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Abstract

A study of spurious currents in finite element based simulations of the
incompressible Navier–Stokes equations for two phase flows is presented,
based on computations on a circular drop in equilibrium. The interface is
accounted for by a level set method. It is shown that a sharp surface ten-
sion force, expressed as a line integral along the interface, can give rise to
large spurious currents and oscillations in the pressure. If instead a reg-
ularized surface tension representation is used, exact force balance at the
interface is possible, both for a fully coupled discretization approach as
well as for a fractional step projection method. We illustrate that with ex-
act force balance, the spurious currents are of the order of the tolerance of
the linear solver. However, the numerical curvature calculation introduces
errors, that cause spurious currents. Different ways to extend the curvature
from the interface to the whole domain are discussed and investigated. It
is shown that the choice of curvature extension has a significant impact on
the error in pressure. The impact of using different finite element spaces is
also investigated.

Key words level set method, spurious currents, two phase flow, finite element
method

1 Introduction

Multiphase flow simulation is an important tool for predicting and controlling
technical systems in a wide range of industrial applications. Examples include
liquid phase sintering and inkjet printing. In order to improve the quality of the
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simulation, accurate numerical models need to be developed. The representa-
tion of the singular surface tension forces acting at interfaces separating immis-
cible fluids, the discontinuous pressure, and the jump in the fluid densities and
viscosities pose challenges on the numerical methods. Moreover, it is important
to accurately represent the interfaces separating the different fluids.

For fixed-grid flow solvers where a predefined grid is used to describe the ve-
locity field, interface representation techniques can essentially be divided into
two classes. In the first class, interfaces are represented explicitly; the interface
can for example be defined by the use of so-called marker particles that track the
interface. Examples include the immersed boundary method [1] and the front-
tracking method [2]. In the second class, the interface is instead represented im-
plicitly by a function defined on a higher dimension than the interface. The level
set method [3], the volume–of–fluid method [4], and the phase field method [5]
are examples of methods based on this concept. Compared to methods in which
the interface is explicitly tracked, these methods handle topological changes –
such as merging and breaking – more easily. Both classes of interface representa-
tion techniques can provide accurate representation and advection of the inter-
faces.

Taking surface tension into account leads to a jump condition for the normal
stress at the interface. A common strategy in fixed–grid methods is to include the
jump conditions in the model by adding a singular source term to the Navier–
Stokes equations [1, 6, 7]. In the continuum surface force model the forces due to
surface tension are expressed in terms of Dirac delta functions with support on
the interfaces. Numerically, delta functions can be approximated by regularized
discrete operators that distribute the force over a band near the interface. In level
set methods, care is needed when regularized delta functions are used since only
certain delta function approximations converge as the mesh is refined [8, 9]. An
alternative to the continuum surface force model is to directly impose the jump
conditions at the interface. Within the context of finite differences, an example is
the ghost fluid method [10]. In the finite element framework, a line integral added
to the equations of motion [11] needs to be evaluated. These approaches obviate
any discrete representation of delta functions. However, accurate representation
of interfacial jump conditions remains a difficult issue for fixed–grid methods.

Many researchers have observed unphysical flows close to the interface in mul-
tiphase flow simulations [12, 13, 14]. These unphysical flows are referred to as
parasitic flows or spurious currents, and have been observed both with explicit
and implicit representations of the interface, and with different representations
of the surface tension. Lafaurie et al. concluded from numerical experiments
that the magnitude of the spurious currents scaled with the inverse of the cap-
illary number [12]. Spurious currents can lead to unphysical movements of the
interface and thus misinterpretations of the flow physics. At high Reynolds num-
bers spurious currents may grow and destroy the interface [14]. In [13] it was
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shown using a volume of fluid method and the continuum surface force model
that the spurious currents may not decrease with mesh refinement.

