uk +
sk∑

j=0
α

(k)
k−jdk−j and dk+1 = rk+1 +

sk∑
j=0

β
(k)
k−jdk−j ,

where β
(k)
k−j = −〈Ark+1, Adk−j〉/‖Adk−j‖2 (j = 0, . . . , sk)

and α
(k)
k−j (j = 0, . . . , sk) are the solution of the linear system

sk∑
j=0

α
(k)
k−j〈Adk−j , Adk−l〉 = −〈rk, Adk−l〉 (0 ≤ l ≤ sk).

(2.19)

The full version of the algorithm corresponds to formally setting s = ∞, and for a finite s we
get a truncated version called GCG-LS(s). There are other, similar versions of such methods,
such as Orthomin(s), GMRES, GCR(s), see e.g. [4, 44]. The case s = 0 is of particular interest
as it only involves a single, namely the current search direction, and takes a similar form as the
standard CG method: that is, (2.19) is replaced by

uk+1 = uk + αkdk, where αk = −〈rk, Adk〉
‖Adk‖2

; dk+1 = rk+1 + βkdk, where βk = −〈Ark+1, Adk〉
‖Adk‖2

.

(2.20)
Algorithm (2.19) is developed in detail in [3]. The search directions dj are constructed to

make the vectors Adj orthogonal: 〈Adk+1, Adk−j〉 = 0 for all j = 0, . . . , sk. For s ≥ 1, the
computation of the coefficients α

(k)
k−j involves the solution of the linear system in the last row of

(2.19), written briefly as K(k)αk = γ
k
. Here all coordinates but the first of the vector γ

k
vanish,

since the minimization property implies 〈rk, Adk−l〉 = 〈Auk − b, Adk−l〉 = 0 for all l = 1, . . . , sk.
The matrices K(k) are symmetric positive semidefinite. Further, under our assumption (2.2),
which amounts to

MA + AT M > 0 (2.21)

when the inner product 〈., .〉 is generated by a SPD matrix M (as in the setting of [3]), it is
proved [3, 4] that K(k) is nonsingular if rk 6= 0, hence there is no breakdown in the algorithm.
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The residuals rk+1 = Auk+1−b in (2.19) can alternatively be computed by the same recursion
as for uk, i.e., rk+1 = rk+

∑sk
j=0 α

(k)
k−jAdk−j . Unless A is very sparse, this can be computationally

cheaper. Further, the matrix K(k+1) equals K(k) augmented by a row and a column (and if,
due to k > s, a truncation takes place, then the oldest row and a column of K(k) are deleted).
Hence no additional matrix-vector products need to be computed to form K(k+1), but only to
form Adk, which is anyway needed for the update of the recursion for rk+1.

Now we cite some truncation and convergence properties of the GCG-LS algorithm based
on [3].

2.2.1.1. Automatic truncation. We give conditions for which the GCG-LS method
truncates to short-term recurrence relations. Note first that by construction, dk ∈ Vk :=
span{r0, Ar0, . . . , A

kr0} and rk ∈ r0 + AVk−1, hence there is a polynomial gk−1 of degree k − 1
such that rk =

(
I−Agk−1(A)

)
r0 (k = 1, 2, . . . ). We may view the matrix gk−1(A) as a polyno-

mial approximation of A−1. Here gk−1(A) depends not only on A and r0 but also on the choice
of inner product 〈., .〉. Let the inner product be generated by some SPD matrix H. Then the
adjoint of A w.r.t. this inner product (so-called H-adjoint of A) is A∗ = H−1AT H. By [3], the
following are equivalent:

(a) A is H-normal, i.e. A∗ = H−1AT H commutes with A.
(b) A is diagonalizable by a similarity transformation.
(c) A∗ = p(A) for some polynomial p.
If this holds then the smallest degree of a polynomial p for which A∗ = p(A) is called H-

normal degree of A, and is denoted by n(A,H). The following result holds, assuming exact
arithmetic:

Theorem 2.2.1 [4, Th. 12.12]. Let (2.21) hold and A be M -normal. Then the truncated
GCG-LS(s) algorithm coincides with the full version if s ≥ n(A, M)− 1.

As a first example, we can recover the case of standard CG for symmetric matrices: let
us consider the preconditioned matrix B = C−1A for some SPD matrices A and B. Then
C−1BT C = C−1A = B, i.e. B is self-adjoint w.r.t. the C-inner product. Hence B is C-normal
with degree 1. By Theorem 2.2.1, the full GCG-LS method for the matrix B reduces to the
truncated GCG-LS(0) algorithm. The latter can be rewritten to the standard PCG iteration
with preconditioner C.

Second, let us consider the symmetric and antisymmetric parts M := (A + AT )/2 and
N := (A−AT )/2, respectively, of a matrix A. Assume that M is SPD and use it as a precondi-
tioner to A, i.e. B = M−1A = I + M−1N . Then B is M -normal w.r.t. the M -inner product
with degree 1, namely, B∗ = M−1BT M = M−1(I −NM−1)M = I −M−1N = 2I − B. Hence
the full GCG-LS method for the matrix B reduces again to the truncated GCG-LS(0) algorithm.
This method is closely related to the so-called CGW method [38, 100].

2.2.1.2. Convergence. The convergence estimates in the nonsymmetric case most often
involve the residual

rk = Aek = Auk − b. (2.22)

Then we have the following monotone convergence result:

Theorem 2.2.2 [3, 4]. Let (2.2) hold. Then the GCG-LS(s) method satisfies
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(1) ‖rk+1‖ < ‖rk‖ unless rk = 0, and the rate equals

‖rk+1‖2 = ‖rk‖2 − det(K(k))−1det(K(k)
0 )〈Ark, rk〉2

where K
(k)
0 is the first principal minor of K(k).

(2) ‖rk+1‖2 = ‖rk‖2−〈Ark, rk〉2/ min
g∈Wk−1

‖Ark−g‖2, where Wk−1 = span{Adk−1, . . . , Adk−sk
}.

The second statement implies the practically useful estimate

‖rk+1‖2 ≤ ‖rk‖2 − 〈Ark, rk〉2
‖Ark‖2

, (2.23)

from which, using that (2.3) yields λ0 ‖Ark‖ ‖rk‖ ≤ λ0 Λ ‖rk‖2 ≤ Λ〈Ark, rk〉, we obtain

Corollary 2.2.1 If (2.2)-(2.3) hold, then

‖rk+1‖ ≤
(

1−
(λ0

Λ

)2
)1/2

‖rk‖ (k = 1, 2, ..., n). (2.24)

The same estimate holds for the GCR and Orthomin methods together with their truncated
versions, see [44].

An important occurrence of the truncated GCG-LS(0) algorithm (2.20) arises when the
decomposition

A = I + E (2.25)

holds for some antisymmetric matrix E, which most often comes from symmetric part precondi-
tioning. As discussed after Theorem 2.2.1, in this case A∗ = 2I − A and hence Theorem 2.2.1
is valid with s = 0 [3]. The convergence of this iteration is determined by E. A straightforward
estimate for this is derived directly from (2.24) as follows, cf. [15, Th. 2.1]. Relation (2.25)
implies Ac ·c = ‖c‖2 for all c, hence λ0 = 1. Since A is normal and E has imaginary eigenvalues,
we have Λ2 = ‖A‖2 = |λmax(A)|2 = 1 + |λmax(E)|2 = 1 + ‖E‖2. That is, 1 − (λ0/Λ)2 =
‖E‖2/(1 + ‖E‖2), hence (2.24) yields that the GCG-LS(0) algorithm (2.20) converges as

(‖rk‖
‖r0‖

)1/k

≤ ‖E‖√
1 + ‖E‖2

(k = 1, 2, ..., n). (2.26)

The optimal estimate, obtained via Chebyshev polynomials, is somewhat better, see [44, 100]:

‖rk‖
‖r0‖ ≤ %k := 2

‖E‖k(1 +
√

1 + ‖E‖2)k

(1 +
√

1 + ‖E‖2)2k + ‖E‖2k
, (2.27)

which asymptotically satisfies

lim sup %
1/k
k ≤ ‖E‖

1 +
√

1 + ‖E‖2
. (2.28)

Concerning the minimization property (2.8), its analogue for the GCG-LS method holds for
the residuals (see [3]):

‖rk‖ = min
Pk∈π1

k

‖Pk(A)r0‖ . (2.29)
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Let S−1AS = blockdiag(J1, . . . , Jq) be the Jordan canonical form of A. Then, following [4, Ch.
13],

‖rk‖
‖r0‖ ≤ min

Pk∈π1
k

‖Pk(A)‖ ≤ κ(S) min
Pk∈π1

k

max
i
‖Pk(Ji)‖ ≤ κ(S) min

Pk∈π1
k

max
i

ti−1∑

j=0

1
j!
|P (j)

k (λi)| , (2.30)

where ti is the maximal order of a Jordan block corresponding to the eigenvalue λi. To derive
useful estimates, one now needs more information on the spectrum σ(A) than the bounds (2.3).
On the one hand, one can include the spectrum in suitable sets like ellipses or discs, see, e.g.,
[4, Section 5.4.1]. Let, for instance, σ(A) ⊂ D(α, r) where the latter denotes the closed disc in
the complex plane with center α > 0 and radius r > 0. We assume r < α, i.e. that the disc lies
in the right half-plane. Then we can take the polynomial Pk(λ) := (α−λ)k

αk from π1
k, for which an

elementary calculation yields

1
j!
|P (j)

k (λ)| =
(

k
j

) |α− λ|k−j

αk
≤ kt−1

rj

( r

α

)k
,

where we have used |α−λ| ≤ r and 1 ≤ j ≤ ti−1 ≤ t−1, where t = maxi ti. Then (2.30) yields

‖rk‖
‖r0‖ ≤ C1 kt−1

( r

α

)k
(k = 1, 2, ..., n), (2.31)

where C1 := κ(S)(
∑ti−1

j=0
1
rj ) is independent of k, i.e. the asymptotic convergence factor is

lim sup
(‖rk‖
‖r0‖

)1/k

≤ r

α
, (2.32)

see [76].

On the other hand, if A is normal and we have the decomposition (2.25), then the residual
errors satisfy a similar estimate to (2.13) obtained in the symmetric case [4]. In fact, we now

have κ(S) = 1 and ti = 1 in (2.30), hence we can use the same polynomial Pk(λ) :=
k∏

j=1

(
1− λ

λj

)
,

where λj = λj(A), and the same estimations as in (2.12)-(2.13) to obtain

Corollary 2.2.2 If (2.2) and (2.25) hold, then

(‖rk‖
‖r0‖

)1/k

≤ 2
kλ0

k∑

j=1

∣∣λj(E)
∣∣ (k = 1, 2, ..., n). (2.33)

Again, this shows superlinear convergence if the eigenvalues |λ1(E)| ≥ |λ2(E)| ≥ ... accumulate
in zero.

If A is non-normal, then we can take Pk(λ) :=
q∏

j=1

(
1− λ

λj

)tj
where tj is the order of the

largest Jordan block corresponding to λj , and q is the number of distinct eigenvalues. This
shows that the contribution of a degenerate eigenvalue λj to the number of necessary iterations
for a given relative accuracy is at most tj . Then the superlinear estimate remains uniform in a
family of problems if tj is bounded as 1 ≤ j ≤ n and n →∞.
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2.2.2 The CGN method via normal equations

Another common way to solve (2.1) with nonsymmetric A is to consider the normal equation

A∗Au = A∗b (2.34)

and apply the symmetric CG algorithm (2.4) for the latter [45, 62]. This approach is often called
CGN method. In order the preserve the notation rk for the residual Auk − b, we replace rk in
(2.4) by sk and let rk = A−∗sk, i.e., we have sk = A∗rk. Further, A and b are replaced by A∗A
and A∗b, respectively. From this we obtain the following algorithmic form of the CGN method:
let u0 ∈ Rn be arbitrary, r0 := Au0 − b, s0 := d0 := A∗r0; for given dk, uk, rk and sk, we let





zk = Adk,

αk = −〈rk, zk〉
‖zk‖2

, uk+1 = uk + αkdk , rk+1 = rk + αkzk ;

sk+1 = A∗rk+1,

βk =
‖sk+1‖2

‖sk‖2
, dk+1 = sk+1 + βkdk.

(2.35)

The convergence estimates for this algorithm follow directly from the symmetric case. The
linear convergence estimate follows from (2.10), using that ‖ek‖A∗A = ‖Aek‖ = ‖rk‖ and
κ(A∗A) = κ(A)2: (‖rk‖

‖r0‖
)1/k

≤ 21/k κ(A)− 1
κ(A) + 1

(k = 1, 2, ..., n). (2.36)

In terms of the notation (2.3) and using

‖A−1‖ ≤ 1/λ0, (2.37)

we have κ(A) ≤ Λ/λ0, and (2.36) implies

Corollary 2.2.3 If (2.2)-(2.3) hold, then

(‖rk‖
‖r0‖

)1/k

≤ 21/k Λ− λ0

Λ + λ0
(k = 1, 2, ..., n). (2.38)

On the other hand, having the decomposition (2.25), using the relation ‖(A∗A)−1‖ =
‖A−1‖2 ≤ λ−2

0 from (2.37) and A∗A = I + (E∗ + E + E∗E), the analogue of the superlin-
ear estimate (2.13) for equation A∗Au = A∗b implies

Corollary 2.2.4 If (2.2) and (2.25) hold, then

(‖rk‖
‖r0‖

)1/k

≤ 2
kλ2

0

k∑

i=1

(∣∣λi(E∗ + E)
∣∣ + λi(E∗E)

)
(k = 1, 2, ..., n). (2.39)

Remark 2.2.1 An alternative to the above form of the normal equations is to solve first AA∗v =
b and then let u = A∗v. Since ‖v − vk‖2

AA∗ = ‖u − uk‖2, where uk = A∗vk, in this version we
actually minimize the iteration errors instead of the residual errors at each step of the algorithm.
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2.3 Variable preconditioners in inner-outer iterations

The above detailed CG algorithms for systems Au = b are normally used in preconditioned
versions. This usually means that the system is formally replaced by C−1Au = C−1b, where
C is the preconditioner. Then in all the above-mentioned algorithms, A can be replaced by
C−1A, which in practice leads to auxiliary linear systems with matrix C. Such preconditioners
are by definition fixed during the iteration. Then the iteration accuracy of the CG method can
be determined from some best approximation property, such as a minimal residual, described in
subsection 2.1.1.

However, to be able to fully control the accuracy of preconditioners, it turns out that variable
preconditioners must be used. As here the preconditioners may vary between iteration steps,
there is no Krylov set present and the accuracy of the approximations cannot be determined
from the spectrum of a fixed matrix like C−1A.

An efficient technique to control the accuracy of the preconditioner is to include some inner
iterations in its construction. Inner-outer iteration methods have been considered in e.g. [20,
53, 91]. The use of inner iterations is the most common reason why the preconditioner varies.
If, namely, we use different numbers of inner iterations to satisfy some variable inner iteration
accuracy, then the preconditioner is not fixed. Furthermore, if we use a CG method for the
inner iteration too, then the method depends on the initial vector (residual) which varies from
one outer iteration to the next. In general, one can then only provide an upper bound of the
convergence rate of the outer iteration method. This will be shown in this section.

To solve a linear system Au = b, we shall now use a GCG type method with an in general
variable preconditioner. Following [23], the preconditioner will be defined by an in general
nonlinear mapping r 7→ B[r] such that AB[r] ≈ r, i.e. B[r] is an approximation of A−1r for
a given residual r. The method of forming the approximate solutions will be based on certain
linear combinations of an increasing set of linearly independent search direction vectors {dj}k

j=0.
For this purpose we shall use a generalized conjugate gradient, minimum residual (GCG-MR)
method. This will be constructed as a suitable modification of (2.19), such that two inner
products 〈., .〉 and 〈., .〉1 are used and the residuals are defined via the variable preconditioner.

First, the new approximation is defined by the same formula from the search directions as
in (2.19). Recall that this formula involves at most s search directions, with coefficients α

(k)
k−j

determined from the linear system K(k)αk = γ
k
, where K

(k)
i,j = 〈Adk−j , Adk−l〉; further, all

coordinates but the first of the right-side vector vanish. These coefficients provide that the
norm of the residual, ‖rk‖2, becomes minimal in the subspace spanned by the search directions.

Second, the essential step where the preconditioner is involved is in defining a new search
direction. Let d0 := r̂0, where r̂0 := B[r0] is the initial pseudoresidual corresponding to the
initial residual r0. At step k, the new search direction is now defined by

dk+1 = r̂k+1 +
sk∑

j=0

β
(k)
k−j dk−j

where r̂k+1 := B[rk+1]. Here the coefficients are determined by a Gram-Schmidt orthogonal-
ization w.r.t. the inner product 〈., .〉1 such that 〈dk+1, dk−j〉1 = 0 (j = 0, . . . , sk), that is,
β

(k)
k−j = −〈rk+1, dk−j〉1/‖dk−j‖2

1. Should dk+1 become a zero vector, we must modify the map-
ping B used, i.e. by performing more inner iterations.

Altogether, we obtain the following algorithm (a modification of (2.19)). Let us fix an integer
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s ∈ N and let sk = min{k, s} (k ≥ 0). Given u0, let r0 := Au0 − b and d0 := r̂0 = B[r0]. Then




uk+1 = uk +
sk∑

j=0
α

(k)
k−jdk−j and dk+1 = r̂k+1 +

sk∑
j=0

β
(k)
k−jdk−j ,

where r̂k+1 = B[rk+1] (j = 0, . . . , sk), β
(k)
k−j = −〈r̂k+1, dk−j〉1/‖dk−j‖2

1

and α
(k)
k−j (j = 0, . . . , sk) are the solution of the linear system

sk∑
j=0

α
(k)
k−j〈Adk−j , Adk−l〉 =

{−〈rk, Adk〉 (if l = 0),
0 (if 1 ≤ l ≤ sk).

(2.40)

Let us now consider two choices of the inner product 〈., .〉1:

(i) 〈u, v〉1 := 〈Au,Av〉 = 〈AT Au, v〉;

(ii) 〈u, v〉1 := 〈u, v〉.
(Here 〈., .〉 can be the standard inner product.)

In the first case, the Gram-Schmidt orthogonalization implies 〈Adk+1, Adk−j〉 = 0 (j =
0, . . . , sk), therefore the matrix K(k) (that appears in the last row of (2.40)) becomes diagonal.
Hence α

(k)
k−j = 0 for 1 ≤ l ≤ sk, and the long recursions for uk and rk truncate automatically to

short recursions.
Then the GCG-MR method takes the following form. Let us fix an integer s ∈ N and let

sk = min{k, s} (k ≥ 0). Given u0, let r0 := Au0 − b and d0 := r̂0 = B[r0]. Then





uk+1 = uk + α
(k)
k dk and rk+1 = rk + α

(k)
k Adk

where α
(k)
k = −〈rk, Adk〉/‖Adk‖2 ;

let r̂k+1 := B[rk+1] and compute Ar̂k+1 ;

let dk+1 = r̂k+1 +
sk∑

j=0
β

(k)
k−jdk−j ,

where β
(k)
k−j = −〈Ar̂k+1, Adk−j〉/‖Adk−j‖2 (j = 0, . . . , sk).

(2.41)

It is seen that the algorithm requires two matrix-vector multiplications with A. This algorithm
is similar to the generalized conjugate residual (GCR) method in [44]. In this algorithm one
can replace the computation of Ar̂k+1 by a long recursion, in this way avoiding the second
matrix-vector multiplication with A. This can, however, not be applied in our case, when the
preconditioner is variable.

Algorithm (2.41) achieves the same result as the well-known GMRES method [89], but has
a simpler form since the so-called upper Hessenberg matrix need not be used. The GMRES
method is further based on an Arnoldi process to form the orthogonal search vectors. Here also
two matrix-vector multiplications with A are needed.

