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Abstract

We investigate problems of fluid structure interaction type and aim for a
formulation that leads to a well posed problem and a stable numerical procedure.
Our first objective is to investigate if the generally accepted formulations of the
FSI problems are the only possible ones.

Our second objective is to derive a numerical coupling which is truly stable. To
accomplish that we will use a weak coupling procedure and employ summation-
by-parts operators and penalty terms. We compare the weak coupling with other
common procedures. We also study the effect of high order accurate schemes.

In multiple dimensions this is a formidable task and for that reason we start
by investigating the simplest possible model problem available. As a flow model
we use the linearized Euler equations in one dimension and as the structure model
we consider a spring.

1 Introduction

Fluid structure interaction (FSI) problems occur in many different areas including for
example aerodynamics ([1],[3],[6]), acoustics ([2],[5],[20]) and medicine ([7],[10],[12]).
The specific FSI phenomenon called aerodynamic flutter is very dangerous and can
cause accidents. It deserves attention in its own right, but it is also an example of
a problem where most of the activity is due to the interaction between two separate
physical problems.

Unless the coupling between these two problems is well posed and stable, either
unphysical growth or damping can occur. (Some formulations try to avoid or decrease
the coupling problem, see for example [8]). The unphysical growth could result in
expensive counter measures while the unphysical damping can provide a false sense
of safety. We will investigate well-posedness and stability in detail and due to the
complexity, we will start in one dimension and focus on the spatial problem.
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Figure 1: A one-dimensional flow problem interacting with a spring.

First we investigate if the generally accepted formulation of the FSI problem is
the only possible one (uniqueness) and such that it does not generate artificial energy
growth. In short we will make sure that the coupling is well posed (see [9] for various
concepts of well-posedness). Next, given that the problem is well posed, we will make
sure that the numerical approximation is accurate and stable. We will study both the
linear and non-linear problem.

The rest of the paper proceeds as follows. In section 2 we formulate the prob-
lem mathematically. Section 3 deals with the linear problem and well-posedness while
the non-linear problem is discussed in section 4. In section 5 we construct stable ap-
proximations for the linear semi-discrete approximation and describe the non-linear
approximation. Section 6 present the numerical experiments and we draw conclusions
in section 7.

2 Mathematical formulation

Our model problem is schematically depicted in Figure 1. The flow part to the left of
x1(t) influence the structural part to the right and vice versa. The governing equations
for the flow problem are the symmetric and linearized Euler equations in one dimension

Ut + AUx = 0, 0 x ≤ x1(t) (1)

where

A =


ū c̄/

√
γ 0

c̄/
√
γ ū c̄

√
γ−1
γ

0 c̄
√

γ−1
γ

ū

 , U =

 c̄2ρ/
√
γ

c̄ρ̄u

ρ̄T/
√
γ(γ − 1)M4

∞

 . (2)

In (2), ρ, u and T represents the perturbation from the mean value of the density (ρ̄),
velocity (ū) and temperature (T̄ ) respectively, see [15] for more details.

To simplify the analysis we transform equation (1) to a fixed domain using ξ = x/x1

and τ = t. We get
x1(τ)Uτ + (A− ξẋ1)Uξ = 0 0 ≤ ξ ≤ 1. (3)

The structural model, the spring equation is given by

m∆̈x+ b∆̇x+ k∆x = F2(U) (4)

where ∆x = x1(t) − xE, xE = 1 being the equilibrium position of the spring. m > 0
is the mass of the ”surface” of the spring, b ≥ 0 is the damping friction coefficient and
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k > 0 is the spring constant. F2(U) is the net external force imposed by the flow. Let
V = [V1V2]T = [∆x ẋ1]T and rewrite (4) on first order system form as

MVt +KV = F (U) (5)

where

M =

[
k 0
0 m

]
, K =

[
0 −k
k b

]
, F =

[
0
F2

]
. (6)

Equation (5) governs the structural part of the FSI problem.