The appearance of spurious currents is well illustrated by simulation of a drop
in equilibrium without gravity. In this case the pressure is given by Laplace’s for-
mula and the velocity is zero. However, imbalances between the discrete rep-
resentation of capillary forces and the pressure jump across the interface cre-
ate a nonzero velocity field near the interface. Numerous variants of surface
tension force representations and improvements of the curvature computation
have been presented in order to reduce the spurious currents, see for exam-
ple [13, 15, 16, 17, 18]. Most of those studies focus on flow solvers using finite
difference and finite volume discretizations. However, finite element discretiza-
tions are becoming increasingly popular since the finite element framework al-
lows for easy implementation of adaptive mesh refinement and representation of
complex geometries without substantial implementation hurdles.

In this paper, we study spurious currents in finite element based methods for
capillary dominated two–phase flow. The interface is represented by the con-
servative level set method presented in [19]. Compared to the standard level set
method, see for example [20, 21], this representation has the advantage that good
area conservation can be obtained but the computation of accurate normals and
curvature is more difficult. For the Navier–Stokes equations we consider a fully
coupled and a fractional step projection method. We use either a sharp represen-
tation of the surface tension [11] or a regularized surface tension force.

The outline of this article is as follows. In Section 2, we review the conservative
level set model for two–phase flow in the continuous setting. Section 3 discusses
finite element discretizations of the model. In Section 4, we study a drop in equi-
librium and investigate how spurious currents depend on the capillary number,
the spatial mesh size, the time step, the interface thickness, the balance between
the discrete representation of the forces, the finite element spaces, and the eval-
uation of the curvature. We summarize our results in Section 5.

2 The mathematical description

The motion of two incompressible immiscible fluids is given by the incompress-
ible Navier–Stokes equations, coupled to an equation that models the evolution
of the interface.

2.1 The governing equations of fluid flow

Assume that a given domain Ω is occupied by two incompressible immiscible
fluids separated by an interface Γ. The two subdomains containing the fluids are
denoted by Ω1 and Ω2, see Fig. 1. We assume that the interface is not in con-
tact with the boundary of the domain ∂Ω. The standard model for each domain
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(Ω1 andΩ2) is the time dependent incompressible Navier–Stokes equations with
boundary conditions at the interface Γ [22]. Surface tension effects leads to a
jump condition for the normal stress at the interface. The velocity field is con-
tinuous across the interface. In this paper, however, we solve the Navier–Stokes
equations in the whole domain Ω and include the effect of surface tension by
adding a singular source term to the equations. In non-dimensional form, the
Navier–Stokes equations read:

∂t (ρu)+∇· (ρuu
)=−∇p + 1

Re
∇· (2µ∇su)

)+ 1

Fr2ρeg + 1

ReCa
κnδΓ,

∇·u = 0.
(1)

Here u, p, ρ, and µ denote velocity, pressure, density, and viscosity, respectively.
In general, ρ and µ are discontinuous across the interface separating the two flu-
ids. Throughout this paper we use dimensionless viscosity µ1 = µ2 = 1 and den-
sity ρ1 = ρ2 = 1. The quantity ∇su = 1

2 (∇u + (∇u)T ) denotes the viscous stress
tensor. The curvature and normal of the interface Γ are denoted by κ and n, and
δΓ is a Dirac delta measure with support on Γ. Its action on any smooth test func-
tion v is given by ∫

Ω
δΓvdΩ=

∫
Γ

vdΓ. (2)

We denote by eg the direction of gravity and by g the gravitational acceleration.
The dimensionless Reynolds, capillary, and Froude numbers, are given by

Re = ρrefureflref

µref
, Ca = µrefuref

σ
, and Fr = uref√

lrefg
, (3)

respectively. The parameterσ is the surface tension coefficient. The Weber num-
ber is defined as

We = Re ·Ca. (4)

In this paper, we use no–slip boundary conditions for the velocity and fix the
pressure to be zero at an arbitrary point on the boundary. We prescribe a
divergence-free initial velocity field u(·,0) = u0 and the initial position of the in-
terfaceΓ. The interface is transported by the local fluid speed. The representation
of the interface and a model for its motion will be described in the next section.