Rounding errors may cause some loss of orthogonality of the search vectors used, hence the
vectors used in the recursions for uk and rk may not be exactly orthogonal, implying that the
recursion for such inexact vectors may actually not truncate. To some extent we may correct
for this by computing the right-hand side components −〈rk, Adk−l〉 (1 ≤ l ≤ sk) in the last row
of (2.40), which would equal zero in exact arithmetic, and solve the arising system. To save
computational labour, this correction should be done only in, say, every s step.
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To avoid the influence of loss of orthogonality and to save one matrix-vector multiplication
with A, one can replace algorithm (2.41) by the following algorithm, which is similar to (2.19)
but the inner product 〈u, v〉1 := 〈u, v〉 is used to compute the coefficients β

(k)
k−j . Let us fix an

integer s ∈ N and let sk = min{k, s} (k ≥ 0). Given u0, let r0 := Au0 − b and d0 := r̂0 = B[r0].
Then 




uk+1 = uk +
sk∑

j=0
α

(k)
k−jdk−j and rk+1 = rk +

sk∑
j=0

α
(k)
k−jAdk−j

where α
(k)
k−j (j = 0, . . . , sk) are the solution of the linear system

sk∑
j=0

α
(k)
k−j〈Adk−j , Adk−l〉 = −〈rk, Adk−l〉 (0 ≤ l ≤ sk);

compute r̂k+1 := B[rk+1];

let dk+1 = r̂k+1 +
sk∑

j=0
β

(k)
k−jdk−j ,

where β
(k)
k−j = −〈r̂k+1, dk−j〉/‖dk−j‖2 (j = 0, . . . , sk)

(2.42)

The GCG algorithms (2.41)-(2.42) require one action of B[ . ] at each iteration step. In
addition, algorithm (2.41) requires two matrix-vector multiplications with A, while algorithm
(2.42) requires only one such multiplication. The latter is the minimum number required for
any method. Frequently, as in our applications, the action of B[ . ] is the most expensive part
of the iteration method and, unless s is large, may dominate the labour involved in the long
recursions for the updates of vectors.

As shown in [23], an upper bound of the rate of convergence can be determined by two
parameters, those of coercivity and boundedness. That is, we assume that the preconditioning
mapping B[ . ] satisfies

〈AB[v], v〉 ≥ λ0‖v‖2, ‖AB[v]‖ ≤ Λ‖v‖ (∀v ∈ Rn) (2.43)

for some constants Λ ≥ λ0 > 0. In practice on frequently estimates ‖AB− I‖ ≤ δ < 1, in which
case λ0 ≥ 1 − δ and Λ ≤ 1 + δ. The bounds (2.43) are the analogues of (2.3), and in the same
way as in Corollary 2.2.1, we obtain

Proposition 2.3.1 The variable-step GCG method converges monotonically with the following
convergence rate:

‖rk+1‖ ≤
(

1−
(λ0

Λ

)2
)1/2

‖rk‖ (k = 1, 2, ..., n). (2.44)

Remark 2.3.1 The above upper bound holds also for the fully truncated versions of the meth-
ods, including the steepest descent method which corresponds to s = 0. As shown in [72],
under certain (though special) conditions these upper bounds may actually be sharp, showing
that the method for variable preconditioners in these cases cannot converge faster than for the
corresponding steepest descent method. On the other hand, if a sufficient number of inner it-
erations are performed, then the method approaches the corresponding method with a fixed
preconditioner.

Remark 2.3.2 There is a simple way to automatically determine if the preconditioner is suffi-
ciently accurate, namely, to check the sign of −〈rk, Adk〉, which equals 〈AB[rk], rk〉 and hence
must be positive. Should it be negative, then the last row of (2.40) and Cramer’s rule imply

α
(k)
k = −〈rk, Adk〉 det(K(k))/det(K(k+1)) < 0

14



(since K(k) and K(k+1) are positive definite and hence have positive determinants). Then no
convergence can occur, and one must repeat the last step with a more accurate preconditioner,
e.g. by performing more inner iterations.

3 Equivalent operators and linear convergence

3.1 On the general theory of equivalent operators

The basic idea of our paper is that the discretization Ah of a linear operator A can be precondi-
tioned by the discretization Bh (under the same process as for A) of another linear operator B.
Under the requirement that systems with Bh are easier to solve than systems with Ah, the main
goal of this approach is to ensure that the condition numbers of the preconditioned operators
are bounded in h as h → 0. The proper general framework, suitable to treat this independence
property, has proved to be the concept of equivalence of operators. It has been introduced in
[49] where a rigorous study of this framework has been given, also followed by [52, 64, 77, 78].
We briefly outline some notions and related results from this work.

Let B : W → V and A : W → V be linear operators between the Hilbert spaces W
and V . For our purposes it suffices to consider the case when B and A are one-to-one and
D = D(A) ∩ D(B) is dense. The operator A is said to be equivalent in V -norm to B on D if
there exist constants K ≥ k > 0 such that

k ≤ ‖Au‖V

‖Bu‖V
≤ K (u ∈ D \ {0}). (3.1)

If (3.1) holds, then under suitable density assumptions on D, the condition number of AB−1 in
V is bounded by K/k. The W -norm equivalence of B−1 and A−1 implies this bound similarly
for B−1A.

The analogous property for the discretized problems is uniform norm equivalence defined as
follows. Let us consider families of operators Ah and Bh (indexed by h > 0) such that there
exist the pointwise limit operators A and B as h → 0. The families Ah and Bh are said to be
V -norm uniformly equivalent if there exist constants K̃ ≥ k̃ > 0, independent of h, such that

k̃ ≤ ‖Ahu‖V

‖Bhu‖V
≤ K̃ (u ∈ D \ {0}, h > 0). (3.2)

Analogously to the above, this implies that the condition numbers of the family AhB−1
h are

bounded uniformly in h, and the similar uniform equivalence of B−1
h and A−1

h implies that the
condition numbers of the family B−1

h Ah are bounded uniformly in h.
Using the above notions, the following general results hold. First, the V -norm equivalence

of A and B is necessary for the V -norm uniform equivalence of the families Ah and Bh. Sec-
ond, sufficiency of the above statement is also true if the families Ah and Bh are obtained via
orthogonal projections from A and B and, further, if A and B are equivalent to the families Ah

and Bh. For details and various special and related cases see [49, Chap. 2].

The above setting is mostly intended to handle L2-norm equivalence for elliptic operators.
However, it is often more convenient to use H1-norm equivalence [49, 78] based on a weak
formulation, since this helps to avoid regularity requirements. Namely, in the usual definition
of an elliptic operator A in strong form in L2(Ω), its domain D(A) is a subspace of H2(Ω)
and, moreover, the above equivalence theory is based on the H2-regularity assumption for the
involved operators.
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The notion of H1-norm equivalence is based on the weak form of elliptic operators as follows,
see [78] for details. In a standard way, using Green’s formula, one can define the bilinear form
a(., .) corresponding to an elliptic operator A on a subspace H1

D(Ω) of H1(Ω) (associated with the
boundary conditions), and this form satisfies a(u, v) = 〈Au, v〉L2 for u, v ∈ D(A). The bounded
bilinear form a gives rise to an operator Aw from H1

D(Ω) into its dual satisfying Awu(v) = a(u, v).
We note that the dual of H1

D(Ω) can be identified with H1
D(Ω) itself by the Riesz theorem, which

will be convenient for our purposes as we can consider Aw as mapping into H1
D(Ω) and satisfying

〈Awu, v〉H1
D

= 〈Au, v〉L2 (u, v ∈ D(A)). (3.3)

The fundamental result on H1-norm equivalence in [78] reads as follows: if A and B are
invertible uniformly elliptic operators, then A−1

w and B−1
w are H1-norm equivalent if and only if

A and B have homogeneous Dirichlet boundary conditions on the same portion of the boundary.

In the present paper, in what follows, we build on the above result and develop a simpler
Hilbert space setting of equivalent operators that is a priori suited for invertible elliptic oper-
ators with identical Dirichlet boundary. This setting (of so-called S-bounded and S-coercive
operators) is developed in the next subsection based on [16, section 3.1], and it will rely on a
coercivity assumption and a relation analogous to (3.3). Here the Hilbert space model is also
followed by the description of the considered corresponding class of elliptic operators. Then in
the last section, mesh independent linear convergence results are presented in a Hilbert space
setting for S-bounded and S-coercive equivalent operators. These results will be used in the later
parts of the paper to derive mesh independent linear convergence results for FEM discretizations
using various equivalent preconditioners.

Concerning the desired uniform equivalence results for discretized operators Ah and Bh, it
turns out from [49, 78] that one can mostly derive general results for FEM type discretizations
only, whereas FDM discretizations require a case by case study. Accordingly, in our setting of
S-bounded and S-coercive operators, we can give general results for Galerkin discretizations in
Hilbert space and apply them later for general elliptic problems, whereas for FDM discretizations
we only cite certain case by case investigations.

3.2 A coercive setting in weak form

In this section we first discuss S-bounded and S-coercive operators in Hilbert space, based on
[16, section 3.1]. The main ingredient of this setting is a coercivity assumption. Then, using this
background, we describe the class of elliptic operators that will be mostly considered throughout
this paper. Their main property is coercivity in the corresponding Sobolev space, which ensures
well-posedness of the related boundary value problems. The weak formulation will allow us to
treat the equivalence of operators in an easy, that is, not very technical form.

3.2.1 S-bounded and S-coercive operators in Hilbert space

In what follows, let H be a real Hilbert space. We are interested in solving an operator equation

Lu = g (3.4)

for an unbounded linear operator L in H, where g ∈ H. In order to define a weak form, we
recast the required properties of L to the energy space of a suitable symmetric and coercive
operator S.
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Therefore, let S be an (also unbounded) linear symmetric operator in H which is coercive,
i.e., there exists p > 0 such that 〈Su, u〉 ≥ p‖u‖2 (u ∈ D(S)). We recall that the energy space
HS is the completion of D(S) under the inner product 〈u, v〉S = 〈Su, v〉, and the coercivity of
S implies HS ⊂ H. The corresponding S-norm is denoted by ‖u‖S , and the space of bounded
linear operators on HS by B(HS).

Definition 3.2.1 Let S be a linear symmetric coercive operator in H. A linear operator L in
H is said to be S-bounded and S-coercive, and we write L ∈ BCS(H), if the following properties
hold:

(i) D(L) ⊂ HS and D(L) is dense in HS in the S-norm;

(ii) there exists M > 0 such that

|〈Lu, v〉| ≤ M‖u‖S‖v‖S (u, v ∈ D(L));

(iii) there exists m > 0 such that

〈Lu, u〉 ≥ m‖u‖2
S (u ∈ D(L)).

Definition 3.2.2 For any L ∈ BCS(H), let LS ∈ B(HS) be defined by

〈LSu, v〉S = 〈Lu, v〉 (u, v ∈ D(L)).

Remark 3.2.1 (a) The above definition makes sense since LS is the bounded linear operator
on HS that represents the unique extension to HS of the densely defined S-bounded bilinear
form u, v 7→ 〈Lu, v〉.

(b) The density of D(L) implies

|〈LSu, v〉S | ≤ M‖u‖S‖v‖S , 〈LSu, u〉S ≥ m‖u‖2
S (u, v ∈ HS). (3.5)

(c) If R(L) ⊂ R(S) (where R(. ) denotes the range), then the restriction of the operator LS

to D(L) satisfies
LS

∣∣
D(L)

= S−1L. (3.6)

(d) Definition 3.2.2 uses the idea of weak form of operators from [78] as explained in section
3.1, see equation (3.3).

We verify now that our setting leads to a special case of equivalent operators.

Proposition 3.2.1 Let N and L be S-bounded and S-coercive operators for the same S. Then
(a) NS and LS are HS-norm equivalent,
(b) N−1

S and L−1
S are HS-norm equivalent.

Proof. (a) By (3.1), we must find K ≥ k > 0 such that

k‖NSu‖S ≤ ‖LSu‖S ≤ K‖NSu‖S (u ∈ HS). (3.7)
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Since L ∈ BCS(H), there exists constants ML ≥ mL > 0 such that for all u ∈ HS ,

mL‖u‖S ≤ 〈LSu, u〉S
‖u‖S

≤ ‖LSu‖S = sup
v∈HS\0

〈LSu, v〉S
‖v‖S

≤ ML‖u‖S (3.8)

and the analogous estimate holds for N with some MN ≥ mN > 0. The two estimates yield
(3.7) with K = ML

mN
and k = mL

MN
.

(b) Properties (3.5) imply that LS is invertible in B(HS), hence for all v ∈ HS we can set
u = L−1

S v in (3.8) to obtain

mL‖L−1
S v‖S ≤ ‖v‖S ≤ ML‖L−1

S v‖S (v ∈ HS).

This and its analogue for N yield the required estimate similarly as in (a), now with K = MN
mL

and k = mN
ML

.

Let us now return to the operator equation (3.4) for L ∈ BCS(H).

Definition 3.2.3 For given L ∈ BCS(H), we call u ∈ HS the weak solution of equation (3.4)
if

〈LSu, v〉S = 〈g, v〉 (v ∈ HS). (3.9)

Remark 3.2.2 For all g ∈ H the weak solution of (3.4) exists and is unique. This follows in the
usual way from the Lax-Milgram theorem since, by the coercivity of S, the mapping v 7→ 〈g, v〉
is a bounded linear functional on HS . In particular, if u ∈ D(L), then u satisfies (3.4) (i.e. it is
a strong solution) if and only if it is a weak solution.

3.2.2 Coercive elliptic operators

Let us define the elliptic operator

Lu ≡ −div (A∇u) + b · ∇u + cu for u|ΓD
= 0, ∂u

∂νA
+ αu|ΓN

= 0, (3.10)

where ∂u
∂νA

= Aν · ∇u denotes the weighted form of the normal derivative. (The formal domain
of L to be used in Definition 3.2.2 consists of those u ∈ H2(Ω) that satisfy the above boundary
conditions, however, this is nowhere used elsewhere in this paper.) The following properties are
assumed to hold:

Assumptions 3.2.2.1

(i) Ω ⊂ Rd is a bounded piecewise C1 domain; ΓD, ΓN are disjoint open measurable subsets
of ∂Ω such that ∂Ω = ΓD ∪ ΓN ;

(ii) A ∈ C1(Ω,Rd×d) and for all x ∈ Ω the matrix A(x) is symmetric; b ∈ C1(Ω)d, c ∈ L∞(Ω),
α ∈ L∞(ΓN );

(iii) we have the following properties which will imply coercivity: there exists p > 0 such that

A(x)ξ·ξ ≥ p |ξ|2 for all x ∈ Ω and ξ ∈ Rd; ĉ := c− 1
2 div b ≥ 0 in Ω and α̂ := α+ 1

2 (b·ν) ≥ 0
on ΓN ;

(iv) either ΓD 6= ∅, or ĉ or α̂ has a positive lower bound.
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Let us also define a symmetric elliptic operator on the same domain Ω with otherwise anal-
ogous properties:

Su ≡ −div (G∇u) + σu for u|ΓD
= 0, ∂u

∂νG
+ βu|ΓN

= 0, (3.11)

which satisfies

Assumptions 3.2.2.2

(i) Substituting G for A, Ω, ΓD, ΓN and G satisfy Assumptions 3.2.2.1;

(ii) σ ∈ L∞(Ω) and σ ≥ 0; β ∈ L∞(ΓN ) and β ≥ 0; further, if ΓD = ∅ then σ or β has a
positive lower bound.

For the study of these operators we define the space

H1
D(Ω) := {u ∈ H1(Ω) : u|ΓD

= 0} with 〈u, v〉S :=
∫

Ω
(G ∇u·∇v+σuv)+

∫

ΓN

βuv dσ (3.12)

which is the energy space HS of the operator S.

Proposition 3.2.2 If Assumptions 3.2.2.1-2 hold, then the operator L is S-bounded and S-
coercive in L2(Ω), i.e., L ∈ BCS(L2(Ω)).

Proof. We must verify the properties in Definition 3.2.1 from the above assumptions. The
domain of definition of L is D(L) := {u ∈ H2(Ω) : u|ΓD

= 0, ∂u
∂νA

+ αu|ΓN
= 0 } in the Hilbert

space L2(Ω), so D(L) ⊂ HS = H1
D(Ω) and D(L) is dense in H1

D(Ω) in the S-inner product
(3.12). Further, for u, v ∈ D(L), by Green’s formula, we have

〈Lu, v〉L2(Ω) =
∫

Ω

(
A∇u · ∇v + (b · ∇u)v + cuv

)
+

∫

ΓN

αuv dσ . (3.13)

Using this and (3.12), one can check properties (ii)-(iii) of Definition 3.2.1 with a standard
calculation as follows. First, Assumptions 3.2.2.2 imply that the S-norm related to (3.12) is
equivalent to the usual H1-norm, and accordingly, there exist constants CΩ,S > 0 and CΓN ,S > 0
such that

‖u‖L2(Ω) ≤ CΩ,S‖u‖S and ‖u‖L2(ΓN ) ≤ CΓN ,S‖u‖S (u ∈ H1
D(Ω)), (3.14)

see, e.g., [97]. Further, the uniform spectral bounds of A and G also imply the existence of
constants p1 ≥ p0 > 0 such that

p0 (G(x)ξ · ξ) ≤ A(x)ξ · ξ ≤ p1 (G(x)ξ · ξ) (x ∈ Ω, ξ ∈ Rd), (3.15)

and there exists q > 0 such that

q ‖∇u‖2
L2(Ω) ≤

∫

Ω
G∇u · ∇u ≤ ‖u‖2

S (u ∈ H1
D(Ω)). (3.16)

Then from (3.13) we obtain

〈Lu, v〉 ≤ p1‖u‖S‖v‖S + ‖b‖L∞(Ω)d‖∇u‖L2(Ω)‖v‖L2(Ω)

+ ‖c‖L∞(Ω)‖u‖L2(Ω)‖v‖L2(Ω) + ‖α‖L∞(ΓN )‖u‖L2(ΓN )‖v‖L2(ΓN )

19



≤
(
p1 + CΩ,S q−1/2‖b‖L∞(Ω)d + C2

Ω,S‖c‖L∞(Ω) + C2
ΓN ,S‖α‖L∞(ΓN )

)
‖u‖S‖v‖S . (3.17)

On the other hand, for any u ∈ H1
D(Ω), using the definition of ĉ and α̂ from Assumptions 3.2.2.1

(iii), a standard calculation with Green’s formula yields (see, e.g., [66]) that

〈Lu, u〉L2(Ω) =
∫

Ω
(A ∇u · ∇u + ĉu2) +

∫

ΓN

α̂u2 dσ =: ‖u‖2
L . (3.18)

Assumptions 3.2.2.1 imply that the L-norm, defined above on the right, is equivalent to the
usual H1-norm, hence there exist constants CΩ,L > 0 and CΓN ,L > 0 such that the analogue of
(3.14) holds for the L-norm instead of the S-norm. Therefore

‖u‖2
S =

∫

Ω
(G ∇u · ∇u + σu2) +

∫

ΓN

βu2 dσ

≤ p−1
0

∫

Ω
A ∇u · ∇u + ‖σ‖L∞(Ω)

∫

Ω
u2 + ‖β‖L∞(ΓN )

∫

ΓN

u2 dσ

≤
(
p−1
0 + C2

Ω,L‖σ‖L∞(Ω) + C2
ΓN ,L‖β‖L∞(ΓN )

)
〈Lu, u〉L2(Ω) (u ∈ H1

D(Ω)). (3.19)

Summing up, estimates (3.17) and (3.19) yield that properties (ii)-(iii) of Definition 3.2.1 are
valid with

M := p1 + CΩ,S q−1/2‖b‖L∞(Ω)d + C2
Ω,S‖c‖L∞(Ω) + C2

ΓN ,S‖α‖L∞(ΓN ) ,

m :=
(
p−1
0 + C2

Ω,L‖σ‖L∞(Ω) + C2
ΓN ,L‖β‖L∞(ΓN )

)−1
.

(3.20)

Remark 3.2.3 It is clear from Definition 3.2.2 and the standard application of Green’s formula
that equation (3.9) for operators (3.10)-(3.11) and some g ∈ L2(Ω) coincides with the usual
weak formulation

∫

Ω

(
A∇u · ∇v + (b · ∇u)v + cuv

)
+

∫

ΓN

αuv dσ =
∫

Ω
gv (v ∈ H1

D(Ω)), (3.21)

hence by Remark 3.2.2, the weak solution exists and is unique.