Equations (3) and (5) must be coupled in order to describe the FSI problem cor-
rectly. One of the coupling terms is the forcing function F (U) in (5). The other is the
boundary condition for the flow equation (3) at ξ = 1 which we formulate as

B(U) = G(V ). (7)

The complete coupled non-linear problem in terms of the dependent variables U and V
(and changing notation from τ to t) are

(1 + V1)Ut + (A− ξV2)Uξ = 0, 0 ≤ ξ ≤ 1,

MVt +KV = F (U), ξ = 1 (8)

B(U) = G(V ). ξ = 1

The problem (8) describes the coupling problem with the unknown forcing function
F (U) and coupling condition B(U) = G(V ). Boundary conditions at the left boundary
and initial conditions must also be supplied. The linearized version of (8) is obtained
by letting V1 = V2 = 0 in the first equation.

We will consider both the linear and non-linear version of (8). The two versions
differ at the right boundary where the coupling occurs but require the same treatment
at the left boundary.

2.1 Well posed problems

We will use the energy method as our main analysis tool and derive an equation for
the energy-rate. We will give well posed boundary conditions at the left boundary
but really focus on the interface coupling at the right boundary. At that boundary no
external data is provided and for that reason, the following definition for well-posedness
is appropriate.

Definition 1. The continuous problem (8) with homogeneous boundary conditions
at the left boundary is well posed if the correct number of boundary and coupling
conditions are used and

‖W‖2
t ≤ 0, (9)

where W = (U, V )T . The equality sign is valid only if the damping in the structure
problem is zero (b = 0). Time integration of (9) leads to an estimate in terms of initial
data.

Remark 2.1. The inequality (9) implies that the spatial operator in (8) is semi-bounded,
see [9] for a discussion on semi-boundedness.
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2.2 Well posed boundary condition at the left boundary

We use the energy method on the linear version of the first equation in (8) to arrive at
the estimate

‖U‖2
t = −UTAU |10 = −

(
c̄
(uρ̄c̄+ p)2

2
− c̄(uρ̄c̄− p)2

2

)
|10 = −2c̄2ρ̄up|10. (10)

We have used ‖U‖2 =
∫ 1

0
UTUdξ, ū = 0 (zero mean flow) and p = c̄2ρ/γ + ρ̄T/(γM2

∞).
Consider the left boundary at ξ = 0. In general, a set of well posed boundary condi-
tions are obtained by specifying the ingoing characteristic variable as a function of the
outgoing variables and data on the boundary. In this case we use

(uρ̄c̄+ p) = α(uρ̄c̄− p) + g(t). (11)

With g(t) = 0 we obtain UTAU |0 = (α2 − 1)c̄ (uρ̄c̄−p)2
2
|0 which implies that −1 ≤ α ≤ 1

to obtain a non-positive contribution in line with Definition 1 . The most appealing
choices of α is 0,−1 and +1, since that corresponds to giving boundary data to uρ̄c̄+p,
u and p respectively.

3 The linear problem and well-posedness

We will derive the coupling conditions at the right boundary for the linear problem in
two distinctly different ways and start with the more conventional technique.

3.1 Physical coupling approach at the right boundary

The flow is adjacent to the spring which means that the velocity of the flow is equal
to the velocity of the spring, i.e. u(1, t) = ẋ1. The external force F from the flow onto
the spring is ap1, where a is the surface size (for simplicity we use a = 1) and p1 is the
pressure at ξ = 1. In summary the coupling conditions derived by physical reasoning
are

u(1, t) = ẋ1, F = p(1, t), (12)

To make sure that the conditions in (12) are reasonable we must investigate well-
posedness. If we multiply the second equation in (8) by V T we obtain

‖V ‖2
t = (kV 2

1 +mV 2
2 )t = 2V2F − 2bV 2

2 . (13)

A linear combination of the estimates (10) and (13), the coupling (12), and ignoring
terms at ξ = 0 leads to,

‖U‖2
t + δ‖V ‖2

t = −UTAU |1 + δ(2V2F − 2bV 2
2 ) = 2ẋ1p1(−2c̄2ρ̄+ δ)− 2δbẋ2

1. (14)

With 2c̄2ρ̄ = δ we cancel the indefinite term and arrive at a well posed coupling.
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3.2 Mathematical coupling approach at the right boundary

In this section we will replace the specific physical coupling assumption (12) and only
assume that the coupling conditions are linear relations, i.e.

F (U) = F TU, F T = [α1, α2, α3], (15)

B(U) = BTU = G(V ) = GTV, BT = [β1, β2, β3], GT = [γ1, γ2]. (16)

Our objective is to see if we automatically arrive at the correct coupling conditions by
demanding well-posedness.