2.2 A level set representation of the interface

We use the conservative level set method of [19] to represent the interface. In-
stead of the signed distance function that is often used to define the interface
[21, 20], this method uses a regularized indicator functionΦ. The indicator func-
tion takes the value 0 in one fluid and the value 1 in the other fluid. The 0.5–level
set of the regularized indicator functionΦ defines the interface.
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Figure 1: The domain Ω ∈ R2 is occupied by two immiscible fluids separated by an interface Γ.
The domains occupied by the fluids are denoted Ω1 and Ω2. Here Γ∩∂Ω = ;. Density is
denoted by ρ and viscosity by µ.

The level set function is initialized as

Φ0(x, y) = 1

1+e
d(x,y)
ε

, (5)

where d(x, y) is the signed distance function to the interface. To evolve the inter-
face, we solve the advection equation for the level set functionΦ,

Φt +∇· (Φu) = 0, Φ(·,0) =Φ0. (6)

The shape of the regularized indicator function is maintained by a reinitialization
procedure applied in each time step. The reinitialization is modeled by the partial
differential equation

Φτ+∇· (Φ(1−Φ)n)−∇· (ε(∇Φ ·n)n) = 0, (7)

where a non–linear convection term in the normal direction is balanced by nor-
mal diffusion. The normal vector field n is defined as

n = ∇Φ
|∇Φ| . (8)

The desired shape ofΦ is obtained by solving equation (7) to steady state. The pa-
rameter ε controls the amount of diffusion in the normal direction and thereby
the thickness of the interface. In order to obtain accurate results, the parameter
ε should be smaller than typical geometrical features of the interface. It is essen-
tial for the conservation of mass of the individual fluids to use no–flux boundary
conditions forΦ except at in- or outflow boundaries, combined with conservative
numerical discretizations of the advection equation (6) and the reinitialization
equation (7).
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3 The computational models

We discretize the Navier–Stokes equations described in equation (1) using two
different continuous finite element based methods. The first method is fully im-
plicit in time and a coupled system for the velocity, pressure and the level set
function is solved, hereinafter the coupled method. In the second method a frac-
tional step projection method is used. This decouples the equations for velocity
and pressure, hereinafter the decoupled method.

The interface is evolved by solving the advection equation (6) and then the
reinitialization equation described in equation (7) to steady state. In the coupled
method a second order backward difference formula BDF-2 is used for the time
discretization in the advection equation. While the first order backward Euler
formula is used in the decoupled method. For the discretization of the reinitial-
ization equation we refer to [19]. Usually two reinitialization steps are required.

3.1 The evaluation of the surface tension force

As noted in Section 2.1, the surface tension effect is treated as a force that enters
the momentum equations as a source term. Here, we consider two alternatives
to model the surface tension force.

In the first model, the singular surface tension force is smoothed out over a
finite thickness according to the continuum surface force model by Brackbill et
al. [6]. The following force, referred to as the regularized surface tension force, is
added to the Navier–Stokes equations:

F = 1

We
κ∇Φ. (9)

Here, nδΓ is approximated by the gradient of the regularized indicator function
Φ.

In the second model, the singular surface tension force is expressed as a line
integral along the interface Γ:∫

Ω
F ·vdΩ= 1

We

∫
Γ
κn ·vdΓ, (10)

where v is a finite element test function. We will refer to this as the sharp surface
tension model.

Before we compute the curvature κ, which is needed for the surface tension
force, we apply an intermediate projection step forψn+1 = (∇Φ)n+1, i.e.∫

Ω
v ·ψn+1 +ηn∇v ·∇ψn+1dΩ=

∫
Ω

v ·∇Φn+1dΩ. (11)

Here, v denotes a piecewise vector–valued test function and ηn ≥ 0 is a filter pa-
rameter. The filter parameter is introduced to damp high frequency errors that
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are magnified by differentiation and may lead to an inaccurate approximation.
The projection step allows for approximating ψn+1 with higher order elements
than ∇Φn+1.