Remark 3.2.4 The constants CΩ,S and CΓN ,S in (3.20) can be calculated as follows. (The same
holds for CΩ,L and CΓN ,L .)

In order to find CΩ,S , first let ΓD 6= ∅. Then it suffices to determine CΩ > 0 such that

‖u‖L2(Ω) ≤ CΩ‖∇u‖L2(Ω) (u ∈ H1
D(Ω)), (3.22)

in which case CΩ,S = q−1/2CΩ from (3.16). Here such a CΩ exists because for ΓD 6= ∅, the
usual H1-norm is equivalent to ‖∇u‖2

L2(Ω). Its sharp value satisfies CΩ = λ
−1/2
1 , where λ1 is

the smallest eigenvalue of −∆ under boundary conditions u|ΓD
= 0, ∂u

∂ν |ΓN
= 0. For Dirichlet

boundary conditions, one can use the estimate

CΩ ≤
( d∑

i=1

( π

ai

)2
)−1/2

if Ω is embedded in a brick with edges a1, . . . , ad, see, e.g., [81]. If ΓD = ∅ then similarly as above,
CΩ,S ≤ p

−1/2
0 ĈΩ, where ĈΩ is the smallest eigenvalue of the operator −∆u + (σ0/p0)u under
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boundary conditions u|ΓD
= 0, ∂u

∂ν + (β0/p0)|ΓN
= 0, in which σ0 := inf σ and β0 := inf β. Here

it is advisable to choose σ to satisfy σ0 > 0, in which case ‖u‖2
L2(Ω) ≤ σ−1

0

∫
Ω σu2 ≤ σ−1

0 ‖u‖2
S ,

i.e. CΩ,S ≤ σ
−1/2
0 .

For CΓN ,S , one should first find CΓN
> 0 such that

‖u‖L2(ΓN ) ≤ CΓN
‖u‖H1(Ω) (u ∈ H1

D(Ω)),

in which case CΓN ,S =
(
1 + C2

Ω

)1/2
q−1/2 CΓN

from (3.16) and (3.22). For polygonal domains in
2D, explicit estimates for CΓN

are given in [86].

3.3 Mesh independence properties of linear convergence in Hilbert space

In this subsection we give some mesh independent bounds for condition numbers and corre-
sponding linear convergence factors, when general Galerkin discretizations are considered in
Hilbert space. These results will be used in the later parts of the paper to derive mesh inde-
pendent linear convergence results for FEM discretizations. As noted in subsection 3.1, FDM
type discretizations do not have such a general abstract background, therefore they are not yet
considered here.

Let us then return to a Hilbert space H and consider the operator equation

Lu = g (3.23)

where L is S-bounded and S-coercive in the sense of Definition 3.2.1, and g ∈ H. Equation
(3.23) can be solved numerically using a Galerkin discretization: let

Vh = span{ϕ1, . . . , ϕn} ⊂ HS ,

where ϕi are linearly independent, be a given finite-dimensional subspace and

Lh :=
{
〈LSϕi, ϕj〉S

}n

i,j=1
.

Finding the discrete solution uh ∈ Vh requires solving the n× n system

Lh c = bh (3.24)

with bh = {〈g, ϕj〉}n
j=1. Since L ∈ BCS(H), the symmetric part of Lh is positive definite,

hence system (3.24) has a unique solution. Moreover, if a sequence of such subspaces Vh satisfies
infv∈Vh

‖u− v‖S → 0 for all u ∈ HS , then the coercivity of LS implies in the standard way [34]
that uh converges to the exact weak solution in HS-norm.

In what follows, we outline some abstract preconditioning concepts based on the equivalent
operator idea, and give corresponding mesh independent bounds for the convergence of proper
CG algorithms.

3.3.1 Symmetric problems

Let us first consider the case when L itself is a symmetric operator, in which case its S-coercivity
and S-boundedness simply turns into the spectral equivalence relation

m‖u‖2
S ≤ 〈LSu, u〉S ≤ M‖u‖2

S (u ∈ HS). (3.25)
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Then Lh is symmetric too.
Let S be the symmetric coercive operator from Definition 3.2.1, and introduce the stiffness

matrix of S,
Sh =

{
〈ϕi, ϕj〉S

}n

i,j=1
,

as preconditioner for system (3.24). This yields the preconditioned system

S−1
h Lh c = b̃h (3.26)

(with b̃h = S−1
h bh). Now S−1

h Lh is self-adjoint w.r.t. the inner product 〈c,d〉Sh
:= Sh c · d.

Hence we can apply algorithm (2.4) for system (3.26), in which we endow Rn with the Sh-inner
product 〈., .〉Sh

. Then estimate (2.10) holds with κ(A) = κ(S−1
h Lh).

The main result here is in general terms

κ(S−1
h Lh) ≤ κ(S−1L),

but to be precise, in order to have an operator on the whole space HS on the r.h.s., we must
replace κ(S−1L) by κ(LS) (cf. (3.6)); further, with the available bounds from (3.25), we shall
use the estimate M/m for the latter:

Proposition 3.3.1 If the symmetric operator L satisfies (3.25), then for any subspace Vh ⊂ HS

κ(S−1
h Lh) ≤ M

m
(3.27)

independently of Vh.

Proof. This property follows trivially since for arbitrary c ∈ Rn, setting u =
n∑

j=1
cjϕj ∈ Vh

in (3.25) yields
m (Sh c · c) ≤ Lh c · c ≤ M (Sh c · c) .

Consequently, the CG algorithm (2.4) for system (3.26) converges as

(‖ek‖Lh

‖e0‖Lh

)1/k

≤ 21/k

√
M −√m√
M +

√
m

(k = 1, 2, ..., n) (3.28)

independently of Vh. This idea of preconditioning (yet in the context of simple iterations) goes
back to [39, 43].

Remark 3.3.1 (i) An important application of this result arises for inner iterations used in the
inexact Newton solution of nonlinear variational problems. Let a nonlinear operator F : HS →
HS satisfy the uniform ellipticity property

m‖v‖2
S ≤ 〈F ′(u)v, v〉S ≤ M‖v‖2

S (u, v ∈ HS) (3.29)

with M, m > 0, which ensures well-posedness of equation F (u) = 0. If un is the nth outer Newton
iterate and LS := F ′(un), then Proposition 3.3.1 provides the mesh independent convergence
rate

√
M−√m√
M+

√
m

for the inner CG iteration.
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(ii) The following class of operators forms the most common special case to satisfy (3.29),
see [50, Remark 6.1]. Let HS be a given Sobolev space over some bounded domain Ω ⊂ Rd,
such that its inner product is expressed as

〈h, v〉S =
∫

Ω
B(h, v)

for some given bilinear mapping B : HS ×HS → L1(Ω). Let the operator F : HS → HS have
the form

〈F (u), v〉S =
∫

Ω

(
a(B(u, u))B(u, v)− fv

)
(u, v ∈ HS), (3.30)

where a : R+ → R+ is a scalar C1 function and there exist constants M ≥ m > 0 such that

0 < m ≤ a(r) ≤ M, 0 < m ≤ d
dr

(
a(r2)r

)
≤ M (r ≥ 0), (3.31)

further, f ∈ L2(Ω). In order to verify (3.29), let

p(r2) = min
{

a(r2), d
dr

(
a(r2)r

)}
, q(r2) = max

{
a(r2), d

dr

(
a(r2)r

)}
(r ≥ 0), (3.32)

where by (3.31): ,
0 < m ≤ p(r) ≤ q(r) ≤ M (r ≥ 0). (3.33)

It is easy to see that for all u, h, v ∈ HS

〈F ′(u)h, v〉S =
∫

Ω

(
a(B(u, u))B(h, v) + 2a′(B(u, u))B(u, h) B(u, v)

)
(u, h, v ∈ HS) (3.34)

and hence

m

∫

Ω
B(v, v) ≤

∫

Ω
p(B(u, u))B(v, v) ≤ 〈F ′(u)v, v〉S ≤

∫

Ω
q(B(u, u))B(v, v) ≤ M

∫

Ω
B(v, v) ,

(3.35)
which coincides with (3.29).

For a corresponding boundary value problem, the FEM solution uh in some subspace Vh ⊂ H
must satisfy

〈F (uh), v〉S = 0 (v ∈ Vh) (3.36)

or F (uh) = 0. If un is the nth Newton iterate, then the correction term pn ∈ Vh is found by
solving the linearized problem

〈F ′(un)pn, v〉S = −〈F (un), v〉S (v ∈ Vh), (3.37)

which now reads as follows: for all v ∈ Vh

∫

Ω

(
a(B(un, un))B(pn, v)+2a′(B(un, un))B(un, pn) B(un, v)

)
= −

∫

Ω

(
a(B(un, un))B(un, v)−fv

)

(3.38)
As stated above after (3.29), Proposition 3.3.1 provides mesh independent convergence for the
inner CG iteration for problem (3.38).
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3.3.2 Nonsymmetric problems: symmetric equivalent preconditioners

In general, when L is nonsymmetric, we can take again the symmetric coercive operator S from
Definition 3.2.1 and introduce the stiffness matrix of S,

Sh =
{
〈ϕi, ϕj〉S

}n

i,j=1
, (3.39)

as preconditioner for system (3.24). To solve the preconditioned system S−1
h Lh c = b̃h, one can

propose the CG methods in section 2.2, using the Sh-inner product 〈., .〉Sh
. As follows from

(2.24) and (2.38), the convergence estimates depend on the bounds

λ0 = λ0(S−1
h Lh) := inf{Lh c · c : Sh c · c = 1}, Λ = Λ(S−1

h Lh) := ‖S−1
h Lh‖Sh

,

defined as in (2.3). Moreover, the convergence factor is determined by the ratio Λ/λ0.
The mesh independence result here is an extension of (3.27), now using the S-coercivity and

S-boundedness relations

m‖u‖2
S ≤ 〈LSu, u〉S , |〈LSu, v〉S | ≤ M‖u‖S‖v‖S (u, v ∈ HS). (3.40)

coming from (3.5).

Proposition 3.3.2 If the operator L satisfies (3.40), then for any subspace Vh ⊂ HS

Λ(S−1
h Lh)

λ0(S−1
h Lh)

≤ M

m
(3.41)

independently of Vh.

Proof. We can in fact verify

Λ(S−1
h Lh) ≤ M and λ0(S−1

h Lh) ≥ m, (3.42)

which follows similarly to Proposition 3.3.1. Namely, for arbitrary c,d ∈ Rn, setting u =
n∑

j=1
cjϕj ∈ Vh and z =

n∑
j=1

djϕj ∈ Vh in (3.40) yields

m (Sh c · c) ≤ Lh c · c, |Lh c · d| ≤ M‖c‖Sh
‖d‖Sh

(3.43)

which implies (3.42).

Estimate (2.37) for S−1
h Lh then immediately implies

Proposition 3.3.3 If the operator L satisfies (3.40), then for any subspace Vh ⊂ HS

κ(S−1
h Lh) ≤ M

m

independently of Vh.

Then (2.24) implies
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Corollary 3.3.1 If (3.40) holds, then the GCG-LS algorithm (2.19) for system (3.26) satisfies

(‖rk‖Sh

‖r0‖Sh

)1/k

≤
(
1−

( m

M

)2)1/2
(k = 1, 2, ..., n) (3.44)

independently of Vh.

This holds as well for the GCR and Orthomin methods together with their truncated versions.
Further, by (2.36) and (2.38), we have

Corollary 3.3.2 If (3.40) holds, then the CGN algorithm (2.35) for system (3.26) satisfies

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ 21/k M −m

M + m
(k = 1, 2, ..., n) (3.45)

independently of Vh.

Remark 3.3.2 The boundedness of κ(S−1
h Lh) in h is established in [49] in a more general

setting than our S-coercive operators: essentially, the second inequality in (3.5) can be replaced
by the two weaker statements

sup
v∈HS

〈LSu, v〉S
‖v‖S

≥ m‖u‖S (u ∈ HS), sup
u∈HS

〈LSu, v〉S > 0 (v ∈ HS). (3.46)

However, in contrast to (3.5), these inequalities do not automatically hold in the subspaces Vh

with the same constants: the latter has to be assumed to prove the boundedness of κ(S−1
h Lh).

Concerning the GCG algorithm, of particular interest is the case when Sh is the symmetric
part of Lh:

Sh :=
1
2
(Lh + LT

h ), (3.47)

which arises from the choice S := 1
2(L + L∗) when D(L) = D(L∗). (When D(L) 6= D(L∗), the

definition of S requires a more general weak approach, see [66]). Then, see [3], the Sh-adjoint
of S−1

h Lh is 2Ih − S−1
h Lh, hence, as discussed in subsection 2.2.1.1, in this case Theorem 2.2.1

is valid with s = 0. Therefore the full GCG algorithm reduces to the simple truncated version
(2.20), which is one of the main reasons for choosing this preconditioning approach. Here we
can simplify the derivation of the convergence factor as follows. Let us decompose Lh into its
symmetric and antisymmetric parts:

Lh = Sh + Qh

where Qh := 1
2(Lh − LT

h ), and accordingly, let

LS = I + QS (3.48)

where I is the identity operator on HS and QS is antisymmetric in HS . Then S−1
h Lh = Ih +

S−1
h Qh where S−1

h Qh is antisymmetric w.r.t. the inner product 〈., .〉Sh
, hence (2.26) holds for

C = S−1
h Qh. Further, it is readily seen that Qh is the stiffness matrix of QS in Vh, hence,

similarly to (3.42), we can obtain the estimate

‖S−1
h Qh‖Sh

≤ ‖QS‖.
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Using (2.26)-(2.28), the GCG-LS(0) algorithm (2.20) for system (3.26) then satisfies
(‖rk‖Sh

‖r0‖Sh

)1/k

≤ ‖S−1
h Qh‖Sh√

1 + ‖S−1
h Qh‖2

Sh

≤ ‖QS‖√
1 + ‖QS‖2

(k = 1, 2, ..., n) (3.49)

and for the best possible estimate we have asymptotically

lim sup
(‖rk‖Sh

‖r0‖Sh

)1/k

≤ ‖QS‖
1 +

√
1 + ‖QS‖2

, (3.50)

where both ratios are independent of Vh.

3.3.3 Nonsymmetric problems: nonsymmetric equivalent preconditioners

Let us consider a nonsymmetric preconditioning operator N for equation (3.23). We assume
that N is S-bounded and S-coercive, i.e. N ∈ BCS(H) in the sense of Definition 3.2.1, for the
same symmetric operator S as is L. Then we introduce the stiffness matrix of NS ,

Nh =
{
〈NSϕi, ϕj〉S

}n

i,j=1
, (3.51)

as preconditioner for the discretized system (3.24). To solve the preconditioned system

N−1
h Lh c = b̃h (3.52)

(with b̃h = N−1
h bh), we apply the CGN method as described in subsection 2.2.2, using the

Sh-inner product 〈., .〉Sh
. By (2.36), this algorithm converges as

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ 21/k κ(N−1
h Lh)− 1

κ(N−1
h Lh) + 1

(k = 1, 2, ..., n). (3.53)

In the convergence analysis of nonsymmetric preconditioners, we must distinguish between
the bounds of L and N , i.e., (3.40) is replaced by

mL‖u‖2
S ≤ 〈LSu, u〉S , |〈LSu, v〉S | ≤ ML‖u‖S‖v‖S ,

mN‖u‖2
S ≤ 〈NSu, u〉S , |〈NSu, v〉S | ≤ MN‖u‖S‖v‖S

(3.54)

for all u, v ∈ HS .

Proposition 3.3.4 If the operators L and N satisfy (3.54), then for any subspace Vh ⊂ HS

κ(N−1
h Lh) ≤ MLMN

mLmN
(3.55)

independently of Vh.

Proof. Let c ∈ Rn be arbitrary, d := N−1
h Lhc, i.e. Nhd = Lhc, further, let u =

n∑
j=1

cjϕj ∈ Vh and z =
n∑

j=1
djϕj ∈ Vh. Then mL‖u‖2

S ≤ 〈LSu, u〉S = Lh c · c = Nh d · c =

〈NSz, u〉S ≤ ‖NSz‖S‖u‖S , hence mL‖u‖S ≤ ‖NSz‖S ≤ MN‖z‖S , and by exchanging L and N
resp. u and z, we similarly obtain mN‖z‖S ≤ ‖LSu‖S ≤ ML‖u‖S . Hence, altogether,

mL

MN
≤ ‖N−1

h Lhc‖Sh

‖c‖Sh

=
(Sh d · d)1/2

(Sh c · c)1/2
=
‖z‖S

‖u‖S
≤ ML

mN
. (3.56)
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The above result is a direct extension of Proposition 3.3.3: the latter is recovered by the case
N = S, for which MN = mN = 1. However, if both N and L have a large ratio M/m, then the
upper bound in (3.55) becomes large even if N is an accurate approximation of L. In this case
it is more useful to involve the difference of N and L in the bound:

Proposition 3.3.5 If the operators L and N satisfy (3.54), then for any subspace Vh ⊂ HS

κ(N−1
h Lh) ≤

(
1 +

mL + mN

2mLmN
‖LS −NS‖

)2

independently of Vh.

Proof. We follow the proof of Proposition 3.3.4. Let c,d ∈ Rn and u, z ∈ Vh be as

therein, k := d − c and h :=
n∑

j=1
kjϕj = z − u. Then mN‖h‖2

S ≤ 〈NSh, h〉S = Nh k · k =

Nh d · k− Nh c · k = (Lh − Nh) c · k = 〈(LS − NS)u, h〉S ≤ ‖LS − NS‖ ‖u‖S‖h‖S . Hence
‖z‖S ≤ ‖u‖S + ‖h‖S ≤ ‖u‖S

(
1 + 1

mN
‖LS − NS‖

)
. Exchanging L and N resp. u and z, we

obtain ‖u‖S ≤ ‖z‖S

(
1 + 1

mL
‖LS −NS‖

)
. In view of (3.56), the obtained bounds on the ratio

‖z‖S/‖u‖S imply

κ(N−1
h Lh) ≤

(
1 +

1
mN

‖LS −NS‖
)(

1 +
1

mL
‖LS −NS‖

)
≤

(
1 +

mL + mN

2mLmN
‖LS −NS‖

)2

where the second estimate uses the arithmetic-geometric mean inequality.

Consequently, by (3.53), the CGN algorithm (2.35) for system (3.52) converges with a ratio
bounded independently of Vh.

4 Compact-equivalent operators and superlinear convergence

As shown in Chapter 3, equivalence of operators provides mesh independent linear convergence
of CG iterations. Our further goal is to complete the above results by showing that for a proper
class of problems, superlinear convergence is also mesh independent. This means that a bound on
the rate of superlinear convergence is given in the form of a sequence which is mesh independent
and is determined only by the underlying operators. To describe the suitable class of problems,
we introduce the notion of compact-equivalent operators which expresses that preconditioning
one of them with the other yields a compact perturbation of the identity. This notion and the
convergence results provide a refinement of the case of equivalent operators: roughly speaking,
if the two operators (the original and preconditioner) are equivalent then the corresponding
PCG method provides mesh independent linear convergence, whereas if the two operators are
compact-equivalent then the PCG method provides mesh independent superlinear convergence.

Results for mesh independent superlinear convergence are essentially available for FEM type
discretizations only, even more so than has been pointed out for linear convergence in the
previous chapter. The general results below concern Galerkin discretizations in Hilbert space,
based on [14, 16], and will be applied to FEM discretizations of elliptic problems in later parts
of the paper.
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4.1 Compact-equivalent operators in Hilbert space

In this chapter we shall consider compact operators in Hilbert space, i.e., linear operators C such
that the image (Cvi) of any bounded sequence (vi) contains a convergent subsequence. Recall
that the eigenvalues of a compact self-adjoint operator cluster at the origin.