The energy-method applied to the linear version of (8), ignoring terms at ξ = 0 and
a linear combination of the results lead to

‖U‖2
t + δ‖V ‖2

t = −UTAU + 2δ(FV2 − bV 2
2 ). (17)

The absence of V1 implies that we can take γ1 = 0 and γ2 = 1. This means that we can
solve for V2 = ẋ1 in terms of U and arrive at

‖U‖2
t + δ‖V ‖2

t = −UT [A− δ(BF T + FBT )]U − 2δbUTBBTU. (18)

For zero damping (b = 0) in the system, the symmetric matrix [A − δ(BF T + FBT )]
must vanish for well-posedness. We have the condition

−2δα1β1 c̄/
√
γ − δ(α1β2 + α2β1) −δ(α1β3 + α3β1)

c̄/
√
γ − δ(α1β2 + α2β1) −2δα2β2 c̄

√
γ−1
γ
− δ(α2β3 + α3β2)

−δ(α1β3 + α3β1) c̄
√

γ−1
γ
− δ(α2β3 + α3β2) −2δα3β3

 = 0.

By inspection we find that the boundary matrix [A− δ(BF T + FBT )] vanish for

α2 = β1 = β3 = 0, α1 =
1

δβ2

c̄
√
γ
, α3 =

1

δβ2

c̄

√
γ − 1

γ
(19)

or

β2 = α1 = α3 = 0, β1 =
1

δα2

c̄
√
γ
, β3 =

1

δα2

c̄

√
γ − 1

γ
. (20)

The relations in (19) and (20) lead to the following two alternative forms of coupling
conditions

ẋ1 = (β2

√
2ρ̄c̄)u, F = (

√
2c̄

δβ2

)p or ẋ1 = (α2

√
2ρ̄c̄)p, F = (

√
2c̄

δα2

)u. (21)

The two relations in (21) are obtained without any physical knowledge at all.

To sort out the correct formulation we must add the requirement that the fluid is
adjacent to the spring i.e. u = ẋ1. That condition removes the second set of conditions
in (20) and leads to the scaling β2 = 1/(

√
2ρ̄c̄). The choice δ = 2ρ̄c̄2 yield F = p. We

summarize the result so far for the linear problem (8) in the following theorem.

Theorem 3.1. The linearized version of (8) (obtained by letting V1 = V2 = 0 in the
first equation) combined with the boundary condition (11) and the coupling condition
(12) is well posed in the sense of Definition 1.

5



Remark 3.2. To arrive at the correct coupling conditions (12) by only demanding well-
posedness was not possible. That lead to two possible versions of coupling conditions
in (20). The physical condition u = ẋ1 (which can be seen as an accuracy requirement)
had to be imposed in order to sort out the correct version.

3.3 The continuous spectrum

In the linear setting with ū = 0 the system (1) have one zero eigenvalue and we can
reduce our problem to a 2×2-system where ρ and T are linearly dependent. We get
c̄2(γ − 1)M2

∞ρ− ρ̄T = constant. To simplify further we will keep a linear combination
of them, namely the pressure p. We get the reduced system

Wt +

(
0 c̄
c̄ 0

)
Wx = 0, W =

(
uρ̄c̄
p

)
, (22)

which on diagonal form becomes

wt + Λwx = 0, w =
1√
2

[
uρ̄c̄− p
uρ̄c̄+ p

]
, Λ =

[
−c̄ 0

0 c̄

]
. (23)

By Laplace transforming (23) we obtain sŵ + Λŵx = 0. The Ansatz: ŵ = Ψeλx

leads to (sI + λΛ)Ψ = 0. A non-trivial solution yields λ1,2 = ±s/c̄, Ψ1 = [1 0]T ,
Ψ2 = [0 1]T and finally

ŵ = σ1Ψ1e
λ1x + σ2Ψ2e

λ2x =
(
σ1e

+sx/c̄, σ2e
−sx/c̄)T . (24)

The coefficients σ1 and σ2 will be determined by the boundary conditions.