In level set methods, it is common to define the curvature as the divergence of
the normal:

κ=∇·n. (12)

Using approximation (11) to compute the normal, we evaluate the curvature from∫
Ω

vκn+1 +ηκ∇v ·∇κn+1dΩ=−
∫
Ω
∇v · ψ

n+1

|ψn+1|dΩ, (13)

where v is a finite element test function. A filtered curvature is computed using
the filter parameter ηκ > 0. The idea of filtering was also used in the volume of
fluid method presented in [15]; in that context a convolution technique was used.

3.2 A coupled flow solver

The coupled method is implemented in C++ using the finite element library
deal.II [23], basing the discretization on a subdivision of the domain Ω into
quadrilaterals/hexahedra. A uniform mesh with mesh size h in both x– and y–
directions is used. The space discretization for the method is based on the Taylor–
Hood element pair Q2Q1 for velocity and pressure, which is LBB-stable [24]. The
time discretization is performed by using a fully implicit BDF-2 time stepping
scheme on the coupled velocity–pressure system.

We define a momentum residual vector for time step n +1 by

Rm
i

(
un+1, pn+1;Fn+1)= 1

∆t

∫
Ω

vi ·
(

3

2
un+1 −2un + 1

2
un−1

)
dΩ

−
∫
Ω
∇vi ·un+1un+1dΩ−

∫
Ω

(∇·vi )pn+1dΩ

+ 1

Re

∫
Ω
∇vi ·∇sun+1dΩ−

∫
Ω

vi ·
(

1

Fr2 eg + 1

We
Fn+1

)
dΩ,

with component i associated with the i th test function vi . Similarly, a continuity
residual vector is defined by

Rc
i

(
un+1, pn+1;Fn+1)= ∫

Ω
qi (∇·un+1)dΩ.

The coupled scheme starts time step n + 1 with initial guesses un+1
0 , pn+1

0 ,Φn+1
0

that are obtained from the previous two time levels by extrapolation. In each step
k (k ≥ 1) of the nonlinear iteration, we first calculate Φk by solving the advection
equation (6), using the old velocity un+1

k−1 , and BDF-2 time stepping. The linear
equation system is solved with GMRES using an SSOR preconditioner. Then, we
perform the reinitialization with the artificial time step ∆τ in the reinitialization
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equation (7) chosen to be ∆τ = 0.3min(h,∆t ). Normals and curvature κn+1
k are

computed from equation (11) and (13), by using a CG solver with SSOR precon-
ditioning, with the filter parameters ηn = 0.05h and ηκ = h2, respectively. The
tolerance for all the linear solvers is set to 10−10. The surface tension force Fn+1

k is
computed using the regularized model, equation (9). Then, we calculate new val-
ues for velocity and pressure by solving a Newton system on the velocity/pressure
system, i.e., we solve for

J
(
un+1

k−1

)(∆Uk

∆Pk

)
=−

(
Rm

(
un+1

k−1 , pn+1
k−1 ;Fn+1

k

)
Rc

(
un+1

k−1 , pn+1
k−1 ;Fn+1

k

) )
,

and then set update velocity and pressure by(
Un+1

k
Pn+1

k

)
=

(
Un+1

k−1
Pn+1

k−1

)
+

(
∆Uk

∆Pk

)
.

The vectors Un+1
k and Pn+1

k denote the discrete values of un+1
k and pn+1

k at the fi-
nite element interpolation points, and J(un+1

k−1) denotes the (consistent) Jacobian
matrix related to the residual R, evaluated at the old iterate. The discrete system
is solved with BiCGStab using a Schur complement preconditioner [25] to a tol-
erance 10−10. The nonlinear system is iterated until the residual R is smaller than
10−10, measured in the discrete l2 norm.