Definition 4.1.1 (i) We call λi(F ) (i = 1, 2, . . . ) the ordered eigenvalues of a compact self-
adjoint linear operator F in H if each of them is repeated as many times as its multiplicity and
|λ1(F )| ≥ |λ2(F )| ≥ ...

(ii) The singular values of a compact operator C in H are

si(C) := λi(C∗C)1/2, (i = 1, 2, . . . )

where λi(C∗C) are the ordered eigenvalues of C∗C. In particular, if C is self-adjoint then
si(C) = |λi(C)|.

It follows that the singular values of a compact operator cluster at the origin.

Superlinear convergence results will require a certain refinement of the notion of equivalence
of operators, which we introduce in the class defined in Definition 3.2.1:

Definition 4.1.2 Let L and N be S-bounded and S-coercive operators in H. We call L and
N compact-equivalent in HS if

LS = µNS + QS (4.1)

for some constant µ > 0 and compact operator QS ∈ B(HS).

Remark 4.1.1 (i) It follows in a straightforward way that the property of compact-equivalence
is an equivalence relation.

(ii) In the special case R(L) ⊂ R(N), compact-equivalence of L and N means that N−1L is
a compact perturbation of constant times the identity in the space HS . Indeed, it is easy to see
that here N−1L = N−1

S LS

∣∣
D(L)

, and, by definition, the latter is the perturbation of µI with the

operator N−1
S QS

∣∣
D(L)

, which is compact since N−1
S is bounded. (In the general case the ’weakly

preconditioned’ form N−1
S LS is also a compact perturbation.)

4.2 A characterization of compact-equivalent elliptic operators

We shall now characterize compact-equivalence for elliptic operators. For this, let us consider the
class of coercive elliptic operators defined in subsection 3.2.2. That is, let us take two operators
as in (3.10):

L1u ≡ −div (A1∇u) + b1 · ∇u + c1u for u|ΓD
= 0, ∂u

∂νA1
+ α1u|ΓN

= 0,

L2u ≡ −div (A2∇u) + b2 · ∇u + c2u for u|ΓD
= 0, ∂u

∂νA2
+ α2u|ΓN

= 0

where we assume that L1 and L2 satisfy Assumptions 3.2.2.1. Then by Proposition 3.2.2, the
operators L1 and L2 are S-bounded and S-coercive in L2(Ω), where S is the symmetric operator
from (3.11). The corresponding energy space HS = H1

D(Ω) with S-inner product has been given
in (3.12). Then it makes sense to study the compact-equivalence of L1 and L2 in H1

D(Ω), and
the following result is available:
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Proposition 4.2.1 Let the elliptic operators L1 and L2 satisfy Assumptions 3.2.2.1. Then L1

and L2 are compact-equivalent in H1
D(Ω) if and only if their principal parts coincide up to some

constant µ > 0, i.e. A1 = µA2.

The sufficiency of the principal part condition is partly verified in [52], and the whole propo-
sition is proved in [16].

4.3 Mesh independent superlinear convergence in Hilbert space

Now we present mesh independent superlinear convergence estimates in the case of compact-
equivalent preconditioning. For simplicity, in what follows, we will consider compact-equivalence
with µ = 1 in (4.1). This is clearly no restriction, since if a preconditioner NS satisfies LS =
µNS + QS then we can consider the preconditioner µNS instead.

4.3.1 Symmetric compact-equivalent preconditioners

Let us consider operators L and S as in Definition 3.2.1, and assume in addition that L and S
are compact-equivalent with µ = 1. In this special case (4.1) holds with NS = I:

LS = I + QS (4.2)

with a compact operator QS . We apply the stiffness matrix Sh of S, see (3.39), as preconditioner
for system (3.24). By (4.2), letting

Qh =
{
〈QSϕi, ϕj〉S

}n

i,j=1
, (4.3)

the preconditioned system (3.26) takes the form

(Ih + S−1
h Qh) c = b̃h (4.4)

where Ih is the n× n identity matrix.

We have the estimates (2.33) and (2.39) for the GCG-LS algorithm (2.19) and the CGN
algorithm (2.35), respectively. In order to have mesh independent bounds for these estimates in
the case A = S−1

h Lh, we first observe that (3.42) provides the bound λ0(S−1
h Lh) ≥ m, hence the

task left is to find bounds for the sums of eigenvalues in these expressions in the case C = S−1
h Qh.

Using Definition 4.1.1, the following two results give the required bounds in terms of the operator
QS .

Proposition 4.3.1 [14]. Let H be a complex Hilbert space. If QS is a normal compact operator
in HS and the matrix S−1

h Qh is Sh-normal, then

k∑

i=1

∣∣λi(S−1
h Qh)

∣∣ ≤
k∑

i=1

∣∣λi(QS)
∣∣ (k = 1, 2, . . . , n).

If H is a real Hilbert space (as it is throughout this paper) then H and HS can be extended to
a complex Hilbert space, as well as QS can be extended to be defined on the complex space, in
an obvious way by linearity.

Then (2.33) implies
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Corollary 4.3.1 Under the conditions of Proposition 4.3.1, the GCG-LS algorithm (2.19) for
system (4.4) yields (‖ek‖Lh

‖e0‖Lh

)1/k

≤ εk (k = 1, 2, ..., n), (4.5)

where

εk :=
2

km

k∑

j=1

∣∣λj(QS)
∣∣ → 0 as k →∞ (4.6)

and εk is a sequence independent of Vh.

The most important special case here is symmetric part preconditioning, when both normality
assumptions are readily satisfied. In fact, QS is antisymmetric in HS and similarly, S−1

h Qh

is Sh-antisymmetric, see (3.48) and afterwards. Then the GCG-LS algorithm reduces to the
truncated GCG-LS(0) version (2.20). Moreover, the Lh-norm equals the Sh-norm in (4.5) and
m = 1 in (4.6).

In the general case without normality, we have the following bounds for (2.39):

Proposition 4.3.2 [16]. Any compact operator QS in HS satisfies the following relations:

(a)
k∑

i=1

λi(S−1
h QT

h S−1
h Qh) ≤

k∑

i=1

si(QS)2 (k = 1, 2, . . . , n),

(b)
k∑

i=1

∣∣λi(S−1
h QT

h + S−1
h Qh)

∣∣ ≤
k∑

i=1

∣∣λi(Q∗
S + QS)

∣∣ (k = 1, 2, . . . , n),

Then (2.39) implies

Corollary 4.3.2 If L and S are compact-equivalent with µ = 1, then the CGN algorithm (2.35)
for system (4.4) yields (‖rk‖Sh

‖r0‖Sh

)1/k

≤ εk (k = 1, 2, ..., n), (4.7)

where

εk :=
2

km2

k∑

i=1

(∣∣λi(Q∗
S + QS)

∣∣ + λi(Q∗
SQS)

)
→ 0 as k →∞ (4.8)

and εk is a sequence independent of Vh.

Remark 4.3.1 A self-adjoint compact operator QS is called a Hilbert-Schmidt operator if

‖|QS‖|2 ≡
∞∑
i=1

λi(QS)2 < ∞. (Here ‖|S−1Q‖| is called the Hilbert-Schmidt norm of S−1Q.)

In this case it is proved in [65] that

k∑

i=1

∣∣λi(S−1
h Qh)

∣∣2 ≤ ‖|QS‖|2 (k = 1, 2, . . . , n).

Then (2.18) yields (‖ek‖A

‖e0‖A

)1/k

≤
(

3
2k

)1/2

‖|QS‖| , (4.9)

which shows a superlinear rate of convergence of magnitude O(k−1/2).
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4.3.2 Nonsymmetric compact-equivalent preconditioners

Now let N be a nonsymmetric S-bounded and S-coercive operator which is compact-equivalent
to L with µ = 1, i.e., (4.1) becomes

LS = NS + QS . (4.10)

We apply the stiffness matrix Nh of NS , see (3.51), as preconditioner for the discretized system
(3.24). Since N is nonsymmetric, in order to define an inner product on Rn we preserve the
stiffness matrix of S on Vh, i.e. using (3.39) we endow Rn with the Sh-inner product 〈c,d〉Sh

:=
Sh c · d as earlier. Then the Sh-adjoint of N−1

h Lh is S−1
h LT

h N−T
h Sh, hence we apply the CGN

algorithm (2.35) with A = N−1
h Lh and A∗ = S−1

h LT
h N−T

h Sh.
Using (4.3) and (4.10), the preconditioned system (3.52) takes the form

(Ih + N−1
h Qh) c = b̂h (4.11)

where Ih is the n× n identity matrix. The CGN algorithm (2.35) then provides

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ 2µh

k

k∑

i=1

(
λi(S−1

h QT
h N−T

h Sh + N−1
h Qh) + λi(S−1

h QT
h N−T

h ShN−1
h Qh)

)
(4.12)

(k = 1, 2, ..., n), where (2.39) is used but the value µh := ‖(N−1
h Lh)−1‖2

Sh
is now preserved

instead of the estimate (2.37). Again, our goal is to give a bound on (4.12) that is independent
of Vh. Since (3.56) implies µh ≤ (MN/mL)2 with the bounds in (3.54), our task is again to find
bounds for the sum of eigenvalues in (4.12).

Proposition 4.3.3 [16]. Let L and N be S-bounded and S-coercive operators, and let (4.10)
hold with a compact operator QS on HS. Let si(QS) (i = 1, 2, . . . ) denote the singular values
of QS. Then the following relations hold:

(a)
k∑

i=1

λi(S−1
h QT

h N−T
h ShN−1

h Qh) ≤ 1
m2

N

k∑

i=1

si(QS)2 (k = 1, 2, . . . , n),

(b)
k∑

i=1

∣∣λi(S−1
h QT

h N−T
h Sh + N−1

h Qh)
∣∣ ≤ 2

mN

k∑

i=1

si(QS) (k = 1, 2, . . . , n),

Corollary 4.3.3 For compact-equivalent operators L and N , the CGN algorithm (2.35) for
system (4.11) yields (‖rk‖Sh

‖r0‖Sh

)1/k

≤ εk (k = 1, 2, ..., n) (4.13)

where εk =
2M2

N

km2
L

k∑

i=1

( 2
mN

si(QS) +
1

m2
N

si(QS)2
)
→ 0 (as k →∞) (4.14)

and εk is a sequence independent of Vh.
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5 Spectrally equivalent preconditioners for symmetric elliptic
equations

In this chapter we consider some methods based on the concept of spectral equivalence to
construct preconditioners for elliptic problems with variable coefficients. Both second and fourth
order scalar equations are discussed, whereas second order systems will be considered in Chapter
6. We also refer to some early use of equivalent operators in iterative solution methods.

5.1 Second order equations

Let us consider the special case when the operator (3.10) is symmetric:

Lu ≡ −div (A∇u) + cu for u|ΓD
= 0, ∂u

∂νA
+ αu|ΓN

= 0, (5.1)

and define another symmetric elliptic operator like in (3.11) as preconditioning operator:

Su ≡ −div (G∇u) + σu for u|ΓD
= 0, ∂u

∂νG
+ βu|ΓN

= 0, (5.2)

where both operators satisfy Assumptions 3.2.2.2.
Being symmetric special cases of (3.10) and (3.11), Proposition 3.3.1 holds for the operators

(5.1)-(5.2). Hence by (3.28), for FEM discretizations, the preconditioned CG algorithm (2.4) for
system S−1

h Lh c = b̃h (where b̃h = S−1
h bh) converges with a ratio independent of Vh. Similar

results on FDM discretizations are available on rectangular domains for certain special cases
of (5.1)-(5.2), cited later. In what follows, we are interested in efficient applications of such
preconditioning, i.e. when systems with Sh are easier to solve than systems with Lh, for both
FEM and FDM discretizations.

For ease of presentation, we will mainly deal with problems with only the principal parts of
(5.1) and with Dirichlet boundary conditions:

{
Lu := −div

(
A∇u

)
= g

u|∂Ω = 0.
(5.3)

We note that most of the practical applications of spectrally equivalent preconditioning has been
developed for problems like (5.3). This operator is a special case of (5.1), hence we assume that
A ∈ C1(Ω,Rd×d) is a symmetric and uniformly positive definite matrix function. The latter
means that there exist constants p1 ≥ p0 > 0 such that

p0 |ξ|2 ≤ A(x)ξ · ξ ≤ p1 |ξ|2 (x ∈ Ω, ξ ∈ Rd). (5.4)

An important special case of (5.3) arises for the linearization of a nonlinear problem of the
form {

−div
(
a(|∇u|2∇u

)
= f

u|∂Ω = 0,
(5.5)

where a : R+ → R+ is a scalar C1 function satisfying

0 < p0 ≤ a(r) ≤ p1, 0 < p0 ≤ d
dr

(
a(r2)r

)
≤ p1 (r ≥ 0) (5.6)

for some constants p1 ≥ p0 > 0. Then the weak form of (5.5) can be written as F (u) = 0, where
the operator F is of the type (3.30) on HS = H1

0 (Ω) with inner product [u, v] =
∫
Ω∇u · ∇v,
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mentioned in Remark 3.3.1. The Newton linearization of (5.5) leads to linear elliptic problems
of the type (5.3), and this will be discussed in the next subsection.

In general, suitable preconditioning operators for problem (5.3) are proposed with diagonal
coefficients:

Su := −div
(
a(x)∇u

)
(5.7)

for u also satisfying u|∂Ω = 0, where a ∈ C1(Ω,R) is some scalar function also bounded between
two positive constants. We will refer to possible extensions to more general problems. Requiring
a diagonal coefficient in (5.7) implies that for a wide class of discretizations, the matrices of the
auxiliary linear systems have favourable properties such as the M -matrix property [36, 74].

5.1.1 The Laplacian and related preconditioning operators

The simplest preconditioning operator in this context is

Su := −∆u, (5.8)

which is historically important as being the first application of the equivalent operator idea
for discretized elliptic problems. In the papers [42] and [58], the centered finite difference dis-
cretization of (5.3) for scalar A was studied on a rectangle, and the same discretization of the
minus Laplacian was proposed as preconditioner. This preconditioning was constructed in the
context of simple (or Richardson) iterations, and was later termed as D’yakonov-Gunn itera-
tion. We note that the Laplacian preconditioner in an infinite-dimensional setting has first been
applied in [39], whereas various modifications of the D’yakonov-Gunn iteration have been given
in [33, 37, 59, 87, 99]).

The implementation of the Laplacian preconditioner is based on the variety of available
efficient solvers. The above-mentioned earlier applications were based on fast direct solvers, see
e.g. [94] for a summary of classical fast methods and [88, 96] for later applications, including
the extension of fast solvers from rectangular domains to general ones via the fictitious domain
method, and see e.g. [51] for spectral methods. More recent implementations involve multigrid
or multilevel methods [21, 22, 61] for solving the auxiliary problems.

Concerning the rate of convergence, mesh independence of the spectral condition number
(i.e., spectral equivalence) has been proved in [40, 42, 58, 85] for FDM discretizations and in
[18] for FEM discretizations. For the latter, the mesh independence result is a special case of
subsection 3.3, i.e., in our setting, (5.4) yields

p0

∫

Ω
|∇u|2 ≤

∫

Ω
A ∇u · ∇u ≤ p1

∫

Ω
|∇u|2 (u ∈ H1

0 (Ω)), (5.9)

which is nothing but (3.25) since the operator S = −∆ satisfies HS = H1
0 (Ω). Hence Proposition

3.3.1 is valid with M = p1 and m = p0, and by (3.28), the CG algorithm (2.4) for system (3.26)
converges as (‖ek‖Lh

‖e0‖Lh

)1/k

≤ 21/k

√
p1 −√p0√
p1 +

√
p0

(k = 1, 2, ..., n) (5.10)

independently of Vh.
As an important application of the above, let us consider the FEM discretization of the

nonlinear problem (5.5), solved by an outer Newton iteration. Based on Remark 3.3.1, if un

is the nth Newton iterate then the correction term pn ∈ Vh is found by solving the linearized
problem (3.38), in which we now set [h, v] =

∫
Ω∇h ·∇v. This problem is the FEM discretization
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of a linear elliptic problem (5.3), in which the coefficient matrix is the Jacobian of the nonlinearity
at un, that is,

A = a(|∇u|2) · I + 2a′(|∇u|2)∇uT
n · ∇un . (5.11)

Let us apply the CG algorithm as an inner iteration for this linearized problem. Here assumption
(5.6) means that (3.31) holds with M = p1 and m = p0, hence by (3.35), the matrix A satisfies
(5.9). Therefore, as stated above, Proposition 3.3.1 and the mesh independent convergence
estimate (3.28) are valid with M = p1 and m = p0 for the inner CG iteration. For details, see
[18] and [87] where this approach is used. In fact, one can consider mixed boundary conditions
u|ΓD

= 0, ∂u
∂ν |ΓN

= 0 in exactly the same framework [18], and pure Neumann boundary conditions
in the subspace {u ∈ H1(Ω) :

∫
Ω u = 0} as in [87].

Let us now turn to more general preconditioning operators. Some direct extensions of (5.8)
followed the D’yakonov-Gunn-idea along with the development of fast solvers: Helmholtz pre-
conditioners [37], scaled Laplacians [55] and in particular, operators with separable coefficients
[25, 57]:

Su = −
N∑

i=1

∂
∂xi

(
ai(xi) ∂u

∂xi

)

where the functions ai(xi) are separable approximations of the original coefficients. The imple-
mentation is based on the fact that the scope of the above-mentioned Laplacian solvers includes
general separable problems as well. In particular, fast direct solvers are available such as [88],
and have been developed on general domains as well using the fictitious domain approach [29, 87].
We note that the development of multilevel and multigrid methods have in general decreased
the need for the use of preconditioned conjugate gradient methods when solving (5.3). Still for
complicated domains or coefficients, it can be more efficient to use a PCG iteration with the
above preconditioning operators, and to apply multigrid only to the inner auxiliary Poisson or
Helmholtz problems, than to apply multigrid directly to the original problem (5.3) with variable
coefficients.

When applying Helmholtz preconditioners for problems with Laplacian principal part and
variable zeroth-order term as in [37], one can even verify mesh independent superlinear conver-
gence. Namely, it is proved in [65] that such preconditioning leads to the estimate (4.9).

Further generalizations of the Laplacian preconditioning operator are operators with a di-
agonal coefficient like in (5.7). This may be motivated by ill-conditioned problems where the
bounds p1 and p0 in (5.4) are much separated. We consider a particular preconditioning operator
of this type in the next subsection.

5.1.2 Piecewise constant coefficient preconditioning operators

When the spectral bounds of A are much separated, i.e. p1/p0 is large, the convergence factor
in (3.28) deteriorates. For such problems a suitable generalization of the discrete Laplacian to
’local Laplacians’ is a preconditioning operator with piecewise constant coefficient [9]. Formally
we write

Su := −div
(
w(x)∇u

)
(5.12)

where w is a piecewise constant function, that is, the domain Ω is decomposed in subdomains
Ωi (i = 1, . . . , s), and for all i,

wn |Ωi
≡ ci > 0. (5.13)
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In fact we only have to use the corresponding inner product

〈u, v〉S =
∫

Ω
w∇u · ∇v (u, v ∈ H1

0 (Ω)).

The estimate of the condition number follows from the proper choice of the constants ci. Let us
introduce the spectral bounds mi and Mi of A relative to Ωi, i.e. such that σ(A(x)) ⊂ [mi,Mi]
for all x ∈ Ωi. Then one should choose ci between mi and Mi. The definition of mi and Mi

implies that

min
i

mi

ci

∫

Ω
w|∇h|2 ≤

∫

Ω
A ∇h · ∇h ≤ max

i

Mi

ci

∫

Ω
w|∇h|2 (h ∈ H1

0 (Ω)),

i.e., introducing m := min
i

mi/ci and M := max
i

Mi/ci, estimate (3.25) holds. In particular, if

ci is some (arithmetic, geometric or harmonic) mean of mi and Mi, then M/m = max
i

Mi/mi.