At the left boundary we consider the boundary condition (11) with α = +1,−1, 0
respectively. That leads to

√
2p̂|0 =ŵ2|0 − ŵ1|0 =σ2 − σ1 =ĝ1 (25)

√
2ρ̄c̄û|0 =ŵ2|0 + ŵ1|0 =σ2 + σ1 =ĝ2 (26)

(ρ̄c̄û|0 + p̂|0)/
√

2 =ŵ2|0 =σ2 =ĝ3 (27)

At the right boundary we specify the velocity (required for well-posedness), hence

√
2ρ̄c̄û|1 = ŵ2|1 + ŵ1|1 = σ2e

−s/c̄ + σ1e
s/c̄ = ĝ4 =

√
2ρ̄c̄V̂2 (28)

The data g4 is obtained from the the structural part which we consider next.

The Laplace transform of (5) yields

sV̂ +

[
0 −1

k/m b/m

]
V̂ =

[
0

p̂|1/m

]
⇒ V̂ =

p̂|1
ms2 + bs+ k

[
1
s

]
. (29)

The boundary conditions (28) now yields

s(ŵ2|1 − ŵ1|1)√
2(ms2 + bs+ k)

=
ŵ2|1 + ŵ1|1√

2ρ̄c̄
⇒ ŵ1|1(1 + ϕ) + ŵ2|1(1− ϕ) = 0, (30)
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where ϕ(s) = ρ̄c̄s/(ms2 + bs+ k) and ŵ1|1 = σ1e
s/c̄ and ŵ2|1 = σ2e

−s/c̄.

The linear equations system for determining the coefficients σ1 and σ2 can formally
be written

C(s)σ = ĝ (31)

where

C(s) =

[
−α 1

(1 + ϕ)es/c̄ (1− ϕ)e−s/c̄

]
, σ =

[
σ1

σ2

]
, g =

[
ĝi
0

]
. (32)

A unique solution is obtained for

|C(s)| = −(es/c̄(1 + ϕ) + e−s/c̄α(1− ϕ)) 6= 0. (33)

The s values that lead to a singular matrix C(s) us the gives the spectrum or the
eigenvalues of the problem. The value of α = 1 corresponds to giving data to p, α = −1
to u and α = 0 to ρ̄c̄u+p. If the damping of the system is zero (b = 0) and data is given
to either u or p, then all eigenvalues will be on the imaginary axis. Each eigenvalue will
correspond to an eigenfrequency of the coupled system.

4 The non-linear problem and well-posedness

The full non-linear representation of the flow system is given by (3) or equivalently the
first equation in (8) . The energy method gives(

(1 + V1)‖U‖2
)
t

= −UT
1 (A− V2I3)U1 + UT

0 AU0 . (34)

In comparison with the linear case, the norm is slightly modified and at the interface be-
tween the fluid and the spring, an additional term V2U

TU |1 is added on. The conditions
at the left boundary is the same as in the linear case. The term V2U

TU |1 is indefinite
since V2 changes sign. This means that the non-linear problem is not well-posed in the
sense of Definition 1. We summarize this as follows.

Theorem 4.1. The non-linear problem (8) combined with the boundary condition (11)
and the coupling condition (12) is not well posed in the sense of Definition 1.

5 The semi-discrete approximation and stability

We will do numerical calculations using the both the linear and non-linear equations.
For both cases we will use the linear coupling treatment developed above. With a slight
abuse of notation we use U, V both for the continuous and discrete vectors.

5.1 The semi-discrete linear formulation

The discrete version of the linearized flow equation in (8) with the boundary and inter-
face conditions (11), (12) imposed as penalty terms is written as

Ut + (P−1Q⊗ A)U = (P−1EN ⊗ Σ)(U − g) + (P−1E0 ⊗ Π)(U − r). (35)
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In (35) we have used the summation-by-parts (SBP) difference operator P−1Q (see
[11],[19]) and imposed the boundary conditions using the SAT technique [4]. The SBP
difference operators satisfy the relations

P = P T > 0, Q+QT = EN − E0 = diag(−1, 0, ...0, 1), (36)

and hence they mimic integration by parts perfectly. More details on the weak imposi-
tion of boundary and interface conditions using the SAT technique will be given below.
For a read-up on this technique see [4],[14],[17],[18].