This procedure combines a Newton iteration for the Navier–Stokes system with
the advection equation (6) and surface tension force evaluation in (9) in a Gauss–
Seidel-like iteration scheme. We obtain a fully-coupled scheme for velocities,
pressure, and the level set function Φ at time level n + 1. We emphasize that
this fully coupled system has been used with the purpose to display an alge-
braically balanced scheme. A more practically relevant implementation of a cou-
pled scheme would avoid the outer coupling of the Navier–Stokes system with
the level set equation through the Gauss–Seidel iteration, and just use a coupled
Navier–Stokes system.

3.3 A decoupled flow solver

The numerical simulations with the decoupled solver are implemented using
FemLego, a parallel finite element code for solving partial differential equations
[26]. We use uniform meshes of triangles with mesh size h in both x– and y–
directions.

The Navier–Stokes equations are discretized using a fractional step projection
method [27]. At each time step an intermediate velocity, denoted by un+1∗ , is com-
puted

1

∆t

∫
Ω

(un+1
∗ −un) ·vdΩ−

∫
Ω

(un
∗ ·∇v) ·un+1

∗ dΩ=−
∫
Ω

v ·∇pndΩ−
1

Re

∫
Ω

∑
j
∇v j · (∇un+1

∗ j +un
x j

)dΩ+
∫
Ω

v ·
(

1

Fr2 eg + 1

We
Fn

)
dΩ,

(14)
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where Fn is the surface tension force. The above equation is to hold for all test
functions v that are in the approximate solution space. We use either piecewise
quadratic elements P2 or piecewise linear elements P1. The intermediate veloc-
ity field is not necessarily divergence free. By requiring the final velocity field to
be solenoidal, one obtains a Poisson equation for the pressure pn+1,

−1

∆t

∫
Ω

q∇·un+1
∗ dΩ=

∫
Ω
∇q ·∇(pn+1 −pn)dΩ−εp

h2

∆t

∫
Ω
∇q ·∇pn+1dΩ,

where the test function q belongs to the space of piecewise linear functions. The
stabilization parameter εp 6= 0 is needed when the element pair (v, q) that is used
for velocity and pressure approximation does not satisfy the LBB condition, see,
e.g., [24]. We refer to this approach of stabilizing the finite element discretization
as the naive approach. Stabilization is needed for the element pair P1P1 while
the Taylor–Hood element pair P2P1 is LBB-stable and εp = 0.

The pressure pn+1 is used to update the velocity∫
Ω

v · un+1 −un+1∗
∆t

dΩ=−
∫
Ω

v ·∇(pn+1 −pn)dΩ+εp
h2

∆t

∫
Ω

v ·∇pn+1dΩ.

All the discretized equations are solved using GMRES or the conjugate gradient
method with tolerance 10−10. Unless stated otherwise, normals and curvature are
computed from equation (11) and (13), with the filter parameters ηn = ηκ = 0.

4 Factors affecting spurious currents

Consider a circular drop in equilibrium in the interior of the domain and neglect
gravitational effects. Since the velocity is zero, the Navier–Stokes equations (1)
reduce to

∇p = 1

We
κnδ(Γ) = 1

We
κ∇IΓ, (15)

where IΓ is the indicator function that changes from 1 to 0 at the interface Γ.
For a two dimensional circular drop the exact curvature is κexact = 1/R, and the
pressure is given by

pexact = 1

RWe
IΓ. (16)

Since the exact solution for the velocity is zero, we will regard non–zero veloc-
ities in the system as spurious currents. In the following sections, we will inves-
tigate how spurious currents depend on the capillary number, the spatial mesh
size, the time step, the interface thickness, the representation of the surface ten-
sion force, the finite element spaces used, and the curvature evaluation. While in-
vestigating a certain factor, we try to eliminate effects from the other factors. We
also study the influence of the fractional step projection method by comparing
the coupled and the decoupled method described in Sections 3.2 and 3.3, respec-
tively. Unless stated otherwise, we use Q2Q1Q1 elements for velocity, pressure,
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and Φ in the coupled method. In the decoupled method we use P2P1P1 ele-
ments. Except in one set of computations, we use the regularized surface tension
force defined in equation (9) with the curvature computed as in equation (13).
Besides the spurious currents, we also measure how accurate the method pre-
dicts the difference in pressure between the inside and the outside of the bubble.