Altogether, using these values of M and m, Proposition 3.3.1 and the mesh independent con-
vergence estimate (3.28) are valid

An important application arises for the nonlinear problem (5.5) when the ratio of the bounds
p1 and p0 in (5.6) is large. Similarly to the previous subsection, we consider the FEM discretiza-
tion of (5.5), solved by an outer Newton iteration, further, we use the results given in Remark
3.3.1. If un is the nth Newton iterate then the correction term pn ∈ Vh is found by solving the
linearized problem (3.38), in which we now set [h, v] =

∫
Ω∇h · ∇v. This is the FEM solution of

an elliptic problem of the type (5.3) with coefficient matrix (5.11). Estimate (3.35) then yields
∫

Ω
p(|∇un|2) |∇h|2 ≤

∫

Ω
A ∇h · ∇h ≤

∫

Ω
q(|∇un|2) |∇h|2 (h ∈ Vh),

hence for relative spectral bounds mi and Mi on Ωi, we can define

mi := inf
Ωi

p(|∇un|2), Mi := sup
Ωi

q(|∇un|2).

It is also shown in [9] that prescribed condition numbers M/m can be achieved via a suitable
recursive definition of the subdomains in a form

Ωi := {x ∈ Ω : ri−1 ≤ |∇un(x)| < ri} (i = 1, ..., s)

with prescribed ratios ri/ri−1, which reduces the conditioning analysis to the scalar functions
p and q. In practice favourable condition numbers have been achieved with 6 or 9 subdomains
even for almost singular problems, see this and further details in [9, 68].

The corresponding stiffness matrix Sh arises by modifying the discrete Laplacian such that
the corresponding blocks are multiplied by the constants ci. In the case of few subdomains, this
structure property only slightly increases the complexity of a Laplacian solver. The solution
of the auxiliary linear systems can then rely on various well-developed methods, including ones
designed especially for piecewise constant coefficient problems [21, 41, 54]. We stress here that
algebraic multilevel preconditioners [21] for the auxiliary problems can produce an optimal
condition number independent of the variation of w.

5.2 Fourth order equations

An analogue of the Laplacian preconditioner occurs for fourth order problems when the bihar-
monic operator is used as preconditioning operator for fourth order variable coefficient equations.
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Problems of the latter kind occur in the Newton linearization of nonlinear fourth order equa-
tions, which model the elasto-plastic bending of plates (see e.g. [80]). In this section we follow
the setting of [50].

A general form of such problems is




div2
(
g(E(D2u)) D̃2u

)
= α(x)

u|∂Ω = ∂u
∂ν

∣∣
∂Ω

= 0
(5.14)

(using clamped boundary conditions for simplicity), where Ω ⊂ R2 and the following notations
are used: D2u is the Hessian, D̃2u := 1

2(D2u + ∆u · I) where I is the 2 × 2 identity matrix,
E(D2u) = 1

2(|D2u|2 + (∆u)2) where |A|2 = A : A and the latter means elementwise matrix
product, and the scalar material function g ∈ C1(R+) satisfies

0 < µ1 ≤ g(r) ≤ µ2 , 0 < µ1 ≤ d
dr

(
g(r2)r

)
≤ µ2 (5.15)

with suitable constants µ1, µ2 > 0.
The weak form of (5.14) can be written as F (u) = 0, where the operator F falls into the

type of (3.30), discussed in Remark 3.3.1. Here HS = H2
0 (Ω) with inner product satisfying

〈u, v〉S :=
∫

Ω
D2u : D2v =

∫

Ω
D̃2u : D2v (u, v ∈ H2

0 (Ω)), (5.16)

further, (3.31) holds with constants m = µ1 and M = µ2. The FEM discretization and New-
ton linearization of such equations lead to problems of the form (3.38), where un is the nth
Newton iterate and the correction term pn ∈ Vh is looked for. Now problem (3.38) is the FEM
discretization of the 4th order linear elliptic BVP

Lpn ≡ div2
(
K D̃2pn

)
= rn (5.17)

with the array
K ≡ g(E(D2un)) · I + 2g′(E(D2un)) (D̃2un × D̃2un),

where rn is the residual at un. Here, for simplicity, we have fixed n and did not indicate the
dependence of K (and L) on n.

Let us introduce the biharmonic preconditioning operator

S = ∆2

for problem (5.17) with the same boundary conditions as in (5.14). Its energy space is HS =
H2

0 (Ω), whose standard inner product is (5.16). Then estimate (3.35) is valid with m = µ1 and
M = µ2, which yields

µ1

∫

Ω
|D2h|2 ≤

∫

Ω
K D̃2h : D2h ≤ µ2

∫

Ω
|D2h|2 (h ∈ H2

0 (Ω)),

i.e., estimate (3.25) holds in H2
0 (Ω). Hence Proposition 3.3.1 and the mesh independent conver-

gence estimate (3.28) are valid with m = µ1 and M = µ2.
The auxiliary biharmonic problems can be solved by various fast solvers (e.g. [47, 79]) or

alternatively, using a mixed variable variational formulation, e.g. [31].
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6 Separate displacement preconditioning for symmetric elliptic
systems

In this chapter we consider symmetric elliptic systems instead of a single symmetric equation.
An important advantage of the equivalent operator idea is that one can define independent
operators for the preconditioner, and thereby reduce the size of auxiliary systems to that of one
elliptic equation.

The most important mathematical model that leads to such a system is the elasticity prob-
lem in three dimensions, and therefore we use this model to present the preconditioning with
independent operators (called separate displacements in this context). The description of an
elastic body in structural mechanics leads to an elliptic system of three equations. There are
several models that describe these equations, formulated in terms of the displacement or defor-
mation [28, 35, 82]. We consider a model that involves a slight (i.e. material but not geometric)
nonlinearity, see the monograph [82] for the foundation of this model and [28] and the references
therein for further discussion. The Newton linearization of this model leads to a coupled 3D
linear system which contains the standard linear elasticity system as a special case. We give
a brief derivation of this system and then present a preconditioning method based on separate
displacements. The detailed development of this method is given in [5, 27] for linear elasticity
and in [13] in the nonlinear case. We rely on [13] and refer the reader there whenever more
details are required.

6.1 Problem formulation and reduction to linear systems

The basic system of equations is




−div σi = ϕi(x) in Ω

σi · ν = γi(x) on ΓN

ui = 0 on ΓD





(i = 1, 2, 3) (6.1)

where Ω ⊂ R3 is a bounded domain, x ∈ Ω is the space variable, σi = (σi1, σi2, σi3) (i = 1, 2, 3)
is the ith row of the stress tensor σ : Ω → R3×3, the functions ϕ : Ω → R3 and γ : ΓN → R3

describe the body and boundary force vectors, respectively, further, ∂Ω = ΓN ∪ ΓD is a disjoint
measurable subdivision and ΓD 6= ∅. The body is clamped on ΓD.

Problem (6.1) can be formulated as a second order system in terms of the displacement
vector u : Ω → R3 and the corresponding strain tensor ε = ε(u),

u = (u1, u2, u3), ε(u) =
1
2

(∇u +∇ut
)

respectively, where ∇ut(x) denotes the transpose of the matrix ∇u(x) ∈ R3×3 for x ∈ Ω.
Namely, let us introduce the following notations: for any A,B ∈ R3×3 let

volA =
1
3
trA · I, dev A = A− volA, A : B =

3∑

i,k=1

AikBik, |A|2 = A : A (6.2)

where trA =
∑3

i=1 Aii is the trace of A and I is the identity matrix. Using these notations, in
the involved model the connection of strain and stress is given by the matrix-valued nonlinear
expression

σ(x) = T (x, ε(u(x))) (6.3)

37



with T : Ω×R3×3 → R3×3 given by

T (x,A) = 3k(x, |volA|2) volA + 2µ(x, |dev A|2) dev A (x ∈ Ω, A ∈ R3×3), (6.4)

where k(x, s) is the bulk modulus of the material and µ(x, s) is Lamé’s coefficient. Here the
functions k, µ : Ω×R+ → R are measurable and bounded w.r.t. x and C1 w.r.t. the variable s
and, moreover, ∂k/∂s and ∂µ/∂s are assumed to be Lipschitz continuous. Further, they satisfy

0 < k0 ≤ 2µ(x, s) ≤ 3k(x, s) ≤ K0 ,

0 < k0 ≤ ∂
∂s

(
3 k(x, s2)s

) ≤ K0 , 0 < k0 ≤ ∂
∂s

(
2 µ(x, s2)s

) ≤ K0 ,
(6.5)

with suitable constants K0 ≥ k0 > 0 independent of (x, s). Altogether, substituting (6.3) into
(6.1) and letting Ti denote the ith column of T , we obtain the quasilinear elliptic system





−div Ti(x, ε(u)) = ϕi(x) in Ω

Ti(x, ε(u)) · ν = γi(x) on ΓN

ui = 0 on ΓD





(i = 1, 2, 3). (6.6)

For numerical treatment we rather need the weak formulation, which is done in the real
Sobolev space

H1
D(Ω) := {u ∈ H1(Ω) : u|ΓD

= 0}
that corresponds to the Dirichlet boundary conditions. Then the weak formulation reads as
follows: find u = (u1, u2, u3) ∈ H1

D(Ω)3 such that
∫

Ω
T (x, ε(u)) : ε(v)−

∫

Ω
ϕ · v −

∫

ΓN

γ · v dσ = 0 (v ∈ H1
D(Ω)3) (6.7)

where, with the representation (6.4) for T (x, ε(u)), one can derive

T (x, ε(u)) : ε(v) = 3k(x, |vol ε(u)|2) vol ε(u) : vol ε(v) + 2µ(x, |dev ε(u)|2) dev ε(u) : dev ε(v)
(6.8)

Well-posedness for (6.7) can be shown using monotone potential operators [28, 82].
The above model includes linear elasticity as a special case when the functions k and µ only

depend on x but do not depend on s, or, in particular, when they are constant. In this case
the correspondence λ := (3k − 2µ)/3 leads to the more standard formulation of linear elasticity
with two Lamé coefficients:

{ −µ ∆u− (λ + µ)∇ div u = ϕ

u|∂Ω = 0 .

The numerical solution of the nonlinear problem (6.7) is approached in a standard way. First
a finite element discretization is done in a fixed FEM subspace Vh ⊂ H1

D(Ω). Looking for the FE
solution uh ∈ V 3

h satisfying problem (6.7) only for all test functions v ∈ V 3
h , the corresponding

finite dimensional problem is written as

〈Fh(uh),v〉 = 0 (v ∈ V 3
h ). (6.9)

Then problem (6.9) is solved by a damped inexact Newton (DIN) iteration

un+1 = un + τnpn (6.10)
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in V 3
h , where τn ∈ (0, 1] is a suitable damping parameter and pn is the numerical solution of the

linear problem
〈F ′

h(un)pn,v〉 = −〈Fh(un),v〉 (v ∈ V 3
h ). (6.11)

Altogether, the original system (6.6) is reduced to the solution of discretized linear elliptic
systems (6.11), hence we are now concerned with the iterative solution of (6.11) using a suitable
preconditioning.

6.2 Separate displacement preconditioning

The discrete problem (6.11) is the discretization of the linear elliptic system

Ln
i pn ≡ −div (Kn ε(pn))i = −rn

i (i = 1, 2, 3) (6.12)

with the array
Kn ≡ T ′(x, ε(un)) (6.13)

where, for brevity, the arrays T ′(x, . ) denote the derivative of T w.r.t. its second (tensor) vari-
able, and rn

i ≡ −div Ti(x, ε(un))− ϕi are the residuals at un, further, the boundary conditions

pn
i = 0 on ΓD and (Kn ε(pn))i · ν = −Ti(x, ε(un)) · ν + γi on ΓN (6.14)

are satisfied. In the sequel we fix n and study one fixed problem (6.12), hence for simplicity we
omit the index n and the coordinates i, and simply write (6.12) as

Lp = r . (6.15)

Accordingly, its discretization (6.11) is written as

Lh ph = rh . (6.16)

Corresponding to the three coordinates, the operator L can be represented in a tensor form
L = {Lij}3

i,j=1, and the stiffness matrix Lh has the analogous block partitioned form

Lh =




L11
h L12

h L13
h

L21
h L22

h L23
h

L31
h L32

h L33
h


 . (6.17)

Separate displacement preconditioning is based on the above partitioning. As precondi-
tioning operator we propose the triplet of independent negative Laplacians:

S p :=
(−∆pi

)
i=1,2,3

in H1
D(Ω)3, whence as preconditioning matrix we have the corresponding block diagonal stiffness

matrix

Sh =



−∆h 0 0

0 −∆h 0
0 0 −∆h


 , (6.18)

where −∆h is the discretization of −∆ in Vh:

{−∆h}i,j =
∫

Ω
∇ψi · ∇ψj . (6.19)
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(Concerning boundary conditions, note that p ∈ H1
D(Ω)3 satisfies pi = 0 on ΓD for i = 1, 2, 3,

further, in the PCG iteration for (6.12) we have ∂pi
∂ν = (Kn ε(d(n)

k ))i · ν on ΓN where d(n)
k ,

k = 1, 2, ..., is the sequence of CG search directions in the nth outer DIN step.)
The auxiliary problems with this preconditioner are therefore decoupled to three independent

Poisson equations. For each of these equations one can apply efficient Poisson solvers, mentioned
in section 5.1.1, such as multigrid or multilevel methods or fast direct solvers.

Remark 6.2.1 An alternative separate displacement preconditioner instead of (6.18) is

Sh =




L11
h 0 0
0 L22

h 0
0 0 L33

h


 ,

which can be directly composed from the elements of the original stiffness matrix Lh and,
accordingly, can produce better conditioning properties than (6.18) when there is anisotropy
and/or large variation of the coefficients [27]. However, the above-mentioned fast Poisson solvers
cannot be used here, and incomplete factorization is also easier to construct for the precondi-
tioner (6.18), see also [27].

To derive the achieved mesh independent condition number with the preconditioner (6.18),
first note that Definition 3.2.2 and (6.12) imply

〈LSp,v〉S =
∫

Ω
Kn ε(p) : ε(v) (p, v ∈ H1

D(Ω)3). (6.20)

Here HS = H1
D(Ω)3 with inner product 〈p,v〉S =

3∑
i=1

∫
Ω

∇pi · ∇vi. From (6.5), (6.8) and (6.13)

a suitable calculation yields

k0

∫

Ω
|ε(v)|2 ≤ 〈LSv,v〉S ≤ K0

∫

Ω
|ε(v)|2 (v ∈ H1

D(Ω)3),

which is an analogue of (3.35) for the sum of two nonlinearities. The obvious relation
∫
Ω

|ε(v)|2 ≤
‖v‖2

S and Korn’s inequality ‖v‖2
S ≤ κ

∫
Ω

|ε(v)|2, see [63], yield the analogue of spectral equivalence

relation (3.25):
k0

κ
‖v‖2

S ≤ 〈LSv,v〉S ≤ K0‖v‖2
S (v ∈ H1

D(Ω)3).

Hence Proposition 3.3.1 implies

Proposition 6.2.1 The preconditioner (6.18) yields cond(S−1
h Lh) ≤ κ

K0

k0
independently of

the subspace Vh ⊂ H1
D(Ω).

Accordingly, the CG algorithm (2.4) for system S−1
h Lhph = S−1

h rh converges with ratio√
κK0−

√
k0√

κK0+
√

k0
independently of Vh.

We finally note that the ratio K0
k0

may deteriorate when k >> µ, which corresponds to the
locking phenomenon. A possible remedy is a suitable mixed formulation, for which an outer-inner
iteration scheme can still preserve mesh independent condition numbers, see [13] for details.
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7 Symmetric equivalent preconditioners for nonsymmetric equa-
tions

In this chapter we consider nonsymmetric elliptic problems
{

Lu := −div (A∇u) + b · ∇u + cu = g

u|ΓD
= 0, ∂u

∂νA
+ αu|ΓN

= 0,
(7.1)

on a bounded domain Ω ⊂ Rd, where ∂u
∂νA

= Aν ·∇u denotes the weighted normal derivative. We
assume that the operator L satisfies Assumptions 3.2.2.1, that is, L is of the type (3.10), further,
that g ∈ L2(Ω). Defining the corresponding Sobolev space H1

D(Ω) = {u ∈ H1(Ω) : u|ΓD
= 0},

these assumptions then ensure that problem (7.1) has a unique weak solution u ∈ H1
D(Ω) (see

also Remark 3.2.3).
We note that the homogeneity of the boundary conditions only serve convenience, the non-

homogeneous case can be reduced to it in a standard way, see Remark 7.1.2. For problem (7.1)
one can rely directly on the results of chapters 3-4.

Problem (7.1) is most often solved numerically with a finite difference or finite element
method. Our concern is to define preconditioners for the arising linear systems as the dis-
cretizations of suitable equivalent operators, and to derive mesh independence results for the
convergence of proper PCG iterations. Concerning the latter, as noted in subsection 3.1, it turns
out from [49, 78] that one can mostly derive general results for FEM type discretizations only,
whereas FDM discretizations require a case by case study. Accordingly, we give general results
below for FEM discretizations, based on chapters 3-4, whereas for FDM discretizations we cite
certain case by case investigations.

When FEM is used, we define in general a subspace Vh = span{ϕ1, . . . , ϕn} ⊂ H1
D(Ω) and

seek the FEM solution uh ∈ Vh, which requires solving the n× n system

Lh c = gh (7.2)

where (
Lh

)
i,j

=
∫

Ω

(
A∇ϕi · ∇ϕj + (b · ∇ϕi)ϕj + cϕiϕj

)
+

∫

ΓN

αϕiϕj dσ (7.3)

and (gh)j =
∫
Ω gϕj (j = 1, 2, ..., n). Since L is coercive, the symmetric part of Lh is positive

definite, hence system (7.2) has a unique solution. Moreover, if a sequence of such subspaces Vh

satisfies infv∈Vh
‖u − v‖H1 → 0 for all u ∈ H1

D(Ω), then it follows in a standard way [34] that
uh converges to the exact weak solution in H1-norm. The equivalent operator idea proposes to
define a preconditioner for (7.2) as the discretization in Vh of another suitable elliptic operator,
equivalent to L.

In this chapter we consider symmetric preconditioning operators for the discretizations of
(7.1). It is a natural idea to involve symmetric operators when easier equivalent problems are
looked for, since the solution of symmetric discrete elliptic problems is in general considerably
easier than that of nonsymmetric ones. As pointed out e.g. in [30], the matrices of discretized
elliptic operators often have properties that allow the use of sparse matrix packages, further,
fast direct solvers are often available on various domains. In addition, symmetric part pre-
conditioning yields an automatic truncation of the GCG-LS algorithm to short term recursion.
These properties have made symmetric equivalent preconditioning an attractive strategy, see,
e.g., [25, 30, 33, 37, 38, 45, 100].

General convergence results are presented in section 7.1, then important particular symmetric
preconditioning operators are discussed in sections 7.2-section 7.3.

41



7.1 General symmetric preconditioners

We give general convergence results in our S-bounded and S-coercive setting: namely, we verify
linear and superlinear mesh independent convergence for two corresponding classes of symmetric
preconditioning operators.

7.1.1 Linear convergence with symmetric preconditioners

Let S be the symmetric elliptic operator introduced in (3.11):

Su ≡ −div (G∇u) + σu for u|ΓD
= 0, ∂u

∂νG
+ βu|ΓN

= 0, (7.4)

assumed to satisfy Assumptions 3.2.2.2. The corresponding inner product on H1
D(Ω) is

〈u, v〉S :=
∫

Ω
(G ∇u · ∇v + σuv) +

∫

ΓN

βuv dσ . (7.5)

Let us first consider the FEM discretization (7.2) of problem (7.1). Then we introduce the
stiffness matrix of S

Sh =
{
〈ϕi, ϕj〉S

}n

i,j=1
(7.6)

that is, (
Sh

)
i,j

=
∫

Ω
(G ∇ϕi · ∇ϕj + σϕiϕj) +

∫

ΓN

βϕiϕj dσ ,

as preconditioner for system (7.2), and then solve the preconditioned system

S−1
h Lh c = g̃h (7.7)

(with g̃h = S−1
h gh) with a CG algorithm taken from section 2.2. The basic conditioning estimate

is as follows:

Proposition 7.1.1 For any subspace Vh ⊂ H1
D(Ω), the matrices (7.3) and (7.6) satisfy

Λ(S−1
h Lh)

λ0(S−1
h Lh)

≤ M

m
(7.8)

independently of Vh, where

M := p1 + CΩ,S q−1/2‖b‖L∞(Ω)d + C2
Ω,S‖c‖L∞(Ω) + C2

ΓN ,S‖α‖L∞(ΓN ) ,

m :=
(
p−1
0 + C2

Ω,L‖σ‖L∞(Ω) + C2
ΓN ,L‖β‖L∞(ΓN )

)−1
.