By multiplying (35) with UT (P ⊗ I3) from the left, adding the transpose and using
the relation (36) we obtain

d

dt
‖U‖2

P̄ + UT ((−E0 + EN)⊗ A)U = 2UT
NΣ(UN − gN) + 2UT

0 Π(U0 − r0). (37)

For convenience we have introduced the notation P̄ = P ⊗ I3. By adding the estimate
for the structure part using the same scaling δ as in the continuous case we find

d

dt
(‖U‖2

P̄ + δ‖V ‖2) = UT
0 AU0 + 2UT

0 Π(U0 − r0)

− UT
NAUN + 2UT

NΣ(UN − gN) + 2δFV2 − 2δbV 2
2 . (38)

5.2 The semi-discrete non-linear formulation

In the non-linear discrete case we have an additional matrix operator Ξ which models
the impact of the coordinate ξ. Since the matrices Q and Ξ do not commute we must
split the derivative terms in a symmetric and skew-symmetric part, see [16] for more
details. Consider the first equation in (8). We split the term as

ξUξ = (ξUξ)/2 + ((ξU)ξ − U)/2, (39)

and use the following discrete representations

AUξ ∼ (P−1Q⊗ A)U, ξUξ ∼ (ΞP−1Q⊗ I3)U, (ξU)ξ ∼ (P−1QΞ⊗ I3)U.

We have used ξ ∼ Ξ = diag(0 1/N 2/N · · · 1). The semi-discrete version of the
non-linear flow equation in (8) is written as

(1 + V1)Ut + (P−1Q⊗ A)U − V2

(
(ΞP−1Q⊗ I3) + (P−1QΞ⊗ I3)− (IN ⊗ I3)

)
U/2

= (P−1EN ⊗ Σ)(U − g) + (P−1E0 ⊗ Π)(U − r). (40)

The energy rate is given by multiplying (40) from the left by UT (P ⊗ I3), adding the
transpose, using (36), adding the spring estimate and observing that (1 + V1)t = V2.
We have(

(1 + V1)‖U‖2
P̄ + δ‖V ‖2

)
t

= UT
0 AU0 + 2UT

0 Π(U0 − r0) (41)

− UT
N(A− V2I3)UN + 2UT

NΣ(UN − gN) + 2δFV2 − 2δbV 2
2 .

The difference between the linear (38) and non-linear (41) estimates is the form of the
norm and the additional term V2U

T
NUN (the same difference as in the continuous case).

To get stability in the linear case we must choose the penalty matrices Σ and Π in a
specific way.
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5.3 A stable left boundary procedure

Consider the boundary terms at ξ = 0 and boundary condition u(0, t) = r(t). By
assuming that r = 0 we obtain,

UTAU + 2UTΠU = 2ρ̄c̄2up+ 2UT

 0 π12 0
0 π22 0
0 π32 0

U = 2ρ̄c̄up(c̄+ π2) + 2π22(ρ̄c̄u)2. (42)

where we have substituted π12 = π2/
√
γ, π32 = π2

√
(γ − 1)/γ and omitted the grid

index 0 on all variables. The specific form of Π is due to the fact that the penalty should
just manipulate u which sits in the second component of U . By choosing π2 = −c̄ and
π22 ≤ 0 we get a stable left boundary treatment.

The cases where p(0, t) = r(t) or ρ̄c̄u(0, t) + p(0, t) = r(t) are used as boundary
conditions is treated similarly, and we end up with the following three penalty matrices,

Πu =

 0 −c̄/√γ 0
0 π 0

0 −c̄
√

γ−1
γ

0

 , Πp =


π/γ 0 π

√
γ−1
γ

−c̄/√γ 0 −c̄
√

γ−1
γ

π
√
γ−1
γ

0 π γ−1
γ

 , π ≤ 0 (43)

Πρ̄c̄u+p =


π/γ π/

√
γ π

√
γ−1
γ

π/
√
γ π π

√
γ−1
γ

π
√
γ−1
γ

π
√

γ−1
γ

π γ−1
γ

 , π ≤ − c̄
4
. (44)

In summary, the three penalty matrices in (43) and (44) above with the parameter
choices indicated lead to a stable left boundary treatment for both the linear and non-
linear case.

5.4 A stable right boundary procedure for the linear case

Consider the coupling terms (CT) at the right boundary where ξ = 1,

CT = −UT
NAUN + 2UT

NΣ(UN − gN) + 2ρ̄c̄2FV2 − 2ρ̄c̄2bV 2
2 .