The computational domain in non–dimensional coordinates is {(x, y) : −2.5 ≤
x ≤ 2.5, 0 ≤ y ≤ 5}. The drop is centered at (xc, yc) = (0,2.5) and has non–
dimensional radius R = 0.5. For the numerical calculation, we measure the pres-
sure pinner inside the drop as the average of the pressure on a circle of diameter
0.2 centered at (xc, yc). The outside pressure pouter is measured as the average of
the pressure along the boundary of the domain, ∂Ω. The relative error in pressure
is then defined as

∆prel =
∣∣pexact −

(
pinner −pouter

)∣∣
pexact

. (17)

We assume a Reynolds number Re = 10 and employ capillary numbers Ca be-
tween 10−3 and 1. The level set function is initialized as the regularized indicator
function in equation (5) with d(x, y) =

√
x2 + (y − yc)2 −R.

4.1 Capillary number

We vary the capillary number between 1 and 0.001 in order to investigate how
spurious currents and errors in pressure depend on the capillary number. We
use a uniform mesh with h = 0.0148 and set the interface thickness to ε = 3h.
With this choice of ε, the level set function is well resolved. The interval around
the interface where Φ varies between 0.05 and 0.95 is 18 cells wide. In Table 1 we
report the magnitude of spurious currents for the different capillary numbers us-
ing both the coupled and the decoupled method. We see that both the (absolute)
error in the pressure jump and the spurious currents are proportional to 1/Ca,
in agreement with [12]. The result is similar for the coupled and the decoupled
method.

Figs. 2 and 3 show how the magnitude of spurious currents changes with time.
We see that the spurious currents first increase and then reach a steady value. The
magnitude of the spurious currents reported in Table 1 is the maximum value
obtained over time. Fig. 4 shows the spurious currents at two time instants for
Ca = 0.1 using the coupled method. The first figure illustrates the velocity field
at time t = 0.28 when the maximum velocity is obtained. Eight vortices around
the interface can be observed. The second figure shows the flow field when the
magnitude of spurious currents has leveled off. Then, the vortices are smaller
and alternate direction with a period of about 1.2 time units. Comparing the two
pictures one can observe that the spurious currents extend over a larger domain
at the later time, but the magnitude of velocity is smaller.
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Table 1: Maximum magnitude of the spurious currents over time for different capillary numbers
Ca using h = 0.0148 and ε= 3h.

coupled method decoupled method

Ca ∆t ‖u‖coup
∞ ∆pcoup

rel ∆t ‖u‖decoup
∞ ∆pdecoup

rel

0.001 5 ·10−5 2.7 ·10−3 3.2% 10−6 5.4 ·10−3 2.9%

0.01 5 ·10−4 7.4 ·10−4 3.2% 10−5 1.0 ·10−3 2.9%

0.1 5 ·10−3 1.2 ·10−4 3.2% 10−4 1.7 ·10−4 2.9%

1 5 ·10−2 1.4 ·10−5 3.2% 10−3 3.4 ·10−5 2.9%

102 103 104 10510−5

10−4

10−3

10−2

Number of time steps

||u
|| ∞

 

 
Ca = 1
Ca = 0.1
Ca = 0.01
Ca = 0.001

Figure 2: ‖u‖decoup
∞ as a function of number of time steps for different capillary numbers using

h = 0.0148, ε= 3h, and ∆t according to Table 1.