(7.9)

(The meaning of the constants in the above formulas is given in Proposition 3.2.2 and Remark
3.2.4.)

Proof. Since Assumptions 3.2.2.1-2 hold, Proposition 3.2.2 yields that the operator L is
S-bounded and S-coercive in L2(Ω). In particular, (3.20) implies that the S-bounds of L are
those in (7.9). Therefore Proposition 3.3.2 can be used in HS = H1

D(Ω) to obtain the required
result.

Similarly, Proposition 3.3.3 yields

κ(S−1
h Lh) ≤ M

m
independently of Vh. Now let us apply the CG algorithms from section 2.2, such that we endow
Rn with the Sh-inner product 〈., .〉Sh

. The above conditioning estimates and (3.44)-(3.45) yield
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Proposition 7.1.2 For system (7.7), the GCG-LS algorithm (2.19) satisfies
(‖rk‖Sh

‖r0‖Sh

)1/k

≤
(
1−

( m

M

)2)1/2
(k = 1, 2, ..., n), (7.10)

which holds as well for the GCR and Orthomin methods together with their truncated versions;
further, the CGN algorithm (2.35), where A = S−1

h Lh and A∗ = S−1
h Lh, satisfies

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ 21/k M −m

M + m
(k = 1, 2, ..., n), (7.11)

where both ratios are independent of Vh.

We note that the boundedness of κ(S−1
h Lh) in h for FEM discretizations is established in [49]

in the setting mentioned in Remark 3.3.2.

Remark 7.1.1 The above preconditioned CG algorithms lead to one (for GCG-LS) or two
(for CGN) auxiliary problems with matrix Sh. For instance, in the case of CGN, finding the
correction terms in algorithm (2.35) with the present choice A = S−1

h Lh and A∗ = S−1
h LT

h are
equivalent to the auxiliary problems

find zk ∈ Vh : 〈zk, v〉S = 〈LSdk, v〉S (v ∈ Vh),

find sk+1 ∈ Vh : 〈sk+1, v〉S = 〈L∗Srk+1, v〉S (v ∈ Vh),

i.e., zk and sk+1 are the FEM solutions in Vh of the symmetric elliptic problems of the form
Szk = Ldk and Ssk+1 = L∗rk+1 with corresponding boundary conditions. For zk, using notation
Pdk := ∂dk

∂νA
+ αd k on ΓN , this amounts to the FEM solution in Vh of the problem

{ −div (G∇zk) + σzk = Ldk

zk |ΓD
= 0, ∂zk

∂νG
+ βzk |ΓN

= Pdk ,
(7.12)

and a similar problem is solved for sk+1. Such symmetric problems can be solved by a variety
of efficient solvers such as multigrid or multilevel methods, sparse matrix packages or fast direct
solvers.

Remark 7.1.2 In the above, we have considered homogeneous boundary conditions in the
original problem (7.1). The results can be extended to the non-homogeneous case in a standard
way as follows.

Let us first consider non-homogeneity only for the Neumann boundary condition on ΓN of
(7.1), i.e.

u|ΓD
= 0, Pu ≡ ∂u

∂νA
+ αu|ΓN

= γ

for some γ ∈ L2(ΓN ). In FEM discretization, the algebraic system (7.2) then becomes modified
only on the right-hand side: (gh)j =

∫
Ω gϕj +

∫
ΓN

γϕj , but Lh remains unchanged. Therefore
Propositions 7.1.1-7.1.2 remain valid. The CG algorithm is modified in the auxiliary problems
such that the Neumann right-hand side Pdk in (7.12) is replaced by Pdk − γ.

If we also have non-homogeneity for the Dirichlet boundary condition on ΓD of (7.1): u|ΓD
=

ϕ, then we first choose an u0 ∈ H1(Ω) to satisfy only u0 |ΓD
= ϕ. Then we solve the weak form

of problem Lv = g−Lu0 with v|ΓD
= 0 and Pv|ΓN

= γ−Pu0, and finally let u = u0+v. In finite
element applications one normally chooses u0 as a sum of basis functions for the nodepoints on
ΓD.
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For FDM discretizations of problem (7.1), boundedness of κ(S−1
h Lh) is proved for Dirichlet

problems in [45] and for mixed problems in [49] on the unit square. In particular, similar mesh
independence results for the Orthomin and CGN methods as in Proposition 7.1.2 are presented
in [45], wherein the analogue of (7.10)-(7.11) is formulated with other suitable constants in the
bounds. The constants in the above results are, however, not all a priori defined in contrast to
m and M above, which is due to the lack of orthogonality compared to the FEM.

7.1.2 Superlinear convergence with symmetric preconditioners

Based on Proposition 4.2.1, we now define S to have the same principal part as L, i.e.,

Su ≡ −div (A∇u) + σu for u|ΓD
= 0, ∂u

∂νG
+ βu|ΓN

= 0, (7.13)

assumed to satisfy Assumptions 3.2.2.2. The corresponding inner product on H1
D(Ω) is the same

as (7.5) with G := A.
General superlinear results are only available for FEM discretizations. (The FDM discretiza-

tion of a particular problem will be mentioned in this respect at the end of section 7.3.) Therefore,
our goal now is to verify that the CG algorithm for system (7.7) provides mesh independent
superlinear convergence. This can be easily derived from subsection 4.3.1. Using the decompo-
sition Lh = Sh + Qh, system (7.7) can be rewritten as in (4.4):

(Ih + S−1
h Qh) c = g̃h (7.14)

where Ih is the n× n identity matrix. Here

Qh =
{
〈QSϕi, ϕj〉S

}n

i,j=1
(7.15)

for the operator QS on H1
D(Ω) defined via

〈QSu, v〉S =
∫

Ω

(
(b · ∇u)v + (c− σ)uv

)
+

∫

ΓN

(α− β)uv dσ (u, v ∈ H1
D(Ω)), (7.16)

which satisfies (4.2) in H1
D(Ω). Then, by Proposition 4.2.1, the operator QS is compact, hence

Propositions 4.3.1-4.3.2 are valid as well as estimates (4.5)-(4.8). We note here that the normality
assumptions in Proposition 4.3.1 are too strong in general, it practically occurs in the case of
symmetric part preconditioning, which will be discussed in section 7.2. Hence we only consider
the second case that uses the CGN algorithm.

Summing up, let us consider system (7.7) or (7.14), where Lh is from (7.3) and Sh is from
(7.6) for the operator (7.13), i.e. for G = A. Then (4.7)-(4.8) yield

Proposition 7.1.3 [16]. Let us apply the CGN algorithm (2.35), where A = S−1
h Lh, A∗ =

S−1
h Lh and Rn is endowed with the Sh-inner product 〈., .〉Sh

. Then

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ εk (k = 1, 2, ..., n), (7.17)

where

εk :=
2

km2

k∑

i=1

(∣∣λi(Q∗
S + QS)

∣∣ + λi(Q∗
SQS)

)
→ 0 as k →∞ (7.18)

(with m from (7.9) and QS from (7.16)), and εk is a sequence independent of Vh.
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The above sequence εk is not a priori computable in practice, but the magnitude in which
εk → 0 can be determined in some cases, namely, when the asymptotics for symmetric eigenvalue
problems

Su = µu, u|ΓD
= 0, r

(
∂u
∂νA

+ βu
)
|ΓN

= µu (7.19)

are known, as is the case for Dirichlet problems where µi = O(i2/d).

Proposition 7.1.4 [16]. The sequence εk in (7.18) satisfies εk ≤ (4s/k)
k∑

i=1
(1/µi) for some

constants s, r > 0, where µi (i ∈ N+) are the solutions of (7.19). When the asymptotics
µi = O(i2/d) holds, in particular, for Dirichlet boundary conditions,

εk ≤ O
( log k

k

)
if d = 2 and εk ≤ O

( 1
k2/d

)
if d ≥ 3. (7.20)

7.2 Symmetric part preconditioning

A famous preconditioning strategy for solving (7.2) is symmetric part preconditioning, intro-
duced in [38, 100], see also [12, 14]. We outline this approach for the FEM discretization (7.2)
of problem (7.1). FDM discretization on the unit square is considered in the mentioned papers
[38, 100]: mesh independent linear convergence is derived in a special case and confirmed by
numerical tests in [100].

Let us define
Sh :=

1
2
(Lh + LT

h ), Qh :=
1
2
(Lh − LT

h ), (7.21)

that is, the symmetric and antisymmetric parts of Lh, respectively. Then Lh = Sh +Qh. If this
Sh is chosen as preconditioner for (7.2), then the preconditioned system S−1

h Lh c = g̃h becomes

(Ih + S−1
h Qh) c = g̃h , (7.22)

where Ih is the n × n identity matrix, such that S−1
h Qh is antisymmetric w.r.t. the Sh-inner

product 〈., .〉Sh
. This fact has important advantages, described in subsection 2.2.1: in fact,

the decomposition (7.22) is of the type (2.25). As pointed out there, for such antisymmetric
perturbations of the identity, one can avoid normal equations to construct a simple CG iteration:
by subsection 2.2.1.1, the full GCG-LS algorithm reduces to the truncated version GCG-LS(0)
by automatic truncation, i.e. one can use the one-step recurrence (2.20). This is the main
advantage of symmetric part preconditioning.

Concerning the convergence of the GCG-LS(0) iteration under symmetric part precondi-
tioning, one can specify the results of section 7.1 by using the estimates of chapters 3-4 developed
for abstract symmetric part preconditioning. To this end, we must define an appropriate elliptic
operator S such that Sh is the stiffness matrix of S. For Dirichlet boundary conditions, where
D(L) = D(L∗), one can simply set S = (L+L∗)/2, but for mixed problems where D(L) 6= D(L∗),
the definition of S requires a more general weak approach, see [66]. Based on this, one constructs
the symmetric part of L as

Su ≡ −div (A∇u) + ĉu for u|ΓD
= 0, ∂u

∂νG
+ α̂u|ΓN

= 0, (7.23)

where ĉ := c − 1
2 div b and α̂ := α + 1

2 (b · ν). Since L satisfies Assumptions 3.2.2.1, we just
obtain (by setting σ := ĉ and β := α̂) that S satisfies Assumptions 3.2.2.2. The corresponding
inner product on H1

D(Ω) is

〈u, v〉S :=
∫

Ω
(A ∇u · ∇v + ĉuv) +

∫

ΓN

α̂uv dσ . (7.24)
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This inner product satisfies

〈u, v〉S =
1
2

(
〈LSu, v〉S + 〈u, LSv〉S

)
(u, v ∈ H1

D(Ω)). (7.25)

(This is seen by Green’s formula, and in fact, the construction in [66] is based on this equality.)
Setting u = ϕi and v = ϕj in (7.25), it is readily seen that Sh is the symmetric part of Lh, i.e.
the required equality in (7.21) is satisfied.

We then have a decomposition (3.48):

LS = I + QS (7.26)

where I is the identity operator and QS is an antisymmetric operator on HS . The desired mesh
independent convergence estimates are determined by the operator QS . Here, analogously to
(7.25),

〈QSu, v〉S =
1
2

(
〈LSu, v〉S − 〈u, LSv〉S

)
=

1
2

∫

Ω

(
(b · ∇u) v − u (b · ∇v)

)
(u, v ∈ H1

D(Ω)).

(7.27)
First, the corresponding linear convergence estimate is given in (3.49)-(3.50) in terms of

‖QS‖. It follows easily from (7.27) that ‖QS‖ ≤ (p ν0)−1/2 ‖b‖∞ where ‖b‖∞ = maxΩ |b|,
p is the spectral lower bound of A from Assumptions 3.2.2.1 (iii), and ν0 > 0 is the smallest
eigenvalue of S (cf. e.g. [12]). Hence we obtain that for any FEM subspace Vh ⊂ H1

D(Ω), the
GCG-LS(0) algorithm (2.20) for system (7.22) satisfies

(‖rk‖Sh

‖r0‖Sh

)1/k

≤ ‖b‖∞√
p ν0 + ‖b‖2∞

(k = 1, 2, ..., n) (7.28)

and for the best possible estimate we have asymptotically

lim sup
(‖rk‖Sh

‖r0‖Sh

)1/k

≤ ‖b‖∞√
p ν0 +

√
p ν0 + ‖b‖2∞

, (7.29)

where both ratios are independent of Vh.
For superlinear convergence, one can use the simple estimates (4.5)-(4.6) and the comments

afterwards, since QS is antisymmetric in HS and similarly, S−1
h Qh is Sh-antisymmetric. Then

the GCG-LS(0) algorithm (2.20) for system (7.22) yields

(‖ek‖Sh

‖e0‖Sh

)1/k

≤ εk (k = 1, 2, ..., n) (7.30)

for the error vector ek, where

εk :=
2
k

k∑

j=1

∣∣λj(QS)
∣∣ → 0 as k →∞ (7.31)

and εk is a sequence independent of Vh, see [14]. We note that for 2D problems the asymptotic
magnitude

εk = O
( 1√

k

)
(7.32)
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holds for (7.31), which is derived in [14] for the unit square and extended in [67] to general
bounded domains.

We finally point out a significant limitation, namely, symmetric part preconditioning is only
favourable for diffusion-dominated problems, i.e. when |b| = O(1). For convection-dominated
problems, i.e. when |b| >> 1, the estimates (7.28)-(7.29) deteriorate, as well as (7.30)-(7.31)
since the magnitude of QS grows with b. In this case the proper choice of symmetric pre-
conditioning operator requires an additional large zeroth-order term, as discussed in the next
section.

7.3 Helmholtz preconditioners

A widespread general approach for defining preconditioners for the original variable coefficient
operator L in (7.1) is to introduce a constant coefficient operator S, see, e.g., [25, 33, 37,
45]. Due to the constant coefficients, efficient solution methods are available for the auxiliary
problems with S, such as multigrid or multilevel methods, or (if Ω is rectangular, or the boundary
conditions allow the problem to be easily embedded into a rectangular domain) fast direct solvers
for separable equations, see e.g. [88, 93]. The scope of these methods usually includes separable
problems as well, hence S can be more generally a separable approximation of L; for simplicity
we restrict our presentation for constant coefficients, where in particular some explicit results
can be cited.

Preconditioning with constant coefficient operators can also be motivated by the previously
mentioned shortcoming of the symmetric part preconditioner. That is, for convection-dominated
problems, i.e. when |b| >> 1 in (7.1), the symmetric part preconditioning operator (7.23)
produces deteriorating convergence factors (7.28), i.e. the latter is close to 1. A proper choice of
preconditioning operator for such problems has been proposed in [77] with exact derivations for
constant coefficient problems: namely, large values of the zeroth order term in S can compensate
for the large values of b in L, as detailed below. It is useful now to define constant diffusion
terms in the preconditioning operator, since if S is no more the exact symmetric part of L (i.e.
the simple one-step recurrence is not applicable) then there is no need to preserve the original
principal part.

Therefore, we now propose the Helmholtz preconditioning operator

Su ≡ −k ∆u + σu for u|ΓD
= 0, ∂u

∂νG
+ βu|ΓN

= 0, (7.33)

where k > 0, σ, β ≥ 0 are constants such that σ > 0 or β > 0 if ΓD = ∅. For FEM discretizations,
the mesh independent convergence estimates of section 7.1 are valid for (7.33) as a special case:
for general L as in (7.1), linear convergence is established by Proposition 7.1.2, whereas if
L itself has a Laplacian principal part (which often occurs in convection-diffusion problems)
then Propositions 7.1.3-7.1.4 provide the corresponding superlinear convergence result. Mesh
independent linear convergence for FDM discretizations on the unit square follows from the
results [45, 49], mentioned at the end of subsection 7.1.1.

Concerning the case of convection-dominated problems, i.e. when |b| >> 1 in (7.1), the
optimal choice of σ is revealed by another bound, the asymptotic convergence factor (2.32).
Based on this, an exact derivation of the optimal Helmholtz preconditioner has been derived in
[77] for FDM discretizations of the following constant coefficient Dirichlet problem.

Let in (7.1) the domain Ω be the unit square in 2D,

Lu ≡ −∆u + b · ∇u + cu and Su ≡ −∆u + σu for u|∂Ω = 0, (7.34)
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where b ∈ R2 and c, σ ≥ 0 are constants. It has been proved in [77] that the explicit optimal
value of σ equals σopt = |b|2(1 +

√
1 + 8(π/|b|)2)/2, that is,

σopt = O(|b|2)

as |b| → ∞; furthermore, in this case the spectrum of S−1L is contained in a disc with radius
1/4 and center 3/4 for any b ∈ R2. The same bound has been proved for upwind FDM
discretizations of the operators S and L via explicit calculation of the eigenvalues of S−1

h Lh.
Hence, cf. (2.32), one obtains the asymptotic convergence factor

lim sup
(‖rk‖
‖r0‖

)1/k

≤ 1
3

(7.35)

independently of both b and h. (On the other hand, as suggested by (2.31) and shown by the
experiments of [77], the above result is only asymptotic and the ratios (‖rk‖/‖r0‖)1/k do not
behave in a mesh independent way.)

We finally note that using the above-mentioned explicit eigenvalues of S−1
h Lh from [77], mesh

independence for the superlinear convergence of the PCG method has also been derived in [70]
for the same problem, i.e. for FDM discretizations for the operators L and S in (7.34).

Remark 7.3.1 One can achieve mesh independent superlinear convergence even if the original
operator has a variable but scalar diffusion coefficient, i.e., we have

Lu ≡ −div (a∇u) + b · ∇u + cu = g

in (7.1) for some scalar function a ∈ C1(Ω), a(x) ≥ p > 0. To this end, one has to apply the
method of scaling, which was originally introduced for symmetric operators [37, 55]. Namely,
let us rewrite our equation as

a−1/2Lu = a−1/2g =: ĝ (7.36)

and introduce the new unknown function v := a1/2u. Then, by a direct calculation [37],

a−1/2div (a∇u) + qu = ∆v

where q = ∆(a1/2), which implies that

a−1/2Lu = −∆v + lower order terms,

that is, (7.36) becomes
Nv ≡ −∆v + b̂ · ∇v + ĉv = ĝ . (7.37)

Here b̂ = a−1b and ĉ = a−1c− (1/2a2)b · ∇a + a−1/2∆(a1/2).
The relation Nv ≡ a−1/2Lu shows that

〈Nv, v〉L2 = 〈a−1/2Lu, a1/2u〉L2 = 〈Lu, u〉L2

for all u ∈ D(L) and v := a1/2u. Further, using the uniform positivity of a, it is easy to see
that the norms ‖u‖H1 and ‖v‖H1 are equivalent. Therefore N inherits the H1-coercivity of L,
i.e. the relation 〈Lu, u〉L2 ≥ m‖u‖2

H1 is replaced by 〈Nv, v〉L2 ≥ m̂‖v‖2
H1 for some other proper

constant m̂ > 0. This implies that the scaled problem is of the type (7.1), and hence the theory
of subsection 7.1.2 can be applied. That is, the preconditioning operator S from (7.34) provides
mesh independent superlinear convergence of the CGN method by Propositions 7.1.3-7.1.4 .
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8 Decoupled symmetric preconditioners for nonsymmetric sys-
tems

In this chapter we consider certain nonsymmetric elliptic systems. Here, using the idea of chapter
6, an important advantage of the equivalent operator idea is that one can define decoupled (that
is, independent) operators for the preconditioner, thereby reducing the size of auxiliary systems
to that of one elliptic equation. This is a considerable advantage when the elliptic system consists
of many equations, which case arises in important models involving reactions between several
components. For such problems the decoupled preconditioners allow efficient parallelization
for the solution of the auxiliary systems. The choice of symmetric preconditioning operators
provides an additional simplification, similarly to the previous chapter.