The coupling conditions F = pN , gN = ρ̄c̄V2 and zero damping (b = 0) leads to

CT = −2ρ̄c̄2uNpN + 2UT
N

 0 σ1 0
0 σ2 0
0 σ3 0

 (UN − ρ̄c̄V2) + 2ρ̄c̄2pNV2

= 2ρ̄c̄(uN − V2)(−c̄pN + σpN + σ2uN ρ̄c̄). (45)

To simplify we have inserted the relations σ1 = σ/
√

(γ) and σ3 = σ
√

(γ − 1)/γ.
Clearly, σ = c̄ and σ2 = 0 leads to CT = 0 and a stable boundary treatment for
the right boundary. The final form of Σ is

Σ =

 0 c̄/
√
γ 0

0 0 0

0 c̄
√

γ−1
γ

0

 . (46)

Remark 5.1. Note the similarity between the matrix elements in the penalty matrices
(43),(44),(46) and the matrix elements of A in (2)
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5.5 The right boundary procedure in the non-linear case

By applying the exact same procedure (the penalty matrix in (46) with the same data)
for the non-linear case we obtain

CT = V2U
T
NUN . (47)

Clearly this is not stable since the sign of the right-hand-side varies. We vill investigate
numerically what this means and come back to this issue.

6 Numerical simulations

The semi-discrete FSI problem was integrated in time as a large system of ordinary
differential equation of the form yt = M(t)y + g(t), where y = [w; v] and g(t) includes
the boundary data. To integrate the system in time we used the classical 4th order
Runge-Kutta method. In the linear case, M is a constant (3N + 5)× (3N + 5) matrix.
In the non-linear case, M = M(t) is slightly modified. The structure of the matrix M
depend on the boundary and coupling conditions. For details, see Appendix A. In all
the calculations below we have used the parameters m = 0.1, b = 0, k = 1, ρ̄ = c̄ = 1.

6.1 Numerical simulations in the linear case

We start by verifying that our numerical approximation is correct by comparing the
numerical eigenvalues (or eigenfrequencies) with the spectrum of the continuous opera-
tor. With the damping coefficient of the spring b being zero and specifying the pressure
p at the left boundary, the continuous spectra is purely imaginary.

In Figure 2, the eigenvalues of the linear discrete (second order accurate) operator
M are shown together with the continuous spectra. The position of the continuous
eigenvalues s are marked as dashed lines. The numerical eigenvalues converge to the
continuous ones as the number of grid-points N increases (plus additional purely numer-
ical eigenvalues). The eigenvalues are purely imaginary and symmetrically distributed
around the real axis. Only the ones with positive imaginary part are shown.

To further check our numerical scheme we gave the spring a small displacement
as initial data, used the pressure boundary condition with zero data and recorded the
time history of the position 1 + V1 of the spring. Fourier transformation gave us the
frequency response in figure 3. We used the same parameter values as above and clearly
the angular frequencies correspond to the discrete spectra. We also see the convergence
of the numerical spectrum to the continuous one.

The calculations so far has been done with the weak penalty implementation of
the boundary and interface conditions. In that case we can prove stability by energy
estimates as was done in sections 5.3, 5.4 above. This is not the most common way
to implement coupling or boundary conditions. Often, so called strong implementation
(or injection) is used, see [13].

In the injection method, the values of the boundary conditions and coupling con-
dition are directly given to the appropriate variable. For the coupling procedure it
means that the value of the spring velocity V2 is directly given to the velocity of the
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Figure 2: Numerical eigenvalues of the operator M as a function of the number of
grid-points. The dashed lines indicate the position of the continuous eigenvalues s.
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Figure 4: The effect of strong and weak imposition of boundary conditions for
ω = π.The strong calculation explodes shortly after t = 40 while the weak calcula-
tion remains stable. Note that π is not an eigenfrequency.

flow problem as un = V2. With injection, specific numerical boundary conditions must
also be employed (they are pre-computed or integrated in the SBP operator). We have
used first and second order extrapolation.