‖u‖∞

t

Figure 3: ‖u‖coup
∞ as a function of time for Ca = 0.1 using h = 0.0148, ε= 3h, and ∆t = 5 ·10−3.
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Figure 4: Direction and magnitude of spurious currents around the interface (indicated by the
black line) at time t = 0.2 (upper) and t = 2 (lower). The coupled method is used, Ca = 0.1,
h = 0.0148, and ∆t = 5 ·10−3.

4.2 Spatial mesh size

In the sequel, we focus on the case Ca = 0.1. We investigate spurious currents and
the error in pressure for different mesh sizes with the interface thickness ε= 3h.
The maximum magnitude of the spurious currents as well as the relative error
in pressure for different mesh sizes are presented in Table 2. As we reduce the
mesh size, the interface representation becomes sharper, the pressure represen-
tation improves, and the spurious currents are reduced. We observe a quadratic
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Figure 5: Cross sections of the pressure through y = 2.5 for three different mesh sizes. The capillary
number Ca = 0.1, the step size ∆t = 1 · 10−4 and ε = 3h. Dotted line: The exact pressure.
Solid line: h = 7.40 ·10−3. Dashed line: h = 1.48 ·10−2. Dash dotted line: h = 2.96 ·10−2.

convergence rate for the pressure in both the coupled and the decoupled meth-
ods. The convergence rate for the velocity measured in the L∞–norm is between
linear and quadratic in both methods. The spurious currents extend over larger
domains for larger mesh sizes. The convergence rate measured in the L2–norm is
similar. We have also performed computations for other values of Ca and ε and
obtained convergence.

Table 2: The maximum magnitude of the spurious currents over time for different mesh sizes h
and ε= 3h. The result indicate second order and superlinear convergence for the pressure
jump and the velocity, respectively.

coupled method decoupled method

h ∆t ‖u‖coup
∞ ∆pcoup

rel ∆t ‖u‖decoup
∞ ∆pdecoup

rel

2.96 ·10−2 5 ·10−3 4.4 ·10−4 14% 2 ·10−4 7.4 ·10−4 9.6%

1.48 ·10−2 5 ·10−3 1.2 ·10−4 3.2% 1 ·10−4 1.7 ·10−4 2.9%

7.40 ·10−3 5 ·10−3 3.1 ·10−5 0.71% 5 ·10−5 5.1 ·10−5 0.67%

4.3 Time step

We investigate here how spurious currents depend on the time step. We focus on
the case when Ca = 0.1 and h = 1.48·10−2. Table 3 shows that the results converge
to non-zero values as the time step is reduced. The errors are dominated by the
spatial discretization as soon as ∆t ≤ 2 ·10−4 for the decoupled method and ∆t ≤
2 ·10−2 for the coupled method. This indicates that we can take larger time steps
in the coupled method without loosing accuracy.
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Table 3: The magnitude of the spurious currents at t = 0.3 for different time steps ∆t . The mesh
size h = 1.48 ·10−2 and ε= 3h.

coupled method decoupled method

∆t ‖u‖coup
∞ ∆pcoup

rel ∆t ‖u‖decoup
∞ ∆pdecoup

rel

4 ·10−2 1.0 ·10−4 3.2% 4 ·10−4 1.3 ·10−4 2.9%

2 ·10−2 1.2 ·10−4 3.2% 2 ·10−4 1.6 ·10−4 2.9%

5 ·10−5 1.2 ·10−4 3.2% 5 ·10−5 1.6 ·10−4 2.9%

4.4 Interface thickness

The interface thickness is controlled by the parameter ε in the reinitialization
scheme (7). As ε decreases the level set function becomes sharper and closer to
an indicator function. We have made computations with decreasing ε, keeping
the mesh size, the time step, and the capillary number fixed. The coupled and
the decoupled method behave in a similar way, therefore we report results from
only one of the methods.