Preconditioning for convection-diffusion-reaction systems with several components is dis-
cussed in section 8.1. Then some applications of the equivalent operator approach for saddle-
point problems are mentioned in section 8.2.

8.1 Convection-diffusion-reaction systems

Let us consider an elliptic system

Liu ≡ −div (Ai∇ui) + bi · ∇ui +
l∑

j=1
Vijuj = gi

ui |ΓD
= 0, ∂ui

∂νA
+ αiui |ΓN

= 0





(i = 1, . . . , l) (8.1)

where Ω, Ai and αi are as in Assumptions 3.2.2.1, bi ∈ C1(Ω)N , gi ∈ L2(Ω), Vij ∈ L∞(Ω). We
assume that bi and the matrix V =

{
Vij

}l

i,j=1
satisfy the coercivity property

λmin(V + V T )−max
i

div bi ≥ 0 (8.2)

pointwise on Ω, where λmin denotes the smallest eigenvalue. These conditions imply that the
operator

L = (L1, . . . , Ll)

is coercive in H1
D(Ω)l, hence system (8.1) has a unique weak solution u ∈ H1

D(Ω)l. Such systems
arise e.g. from suitable time discretization and Newton linearization of transport systems, which
often consist of a huge number of equations [102]. Condition (8.2) is then satisfied by choosing
sufficiently small time-steps in the time discretization.

In this section we briefly consider a decoupled equivalent preconditioning for (8.1). Such
systems have been studied by the authors in [16, 69, 71]: the efficiency of decoupled equivalent
preconditioners is confirmed by numerical experiments in [69] and extended to parallel computers
in [71], further, embedded in the above-mentioned Newton linearization of nonlinear transport
systems in [1]. Although the experiments in [69, 71] use the GCG algorithm, we now involve
the CGN algorithm which is developed for a much wider scope in [16] than the GCG method.

Similarly as in the previous chapter, our main interest is the FEM solution of (8.1). Choosing
a FEM subspace Vh ⊂ H1

D(Ω), the discretization of (8.1) in V l
h leads to the corresponding alge-

braic system
Lh c = gh . (8.3)

Let us define the preconditioning operator

S = (S1, . . . , Sl)
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as the l-tuple of independent operators

Siui := −div (Ai∇u) + hiu for ui |ΓD
= 0, ∂ui

∂νA
+ βiui |ΓN

= 0 (i = 1, . . . , l) (8.4)

such that each Si satisfies Assumptions 3.2.2.2. The preconditioner for the discrete system (8.3)
is defined as the stiffness matrix Sh of S in H1

D(Ω)l, and we apply the CGN algorithm (2.35)
for the preconditioned system

S−1
h Lh c = g̃h (8.5)

(with g̃h = S−1
h gh).

The convergence of this iteration is analogous to the case of a single equation in subsection
7.1.2. Note that Si and Li have the same principal part and they satisfy Assumptions 3.2.2.1-2,
respectively. Therefore, as an analogue of Proposition 4.2.1, it is easy to verify that L and S
are compact-equivalent, moreover, with µ = 1. Therefore the Hilbert space results of subsection
4.3.1 and, in particular, estimates (4.7)-(4.8), are valid for the convergence of the CGN method.
This implies that the superlinear convergence of the CGN algorithm (2.35) for (8.5) is mesh
independent in the sense of Proposition 7.1.3, i.e., estimates of the form (7.17)–(7.18) hold.

The realization of the iteration with this preconditioning benefits by the fact that Si are
decoupled. In fact, finding the correction terms in algorithm (2.35) with the present choice
A = S−1

h Lh and A∗ = S−1
h LT

h are equivalent to the following two auxiliary problems: find
zk ∈ V l

h and sk+1 ∈ V l
h such that

〈zk, v〉S = 〈LSdk, v〉S and 〈sk+1, v〉S = 〈L∗Sdk, v〉S (∀v ∈ V l
h),

i.e., zk and sk+1 are the FEM solutions in V l
h of the symmetric elliptic systems of the form

Szk = Ldk and Ssk+1 = L∗rk+1 (cf. also Remark 7.1.1). Since S consists of the independent
operators Si, its stiffness matrix is block diagonal:

Sh =




S1
h 0 . . . . . . 0
0 S2

h 0 . . . 0
. . . . . . . . . . . . . . .
0 . . . . . . 0 Sl

h


 , (8.6)

that is, the auxiliary systems consist of l independent discrete symmetric elliptic equations in
Vh (with the boundary conditions of Si, respectively). Therefore the auxiliary problems have
smaller size than the original one, and their solution admits parallelization. For instance, in
transport systems with pollutants there may even be hundreds of equations, see [102], hence for
such problems the decoupled preconditioners lead to a considerable simplification.

8.2 An excursion to saddle-point systems

Saddle-point problems form an important mathematical model in various applications, and
have been studied extensively in the literature, see, e.g. [26, 46] and the references therein. It is
beyond the scope of this paper to give any summary of this wide area. Instead, our goal is only to
indicate that the operator level for such problems provides a natural and useful background for
their numerical solution, further, this approach is closely related to the equivalent operator idea.
Furthermore, in some special cases one can apply directly some methods presented previously
in this paper.
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Our brief discussion mostly involves the Stokes problem, which is one of the most important
models in saddle-point form. Its classical formulation reads as





−∆u +∇p = f

div u = 0

u|∂Ω = 0

(8.7)

in a bounded domain Ω ⊂ Rd (d = 2 or 3) with f ∈ L2(Ω)d. Here u is the displacement and p is
the pressure. Since p in (8.7) is determined up to an additive constant only, for uniqueness one
introduces the space

L2
0(Ω) := {p ∈ L2(Ω) :

∫

Ω
p = 0}. (8.8)

The standard weak formulation then reads as follows: find (u, p) ∈ H1
0 (Ω)d × L2

0(Ω) satisfying




∫

Ω
∇u · ∇v −

∫

Ω
p (div v) =

∫

Ω
f · v (∀v ∈ H1

0 (Ω)d)
∫

Ω
q (div u) = 0 (∀q ∈ L2

0(Ω)),
(8.9)

where the notation ∇u · ∇v :=
∑d

i=1∇ui · ∇vi is used. Then problem (8.9) has a unique weak
solution, see, e.g., [95].

Applying the Schur complement to treat the Stokes equations reduces them to a symmetric
and positive definite problem, this approach will be discussed in subsections 8.2.1-8.2.2. The
nonsymmetric formulation and symmetric part preconditioning will be outlined in subsection
8.2.3. In the last subsection we will also mention Navier’s system of elasticity equations, which
is closely related to (8.7), in fact the momentum equation is modified only by adding a constant
factor of the pressure. Symmetric part preconditioning can be applied here in a similar way as
for the regularized Stokes problem.

8.2.1 Stokes problem: the Schur complement approach on continuous level

A common way to treat saddle-point problems involves the Schur complement, both on contin-
uous and discrete level. In this subsection we consider the continuous Stokes problem (8.7) and
outline the Schur complement approach for theoretical purposes, concerning both solvability and
iterations in function space.

Problem (8.7) can be recast in the pressure variable p by inverting the d-tuple of Laplacians
in the first equation and eliminating u in the second one. One thus obtains formally the equation

S0 p ≡ −div (−∆)−1∇p = −div (−∆)−1f ≡ f̂ , (8.10)

where (−∆)−1 is understood as the d-tuple of inverse Laplacians mapping from L2(Ω)d to H1
0 (Ω)d

(i.e. with the Dirichlet boundary conditions). A more precise definition of the Schur operator
S0 : L2(Ω) → L2(Ω) uses the weak formulation: for any p ∈ L2(Ω), let

S0 p := div w (8.11)

where w ∈ H1
0 (Ω)d is the unique solution of

∫

Ω
∇w · ∇v =

∫

Ω
p (div v) (∀v ∈ H1

0 (Ω)d). (8.12)
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(Here w = ∆−1∇p in terms of (8.10).) Then system (8.9) is equivalent to the equation

S0 p = −div h, (8.13)

where h ∈ H1
0 (Ω)d is uniquely determined by the equation

∫

Ω
∇h · ∇v =

∫

Ω
f · v (∀v ∈ H1

0 (Ω)d), (8.14)

that is, h = (−∆)−1f . Indeed, p ∈ L2(Ω) satisfies (8.13) if and only if the corresponding w from
(8.11) fulfils div (w + h) = 0, in other words, w + h = u for some u ∈ H1

0 (Ω)d with

div u = 0 (8.15)

where, adding (8.12) to (8.14), u must also satisfy
∫

Ω
∇u · ∇v =

∫

Ω
(∇w +∇h) · ∇v =

∫

Ω
p (div v) +

∫

Ω
f · v (∀v ∈ H1

0 (Ω)d). (8.16)

That is, as shown by (8.15) and (8.16), u is just the solution of the Stokes problem (8.9).
The solvability of (8.13) is due to the inf-sup property, stating that there exists a constant

γ > 0 such that for all p ∈ L2(Ω),

sup
v∈H1

0(Ω)d

v 6=0

∫
Ω p (div v)
‖v‖H1

0 (Ω)d

≥ γ ‖p‖L2(Ω), (8.17)

where ‖v‖2
H1

0 (Ω)d := ‖∇v‖2
L2(Ω)d =

∫
Ω

∑d
i=1 |∇vi|2. In fact, the corresponding w ∈ H1

0 (Ω)d from
(8.12) then satisfies

γ ‖p‖L2(Ω) ≤ sup
v∈H1

0(Ω)d

v 6=0

∫
Ω∇w · ∇v
‖∇v‖L2(Ω)d

= ‖∇w‖L2(Ω)d

which, by setting v := w in (8.12), yields that

γ2 ‖p‖2
L2(Ω) ≤ ‖∇w‖2

L2(Ω)d =
∫

Ω
p (div w) = 〈S0 p, p〉L2(Ω) (p ∈ L2(Ω)), (8.18)

that is, S0 is coercive in L2(Ω). It is easily seen that S0 is a symmetric and bounded operator
in L2(Ω). In particular, from (8.18),

‖∇w‖2
L2(Ω)d =

∫

Ω
p (div w) ≤ ‖p‖L2(Ω)‖div w‖L2(Ω) ≤ ‖p‖L2(Ω)‖∇w‖L2(Ω)d

using that the boundary condition w|∂Ω = 0 implies ‖div w‖L2(Ω) ≤ ‖∇w‖L2(Ω)d [5, 15]. Hence,
also by (8.18),

〈S0 p, p〉L2(Ω) = ‖∇w‖2
L2(Ω)d ≤ ‖p‖2

L2(Ω) (p ∈ L2(Ω)),

that is, the spectral bounds of S0 are γ2 and 1. Altogether, the properties of S0 imply that
problem (8.13) has a unique solution p ∈ L2(Ω). If this is found then u is obtained by solving
(8.16). Further, as best expressed by (8.10), the operator S0 includes a factor (−∆)−1 which
can be considered as a kind of inner preconditioning operator.
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In theory one can define iterations for (8.7) on the continuous level by applying standard
iterations for equation (8.13). Such iterations are useful as they exploit the structure of the
Stokes system and can be directly adapted to FEM discretizations. In the construction one can
use the fact that for given p ∈ L2(Ω), the residual r := S0 p + div h for equation (8.13) satisfies

r = div u, where −∆u +∇p = f .

First, simple (or Richardson) iterations for (8.13) of the form

pk+1 = pk + αrk (k ∈ N)

(where p0 ∈ L2(Ω) is arbitrary, α ∈ R is constant and rk = S0 pk + div h) can be rewritten as
follows: if pk is found then

{ −∆uk +∇pk = f , uk |∂Ω = 0

pk+1 = pk + α div uk = 0 ,
(8.19)

which is nothing but the well-known Uzawa iteration. Since S0 has spectral bounds γ2 and 1,
letting α = −2/(1 + γ2) the Uzawa iteration converges with ratio (1− γ2)/(1 + γ2) in L2-norm.

On the other hand, we can use the CG algorithm (2.4)-(2.5) for (8.13) in L2(Ω): for arbitrary
p0 ∈ L2(Ω), let d0 = r0, and if rk and dk are found then

rk+1 = rk + αkS
0 dk, where αk =

‖rk‖2
L2

〈S0 dk, dk〉L2

; dk+1 = rk+1 + βkdk, where βk =
‖rk+1‖2

L2

‖rk‖2
L2

.

(8.20)
This can be rewritten similarly as above: given p0 ∈ L2(Ω), we first let d0 = r0 = div u0 where
u0 solves −∆u0 +∇p0 = f , u0 |∂Ω = 0; further, if rk and dk are found then the next iterates are
determined by 




−∆zk +∇dk = 0, zk |∂Ω = 0

rk+1 = rk + αk div zk,

dk+1 = rk+1 + βkdk .

(8.21)

The constants αk and βk are as in (8.20), except that S0 dk in αk is replaced by div zk. Using
the spectral bounds γ2 and 1 of S0, the iteration (8.21) converges with ratio (1− γ)/(1 + γ) in
L2-norm.

In fact one uses the weak formulation of the auxiliary problems in the above iterations. For
instance, determining zk in the CG algorithm (8.21) requires the solution of the variational
problem ∫

Ω
∇zk · ∇v =

∫

Ω
dk (div v) (∀v ∈ H1

0 (Ω)d). (8.22)

8.2.2 Stokes problem: the Schur complement approach for FEM discretizations

The ideas of the previous subsection have their exact analogues when finite elements are used. In
order to apply FEM to (8.9), one chooses suitable FE subspaces Vh ⊂ H1

0 (Ω)d and Ph ⊂ L2
0(Ω)

and replaces H1
0 (Ω)d and L2

0(Ω) in (8.9) by Vh and Ph, respectively. That is, we wish to find
(uh, ph) ∈ Vh × Ph satisfying





∫

Ω
∇uh · ∇vh −

∫

Ω
ph (div vh) =

∫

Ω
f · vh (∀vh ∈ Vh)

∫

Ω
qh (div uh) = 0 (∀qh ∈ Ph).

(8.23)
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Then the corresponding algebraic system has the block form
(
Ah BT

h

Bh 0

)(
uh

ph

)
=

(
fh
0

)
, (8.24)

where Ah and Bh are the Gram matrices of the operators −∆ and −div , respectively. Analo-
gously to (8.10), system (8.24) can be rewritten as

BhA−1
h (BT

h ph − fh) = 0

in which
S0

h = BhA−1
h BT

h

is the Schur complement.
Now one can benefit by what has been developed on the continuous level. Since problem

(8.23) only differs from (8.9) in that the function spaces are replaced by corresponding FEM
subspaces, one can similarly execute this replacement in the formulas of the previous subsection.
(In particular, the resulting discrete operator S0

h on the subspace Ph corresponds to the Schur
complement matrix S0

h.) However, when function spaces have been replaced by corresponding
FEM subspaces in subsection 8.2.1, care must be taken: in contrast to the other formulas, due
to taking supremum on a smaller set, the inequality (8.17) is not automatically satisfied. On
the contrary, it is a crucial point in the FEM discretization to define the subspaces Vh and Ph

such that (8.17) is preserved with (possibly another) constant γ̂, required to be independent of
h as h → 0. This property is the famous LBB-condition: that is, there must exist a constant
γ̂ > 0 such that for the given family of subspaces Vh and Ph, for all h > 0 and p ∈ Ph

sup
v∈Vh
v 6=0

∫
Ω p (div v)
‖v‖H1

0 (Ω)d

≥ γ̂ ‖p‖L2(Ω). (8.25)

The construction of such stable pairs of subspaces Vh and Ph is well-known, see, e.g., [18, 46].
Examples are piecewise linear (and continuous) polynomial basis functions for Vh and piecewise
constants for Ph, or piecewise quadratic (and continuous) polynomials for Vh and piecewise linear
for Ph (the latter containing discontinuous elements).

As a conclusion of what has been said above, we obtain the following results. Consider the
FEM discretization (8.23) of the Stokes problem (8.7), such that the subspaces Vh and Ph satisfy
the LBB-condition (8.25). Then one can define the analogue of the Uzawa and CG iterations
(8.19) and (8.21), respectively, for the corresponding algebraic system. These algorithms have
the same form as (8.19) and (8.21), except that in the weak formulation of the auxiliary problems
the function spaces are replaced by the corresponding FEM subspaces. For instance, in the case
of the CG algorithm, if rk ∈ Ph and dk ∈ Ph are found then the next iterates are determined as
follows:





find zk ∈ Vh such that
∫
Ω∇zk · ∇v =

∫
Ω dk (div v) (∀v ∈ Vh),

rk+1 = rk + αk div zk,

dk+1 = rk+1 + βkdk .

Furthermore, if γ̂ is the inf-sup constant from the LBB-condition (8.25), then the Uzawa iteration
with parameter α = −2/(1 + γ̂2) converges with ratio (1− γ̂2)/(1 + γ̂2), and the CG algorithm
converges with ratio (1− γ̂)/(1 + γ̂), both independently of Vh.
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8.2.3 Stokes problem: regularization and symmetric part preconditioning

When one defines the discretized Stokes problem (8.23), a crucial issue with the choice of Vh

and Ph is to satisfy the LBB-condition (8.25), which is not always straightforward (see [6] for
a discussion). Therefore an important effort has been done to circumvent this problem and
define regularized versions of (8.23), which are consistent with the original problem but allow
equal-order approximation (i.e. both the velocity and pressure are looked for in H1).

The following regularized version of (8.23) is taken from [6], see also the references therein.
(It is now modified such that the real Sobolev spaces are replaced by complex ones, which is
required to apply the theory of normal operators from [14] to our problem). Let the FE subspaces

Vh ⊂ H1
0 (Ω)d, Ph ⊂ Ḣ1(Ω) := H1(Ω) ∩ L2

0(Ω)

consist of piecewise linear functions. We fix a parameter σ > 0, and want to find (uh, ph) ∈
Vh × Ph satisfying





∫

Ω
∇uh · ∇vh −

∫

Ω
ph (div vh) =

∫

Ω
f · vh (∀vh ∈ Vh)

∫

Ω
(div uh) qh + σ

∫

Ω
∇ph · ∇qh = σ

∫

Ω
f · ∇qh (∀qh ∈ Ph).

(8.26)

The nonsymmetric problem (8.26) is the special case of (3.5)-(3.6) in [6] with the choice (3.8)
there. Formally, in terms of the strong form (8.7) and assuming sufficient regularity, the reg-
ularization in the second row comes from adding the relation −σ∆p = −σdiv f , which follows
from taking the divergence of −∆u +∇p = f and using div u = 0.