The effect of the strong boundary procedure along with a stable calculation using
the weak form with SBP operators can be seen in figure 4. At the left boundary we
specify the velocity with an amplitude of 0.1 and the frequency ω = π. Note that π
is not an eigenfrequency. Clearly the weak treatment with SBP operators is superior.
The incorrect boundary treatment for the injection method leads to an instability that
resembles and can be mistaken for flutter.

Next we study the effect of higher order schemes. In Figures 5 and 6 we show the
difference between second, fourth and sixth order accurate schemes when computing
eigenfrequencies. The higher order ones are more accurate and converges faster. In Fig-
ure 6 we have only kept the numerical eigenvalues that converge to the real eigenvalues.
The purely numerical ones are removed for clarity, cf figure 2 where all the eigenvalues
are shown.

High order of accuracy is especially important when dealing with high eigenfrequen-
cies and long time calculations. Figure 7 show that quite different results are obtained
using second and fourth order accurate methods. The second order method completely
misses the long time growth that is captured by the fourth order accurate method.
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Figure 5: The convergence of the lowest numerical eigenfrequency (ω =
0.83756479484021) for different orders of accuracy. Weak imposition of boundary con-
ditions is used.
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Figure 7: The second order method misses the long time growth of the high frequency
mode (ω = 5.88659330731852) that is captured by the fourth order accurate method.

6.2 Numerical simulations in the non-linear case

In this section we return to the difference between the linear and non-linear version
of the equations and the approximations. We start by studying the example shown
in Figure 8. In these two calculations we have used exactly the same boundary and
coupling conditions and we are feeding in the pressure at an eigenfrequency of the linear
problem at the left boundary.

As expected the linear problem grows linearly in time. The non-linear problem does
not. The difference is mainly due to the remaining source term in (47) which changes
sign in an oscillatory manner. Note the higher frequency content in the nonlinear
calculation. Another way of looking at the linear and non-linear problem is shown in
figures 9 and 10 where the effect of a small and large initial displacement is shown.
Clearly, for small amplitudes, the linear theory describes the phenomenon while the
non-linear effects dominate for large deformations.

As was shown in section 4, the non-linear right hand side problem is not well
posed due to the remaining term V2U

TU at ξ = 1 on the right-hand-side in the energy
estimate. The lack of well-posedness results (of course) in a lack of stability as shown
in section 4. This theoretical deficiency does not necessarily lead to an unbounded
growth which was exemplified in figures 8 and 10. In fact the growth in the non-linear
problem was less than the one in the corresponding linear problem for all the cases we
investigated.

One possibility to correct the lack of well-posedness would be to add a boundary
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Figure 8: The linear and non-linear response when feeding in pressure variations at the
left boundary at an eigenfrequency (ω = 0.83756479484021) of the linear problem.
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Figure 9: The frequency response for a small initial displacement, ∆x = 0.01.
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Figure 10: The frequency response for a large initial displacement, ∆x = 0.10.

condition at the right boundary when V2 is positive. However, it is difficult to find a
(non-awkward) boundary condition that remove the growth term. Also, even if that
could be done, the data for the boundary condition do not really exist for the Euler
case. Another possibility would be to change equation set and use the Navier-Stokes
equations which naturally allows for more boundary conditions and types of data.

Our conclusion is that the lack of well-posedness cannot be corrected in a straight
forward manner for our problem. The lack of well-posedness and stability for this
model problem might exist even for three-dimensional FSI calculations using the Euler
equations.

7 Summary and conclusions

We have investigated well-posedness of FSI problems. As a flow model we have used
the linearized Euler equations in one dimension and as the structure model, a spring.
We have studied both the non-linear and linear problem. The non-linearity stems from
large deflections and high speed of the spring.

It was shown that the generally accepted formulation of the the linear FSI problem
is the only possible one. It was also shown that coupling in the linear case can be
derived using the demand for well-posedness as the main tool. The non-linear version
of the problem is not well-posed in the classical sense.

For the linear problem we derived and proved that the numerical coupling using
summation-by-parts operators and weak boundary conditions is truly stable. We veri-
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fied our numerical procedure by showing that the numerical eigenfrequencies converge
to the analytical eigenfrequencies (the spectrum) of the coupled partial differential
equations.

We compared our numerical procedure with the common way of using injection to
impose the boundary and coupling conditions for the linear problem. Our procedure is
stable and gave correct results while the injection procedure lead to instabilities that
easily can be interpreted as flutter.