One can rewrite problem (8.26) by letting sh := σ1/2 ph in order to balance the parameter σ in
the diagonal. To formulate the corresponding algebraic system, the following obvious notations
will be used for the discrete operators: let ∇h, div h, ∆0

h and ∆ν
h denote the Gram matrices of

the operators ∇, div , ∆ with Dirichlet boundary conditions and ∆ with Neumann boundary
conditions, respectively, in the considered subspaces. Further, let diagd(−∆0

h) denote the block
diagonal matrix with −∆0

h blocks repeated d times. Then the algebraic system corresponding
to the rewritten discrete problem takes the following, nonsymmetric form:

Lh

(
ξh

ηh

)
≡

(
diagd(−∆0

h) σ−1/2∇h

σ−1/2 div h −∆ν
h

)(
ξh

ηh

)
=

(
fh

σ−1/2 div fh

)
(8.27)

where ξh and ηh are the coefficient vectors of uh and ph in the given basis of Vh and Ph, respec-
tively. Here Lh ∈ Rn×n where n = dim(Vh) + dim(Ph), and its symmetric and antisymmetric
parts are

Mh =
(

diagd(−∆0
h) 0

0 −∆ν
h

)
and Nh =

(
0 σ−1/2∇h

σ−1/2 div h 0

)
. (8.28)

Then by [15], one can propose symmetric part preconditioning and obtain superlinear con-
vergence. Namely, let us consider the complex separable Hilbert space and corresponding inner
product

HM := H1
0 (Ω)d × Ḣ1(Ω),

〈(
u
s

)
,

(
v
q

)〉

M

:=
∫

Ω
∇uh · ∇vh +

∫

Ω
∇sh · ∇qh . (8.29)
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One can verify that the following relation defines a compact linear operator C : HM → HM

which is antisymmetric:
〈

C

(
u
s

)
,

(
v
q

)〉

M

= −
∫

Ω
s (div v) +

∫

Ω
(div u) q

(
∀

(
u
s

)
,

(
v
q

)
∈ HM

)
. (8.30)

It is readily seen that system (8.27) corresponds to the FEM discretization of the operator
equation

(I + σ−1/2C)
(
u
s

)
=

(
g
r

)
(8.31)

(where I is the identity operator on HM ) in the subspace Vh × Ph, that is, Mh and Nh are
the stiffness matrices corresponding to the inner product (8.29) and σ−1/2 times the operator
(8.30), respectively. Consequently, by (4.5)-(4.6) and the comments afterwards on symmetric
part preconditioning, setting Sh = Mh and Qh = Nh, we obtain the following result [15]:
the preconditioned GCG-LS(0) algorithm (2.20), using Mh as preconditioner for system (8.27),
yields (‖ek‖Mh

‖e0‖Mh

)1/k

≤ εk (k = 1, 2, ..., n), (8.32)

where

εk :=
2

σ1/2k

k∑

j=1

∣∣λj(C)
∣∣ → 0 as k →∞ .

8.2.4 Navier’s elasticity system

Another famous saddle-point system, closely related to the Stokes problem (8.7), is Navier’s
system for elasticity equations. We consider the mixed formulation based on [19]:





−∆u +∇p =
1
µ

f

div u + (1− 2ν)p = 0

u|∂Ω = 0

(8.33)

where ν is the Poisson ratio satisfying 0 < ν < 1/2. Similarly to subsection 8.2.2, for the
finite element solution of (8.33) one chooses suitable FE subspaces Vh ⊂ H1

0 (Ω)d, Ph ⊂ L2
0(Ω).

We will use symmetric part preconditioning as in subsection 8.2.3, hence the Sobolev spaces
are taken to be complex (again to apply the theory of normal operators). One then looks for
(uh, ph) ∈ Vh × Ph satisfying





∫

Ω
∇uh · ∇vh −

∫

Ω
ph (div vh) =

∫

Ω

1
µ

f · vh (∀vh ∈ Vh)
∫

Ω
(div uh) qh + (1− 2ν)

∫

Ω
ph qh = 0 (∀qh ∈ Ph).

(8.34)

We quote two results from [15] using symmetric part preconditioning. First, the presence of
the term (1 − 2ν)p in (8.33) (compared to (8.7) enables us to avoid regularization. Balancing
system (8.34) by letting sh := (1−2ν)1/2 ph, we obtain a corresponding algebraic system similarly
to (8.27), using the additional notation Ih for the mass matrix corresponding to the subspace
Ph:

Lh

(
ξh

ηh

)
≡

(
diagN (−∆0

h) (1− 2ν)−1/2∇h

(1− 2ν)−1/2 div h Ih

)(
ξh

ηh

)
=

( 1
µ fh
0

)
. (8.35)
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By a suitable application of estimate (3.49), one can derive the following linear convergence
result for the GCG-LS(0) algorithm with symmetric part preconditioning :

(‖ek‖Mh

‖e0‖Mh

)1/k

≤ 1√
2(1− ν)

(k = 1, . . . , n). (8.36)

Second, when ν is close to 1/2, it is worthwile to rather use a regularization in the same way
as in subsection 8.2.3. Let us now consider (8.34) with FE subspaces Vh ⊂ H1

0 (Ω)d, Ph ⊂
Ḣ1(Ω) := H1(Ω)∩L2

0(Ω) consisting of piecewise linear functions. Fixing a parameter σ > 0, the
regularized version reads as follows: find (uh, ph) ∈ Vh × Ph satisfying




∫

Ω
∇uh · ∇vh −

∫

Ω
ph (div vh) =

∫

Ω

1
µ

f · vh (∀vh ∈ Vh)
∫

Ω
(div uh) qh + 2σ(1− ν)

∫

Ω
∇ph · ∇qh + (1− 2ν)

∫

Ω
ph qh =

σ

µ

∫

Ω
f · ∇qh (∀qh ∈ Ph).

(8.37)
Forming the corresponding algebraic system, one can then prove an analogoue of (8.32): there
exists a sequence ε̃k → 0 (as k → ∞) such that the PCG algorithm with symmetric part
preconditioning yields (‖ek‖Mh

‖e0‖Mh

)1/k

≤ ε̃k (k = 1, . . . , n),

and here ε̃k → 0 depends on σ and Ω but is independent of ν.

9 Nonsymmetric equivalent preconditioners

Chapters 7-8 have been based on the idea that symmetric problems are considerably simpler
than nonsymmetric ones regarding standard efficient solvers, therefore the former may serve as
proper preconditioners for the latter. However, if the original problem has large nonsymmetric
(first-order) terms, then this approach may not work satisfactorily and it may still be advisable
to include nonsymmetric terms in the preconditioning operator. In this chapter we briefly
discuss some nonsymmetric preconditioners: first, general convergence results are derived from
subsection 3.3.3, then some efficient realizations are outlined.

9.1 General nonsymmetric preconditioners

Let us consider again the nonsymmetric elliptic equation (7.1):
{

Lu := −div (A∇u) + b · ∇u + cu = g

u|ΓD
= 0, ∂u

∂νA
+ αu|ΓN

= 0
(9.1)

on a bounded domain Ω ⊂ Rd, where L satisfies Assumptions 3.2.2.1 and g ∈ L2(Ω). As before,
we are mainly interested in FEM discretization: given a FEM subspace Vh ⊂ H1

D(Ω), we then
seek the solution of the corresponding algebraic system Lh c = gh as in (7.2). Some results on
FDM will be also mentioned regarding linear convergence.
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9.1.1 Linear convergence with nonsymmetric preconditioners

We consider the following general form of nonsymmetric preconditioning operator:

Nu := −div (K∇u) + w · ∇u + zu for u ∈ H2(Ω) : u|ΓD
= 0, ∂u

∂νK
+ ηu|ΓN

= 0 (9.2)

for some properly chosen functions w, z, η, such that N satisfies Assumptions 3.2.2.1 in the
obvious sense.

Let us first consider the FEM discretization Lh c = gh of problem (9.1) as in (7.2). Then we
introduce the nonsymmetric stiffness matrix of N as preconditioner:

(
Nh

)
i,j

=
∫

Ω

(
K∇ϕi · ∇ϕj + (w · ∇ϕi) ϕj + zϕiϕj

)
+

∫

ΓN

ηϕiϕj dσ . (9.3)

We use the same energy space HS as in the symmetric case, i.e. HS = H1
D(Ω) with inner product

(7.5). We then solve the preconditioned system

N−1
h Lh c = b̃h (9.4)

(with b̃h = N−1
h bh) using the CGN algorithm (2.35) with the Sh-inner product and by setting

A = N−1
h Lh and A∗ = S−1

h LT
h N−T

h Sh.
In the convergence analysis we need the bounds of L and N as in (3.54): now there holds

mL‖u‖2
S ≤ 〈LSu, u〉S , |〈LSu, v〉S | ≤ ML‖u‖S‖v‖S ,

mN‖u‖2
S ≤ 〈NSu, u〉S , |〈NSu, v〉S | ≤ MN‖u‖S‖v‖S

(9.5)

for all u, v ∈ H1
D(Ω), where

ML := p1 + CΩ,S q−1/2‖b‖L∞(Ω)d + C2
Ω,S‖c‖L∞(Ω) + C2

ΓN ,S‖α‖L∞(ΓN ) ,

mL :=
(
p−1
0 + C2

Ω,L‖σ‖L∞(Ω) + C2
ΓN ,L‖β‖L∞(ΓN )

)−1
,

MN := p̂1 + CΩ,S q−1/2‖w‖L∞(Ω)d + C2
Ω,S‖z‖L∞(Ω) + C2

ΓN ,S‖η‖L∞(ΓN ) ,

mN :=
(
p̂−1
0 + C2

Ω,N‖σ‖L∞(Ω) + C2
ΓN ,N‖β‖L∞(ΓN )

)−1
.

(9.6)

The meaning of the constants in the above formulas is given in Proposition 3.2.2 and Remark
3.2.4, where these bound are derived for a general operator. In our present case with two
operators, p0 and p1 are the uniform spectral bounds of A w.r.t. G from (3.15), and p̂0 and p̂1

are the uniform spectral bounds of K w.r.t. G in the analogous sense.
In order to apply the results of subsection 3.3.3, we also need a bound for ‖LS −NS‖. Since

ML = ‖LS‖ and MN = ‖NS‖ above, we obtain in a similar way that

‖LS −NS‖ ≤ p̃1 + CΩ,S q−1/2‖b−w‖L∞(Ω)d + C2
Ω,S‖c− z‖L∞(Ω) + C2

ΓN ,S‖α− η‖L∞(ΓN ) (9.7)

where p̃1 > 0 is a uniform upper spectral bound of A−K w.r.t. G analogously to the right side
of (3.15), that is, it satisfies

(
A(x)−K(x)

)
ξ · ξ ≤ p̃1 (G(x)ξ · ξ) (x ∈ Ω, ξ ∈ Rd).

Then Propositions 3.3.4-3.3.5 yield

58



Proposition 9.1.1 For any subspace Vh ⊂ H1
D(Ω)

κ(N−1
h Lh) ≤ MLMN

mLmN

and
κ(N−1

h Lh) ≤
(
1 +

mL + mN

2mLmN
‖LS −NS‖

)2
,

with values of the bounds from (9.6)-(9.7) independently of Vh.

Consequently, by (3.53), the CGN algorithm (2.35) for system (9.4) converges with a ratio
bounded independently of Vh.

For FDM discretizations of problem (7.1), mesh independent convergence of CG iterations
under nonsymmetric preconditioning is presented by numerical tests in [45], and the boundedness
of κ(N−1

h Lh) is proved in [49], both on the unit square. Similarly to the symmetric case, the
bounds are not a priori defined in contrast to the FEM case like Proposition 9.1.1.

9.1.2 Superlinear convergence with nonsymmetric preconditioners

Based on Proposition 4.2.1, similarly to subsection 7.1.2, we now define N in (9.2) to have the
same principal part as L, i.e.,

Nu := −div (A∇u) + w · ∇u + zu for u ∈ H2(Ω) : u|ΓD
= 0, ∂u

∂νK
+ ηu|ΓN

= 0 (9.8)

and assumed to satisfy Assumptions 3.2.2.1. Superlinear results are here only available for FEM
discretizations. Accordingly, the preconditioner is the stiffness matrix Nh such that we set
K := A in (9.3). Simiĺıarly to subsection 9.1.1, we apply the CGN algorithm (2.35) with the
Sh-inner product and by setting A = N−1

h Lh and A∗ = S−1
h LT

h N−T
h Sh.

In order to apply the results of subsection 4.3.2, we use the bounds in (9.5) and define the
operator QS in H1

D(Ω) via

〈QSu, v〉S =
∫

Ω

( (
(b−w) · ∇u

)
v + (c− z)uv

)
+

∫

ΓN

(α− η)uv dσ (u, v ∈ H1
D(Ω)), (9.9)

which obviously satisfies (4.10) in H1
D(Ω). Then (4.13)-(4.14) yield

Proposition 9.1.2 [16]. The superlinear convergence of the preconditioned CGN method is
mesh independent, i.e., (‖rk‖Sh

‖r0‖Sh

)1/k

≤ εk (k = 1, 2, ..., n) (9.10)

where εk =
2M2

N

km2
L

k∑

i=1

( 2
mN

si(QS) +
1

m2
N

si(QS)2
)
→ 0 (as k →∞) (9.11)

and εk is a sequence independent of Vh.
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9.2 Separable or constant coefficient preconditioners

In this section we give some nonsymmetric preconditioning operators of the type discussed in
the previous section 9.1, based on [16]. Since the convergence results of the previous section are
valid, here we are interested in the complexity of the preconditioning operators.

In general, the operator L in problem (7.1) has variable coefficients:

Lu = −div (A(x)∇u) + b(x) · ∇u + c(x)u for u|ΓD
= 0, ∂u

∂νA
+ α(x)u|ΓN

= 0, (9.12)

where for clearness, the dependence of the coefficients on x has now been indicated. For
convection-dominated problems (i.e. when |b| is large), the inclusion of nonsymmetric terms
in N may turn it into a much better approximation of L than a symmetric preconditioner like
(7.4). Although the preconditioner N thus becomes nonsymmetric as L itself, the solution of
the auxiliary problems can still remain considerably simpler than the original one. For this, one
can propose a preconditioning operator with constant coefficients:

Nu = −k ∆u + w · ∇u + zu for u ∈ H2(Ω) : u|ΓD
= 0, ∂u

∂ν + ηu|ΓN
= 0, (9.13)

where k > 0, w ∈ Rd, z, η ≥ 0 are constants such that z > 0 or η > 0 if ΓD = ∅. Owing to the
fact that N has constant coefficients, one can rely on efficient solution methods for the auxiliary
problems. Here one can use either multigrid or multilevel methods, or (if Ω is rectangular, or
the boundary conditions allow the problem to be easily embedded into a rectangular domain)
fast direct solvers for separable equations are available, see e.g. [93].

The preconditioning operator (9.13) can be further simplified if one convection coefficient is
dominating [14]. Assume that, say, b1(x) has considerably larger values than bj(x) (j ≥ 2). Then
one can include only one nonsymmetric coefficient, i.e. propose the preconditioning operator

Nu = −k ∆u + w1
∂u
∂x1

+ zu for u ∈ H2(Ω) : u|ΓD
= 0, ∂u

∂ν + ηu|ΓN
= 0, (9.14)

where k,w1, z, η ∈ R are constants with the same properties as required for (9.13). In this case
(above all, if b1(x) are large), the presence of the term w1

∂u
∂x1

itself may turn N into a much
better approximation of L. Nevertheless, since this term is one-dimensional, the solution of the
auxiliary problems remains considerably simpler than the original one, e.g. via local 1D Green’s
functions [10].

The mesh independent linear convergence follows from Proposition 9.1.1. In particular, it is
clear from (9.7) that the constants in N are best to be chosen as proper mean values of the corre-
sponding coefficients of L, understood coordinatewise for b and as k = (1/2)(maxx,λ(λ(A(x)) +
minx,λ(λ(A(x))) for A. Further, L itself has often a Laplacian principal part in convection-
diffusion problems, in which case Proposition 9.1.2 provides mesh independent superlinear con-
vergence.

We finally note that most of what has been said above holds for separable preconditioners
as well, i.e. when k,w, z, η in N are not constants but suitable separable approximations of
the corresponding coefficients of L. Mesh independence results for FDM discretizations un-
der separable nonsymmetric preconditioning are presented by numerical tests in the previously
mentioned paper [45].

9.3 Nonsymmetric preconditioners for systems

Analogously to the symmetric case in section 8.1, the above results can be extended to systems
of convection-diffusion equations in a natural way. Namely, let us consider system (8.1). If there
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are large convection terms bi, then one can propose a nonsymmetric preconditioning operator
N as an l-tuple of decoupled operators Ni, where each Ni is of the type (9.2). Then the linear
convergence of the preconditioned CGN method is mesh independent in the sense of Proposition
9.1.1, further, if Li have constant times Laplacian principal parts themselves (as well as chosen
for Ni) then the superlinear convergence is also mesh independent in the sense of Proposition
9.1.2.

Since Ni are decoupled, the resulting algorithm is parallelizable. This turns it into an efficient
method if, in particular, each Ni is like (9.13) or (9.14), or the problem itself is in 1D which
may occur e.g. after using some method of splitting in meteorological models with several
components, see [102].

10 Inner-outer iterations and element by element preconditioners

To realize the solution of a discretized elliptic problem using an equivalent operator precondi-
tioner, it is in practice most efficient to use inner-outer iterations. That is, if L is the original and
S is the preconditioning operator, then at each iteration step we can solve the arising systems
with the discretization Sh of the operator S using some preconditioned iterative method, which
will then be the inner iteration. The assumption is that it is easier to construct an efficient
preconditioner for Sh than for Lh. For instance, L may be an elliptic operator with variable
coefficients while S may be chosen as one with (piecewise) constant coefficients.

As shown in section 2.3, inner iterations can be treated in the framework of variable pre-
conditioning, in which we use different numbers of inner iterations to satisfy some variable
inner iteration accuracy. Following [23], such preconditioners can be defined by an in general
nonlinear mapping r 7→ B[r] such that LhB[r] ≈ r, i.e. B[r] is an approximation of L−1

h r for a
given residual r. Let us assume that the preconditioner Sh satisfies

〈LhS−1
h v, v〉 ≥ m‖v‖2, ‖LhS−1

h v‖ ≤ M‖v‖ (∀v ∈ Rn) (10.1)

for some constants M ≥ m > 0. If we solve the arising systems with Sh sufficiently accurately,
i.e. using a sufficient number of inner iterations, then we may assume that the mapping B[ . ]
that corresponds to the inner iterations satisfies

〈LhB[v], v〉 ≥ (m− ε)‖v‖2, ‖LhB[v]‖ ≤ (M + ε)‖v‖ (∀v ∈ Rn),

where 0 ≤ ε < m. By Proposition 2.3.1, it follows that the outer iteration converges with a rate

‖rk+1‖
‖rk‖ ≤

(
1−

( m− ε

M + ε

)2
)1/2

=

√
(M + m)(M −m + 2ε)

M + ε
(k = 1, 2, ..., n). (10.2)

An important particular application of inner-outer iterations arises when we use elementwise
constructed preconditioners. For various reasons, this can be a very efficient technique [24]. The
original idea goes back to [20, 73], later developments can be found in [7, 8]. Such methods
can, however, never give optimal order, i.e. h-independent convergence rates, as they are similar
to block diagonal preconditioning methods. More recently, a new type of elementwise pre-
conditioners has been developed, based on a partitioning of the node set in two subsets [24].
For simplicity, we consider an elliptic problem on a bounded, planar domain which has been
divided into non-overlapping triangles. Each triangle which forms a macroelement may itself
be subdivided into smaller triangular elements (microelements). Then we let the vertices of the
coarse triangulation define the node set S0, and the remaining (edge and interior) points form
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the other node set S1. The finite element matrix can be ordered accordingly and split in a two
by two block form

A =
[
A11 A12

A21 A22

]
,

where A22 corresponds to the coarse node set S0 and accordingly, A11 corresponds to the node
points arising due to the refinement of the coarse mesh. The matrix A can be factored as

A =
[
A11 0
A21 I2

] [
I1 A−1

11 A12

0 A22 −A21A
−1
11 A12

]

where A22 −A21A
−1
11 A12 =: S2 is the Schur complement matrix.

When solving the arising systems with A, we may apply some inner iteration method for the
arising system with A11 (which appears twice, once for each block factor). Similarly, systems with
S2 may be solved by inner iterations (possibly involving inner iterations for A11 when computing
the matrix-vector actions for S2). For reasons of efficiency, we must apply accurate but not too
costly preconditioners when solving these systems. The preconditioners we advocate here are
based on local element approximations for the arising matrices, and can be understood in the
differential operator framework. Namely, let us first consider the matrix A11. The continuous
counterpart of A11 is the differential operator L defined on the whole domain but where we have
imposed homogeneous Dirichlet boundary conditions on the vertex node set S0. To construct a
preconditioner B11 to A11, the domain is partitioned in macroelements as defined above where
on each macroelement edge we impose homogeneous Neumann boundary conditions. In this
approach there is no need to assemble the corresponding global finite element matrices, as all
matrix-vector multiplications with A11 and solutions of the arising block diagonal systems with
B11 can be done elementwise.

In an alternative approach, one first assembles A11 before the local element matrices in its
approximation B11 are constructed, as this can make the preconditioning more robust w.r.t.
jumps in coefficients and anisotropy.
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