We also studied the effect of higher order schemes. It was shown that the higher
order accurate approximations converges faster and more easily capture the effects
related to the higher eigenfrequencies.

Non-linear calculations using exactly the same coupling procedures as in the linear
case were performed. It was found that the non-linear and linear calculations agree
well for small deflections, which verified the non-linear scheme since the linear scheme
is provable correct. It was also shown that for large deflections and high speed of the
spring, clear differences exist.

The lack of well-posedness (and stability) for the non-linear problem did not lead
to an unbounded growth for the cases we studied. In fact, the growth in the non-linear
problem was less than the one in the corresponding linear problem for all the cases
investigated.

Finally, the comparison between the linear and non-linear problem was discussed
and it was concluded that it would be difficult to correct the lack of well-posedness for
this problem. It was also noted that the lack of well-posedness and stability for this
model problem might very well exist even for realistic three-dimensional FSI calculations
using the Euler equations.

A The time integration procedure

We start by constructing the scheme for the linear problem. The non-linear scheme is
easily obtained by a few small modifications.

A.1 The linear scheme

We will integrate the coupled system as one large system of ordinary differential equa-
tions. The formulation including boundary conditions is

Ut = −(P−1Q⊗ A)U + (P−1EN ⊗ Σ)(U − g(V )) + (P−1E0 ⊗ Π)(U − r) (48)

Vt = −BV + F (U), (49)

where

B = M−1K =

[
0 −1

k/m b/m

]
, F =

[
0

pN/m

]
. (50)
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By introducing the notation Ã = (P−1Q⊗ A), Σ̃ = (P−1Q⊗ Σ) and Π̃ = (P−1Q⊗ Π)
we can rewrite the system as

Ut = (−Ã+ Σ̃ + Π̃)U − Σ̃g − Π̃r (51)

Vt = −BV + F, (52)

where the coupling between (51) and (52) is included in Σ̃g(V ) and F (U) as

Σ̃g(V ) = P−1
NN ρ̄c̄

2V2

[
0, · · · 0, 1/

√
γ 0

√
(γ − 1)/γ

]T
(53)

F (U) =
[
0,
(
U3N+1/

√
γ + U3N+3

√
(γ − 1)/γ

)
/m
]T
. (54)

Next we form y = [U ;V ] as a vector of length 3(N + 1) + 2 where N + 1 is the number
of grid-points. This gives us the final form of the system which is now ready for time
integration.

yt =


−Ã+ Σ̃ + Π̃

0 0
...

... κ1

0
0 κ2

0 · · · 0
0 · · · 0

0 0
0 0


y +


0

0 0

...
...

0 0
0 · · · 0
0 · · · κ3 0 κ4

−B


y −


Π̃r

0
0


. (55)

The coupling terms in (55) are

κ1 = −P
−1
NN ρ̄c̄

2

√
γ

, κ2 = −
P−1
NN ρ̄c̄

2
√

(γ − 1)
√
γ

, κ3 =
1

m
√
γ
, κ4 =

√
(γ − 1)

m
√
γ

. (56)

A.2 The non-linear scheme

The discrete version of the non-linear flow equation is written as

(1 + V1)Ut = −ÃU + V2B̃U + Σ̃(U − g(V )) + Π̃(U − r) (57)

where Ã, Σ̃ and Π̃ are defined above and B̃ = (ΞP−1Q+ P−1QΞ− IN) ⊗ I3/2. The
corresponding system to (51) and (52) in the nonlinear case becomes

(1 + V1)Ut = (−Ã+ B̃ + Σ̃ + Π̃)U − Σ̃g − Π̃r (58)

Vt = −BV + F. (59)

The definitions of all the terms in (58) and (59) can be found in section A.1 above. The
non-linear coupled equations formulated as a single system corresponding to (55) is

yt =


−Ã+ Σ̃ + Π̃ + V2B̃

0 0
...

... κ1

0
0 κ2

0 · · · 0
0 · · · 0

0 0
0 0


y

1 + V1

+


0

0 0

...
...

0 0
0 · · · 0
0 · · · κ3 0 κ4

−B


y −


Π̃r

1+V1

0
0


(60)
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where the coupling terms in (60) are the same as the ones in (55) and given by (56).
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