In Fig. 6 we see that decreasing ε leads to better pressure representation. How-
ever, Table 4 shows that the spurious currents increase somewhat when the thick-
ness of the interface ε becomes large or small relative to the mesh size. This is
because the computation of normals, curvature and surface tension force is not
accurate in those cases.

Table 4: The maximum magnitude of the spurious currents over time for different values of ε. We
use h = 0.0148 and ∆t = 5 ·10−3.

ε ‖u‖coup
∞ ∆pcoup

rel

4h 1.3 ·10−4 5.9%

2h 1.0 ·10−4 1.4%

h 1.1 ·10−4 0.50%

h/2 1.4 ·10−4 0.37%

4.5 Representation of the surface tension force

In this section we use the exact curvature κ = 1
R = 2 to separate effects of how

surface tension is modeled, from effects of errors in the approximation of the
curvature. We use the decoupled method and consider both the regularized sur-
face tension force defined in equation (9) and the sharp surface tension force
defined in equation (10). In Table 5 we see that when the regularized surface
tension force is used, spurious currents are of the order of tolerance of the lin-
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Figure 6: Cross sections of the pressure through y = 2.5 is shown for ε = 4h, 2h, h. Dotted line:
The exact pressure. Solid line: ε= h. Dashed line: ε= 2h. Dash dotted line: ε= 4h. We use
h = 1.48 ·10−2 and ∆t = 1 ·10−4.

ear solver. The error in the pressure jump decreases exponentially with mesh
refinement. This indicates that the pressure gradient and the regularized surface
tension force are in balance with the chosen discretization. However, when the
sharp surface tension force is used, we observe very large spurious currents close
to the interface. Although the spurious currents and the jump in the pressure
converge as the mesh is refined, we can see in Fig. 7 that the oscillations in pres-
sure close to the interface do not decrease as the spatial mesh size is reduced.
The reason for this is that we try to approximate a discontinuous function with
continuous piecewise polynomials. For the sharp surface tension force to be in
balance with the pressure gradient, one would need to be able to represent the
pressure as a discontinuous function. The work by Ganesan et al. [18] shows that
with a continuous representation of the pressure, spurious currents are present
even when isoparametric finite elements are used.

Table 5: The magnitude of the spurious currents at steady state. The exact curvature κ = 2 is pre-
scribed.

Regularized force Sharp force

h ∆t ‖u‖decoup
∞ ∆pdecoup

rel ‖u‖decoup
∞ ∆pdecoup

rel

2.96 ·10−2 2 ·10−4 O (10−11) 1.1% 3.5 ·10−2 2 ·10−4%

1.48 ·10−2 1 ·10−4 O (10−11) 1.3 ·10−2% 2.0 ·10−2 1.4 ·10−6%

7.40 ·10−3 5 ·10−5 O (10−11) 6.1 ·10−8% 1.1 ·10−2 4.8 ·10−8%
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(a) Sharp interface force. Coarse mesh.
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(b) Sharp interface force. Fine mesh.
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(c) Regularized interface force. Coarse mesh.

−1 −0.5 0 0.5 1−0.5

0

0.5

1

1.5

2

2.5

x

p 
at

 y
 =

 y
c

(d) Regularized interface force. Fine mesh.

Figure 7: Cross section of the pressure through y = 2.5. The exact curvature κ = 2 is prescribed
and ε= 3h. The dotted line is the exact pressure given in equation (16). Panels (a) and (c):
h = 2.96 ·10−2 and ∆t = 2 ·10−4. Panels (b) and (d): h = 7.40 ·10−3 and ∆t = 5 ·10−5.
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4.6 Finite element spaces

Throughout this section, we use the exact curvature κ= 1
R = 2 and the regularized

surface tension force and investigate the effect of using different finite element
combinations.

From Table 6 and 7 we see that spurious currents are present when the pres-
sure and the regularized indicator function Φε are approximated in different fi-
nite element spaces. When the same finite elements are used to approximate the
pressure and the regularized indicator function Φε spurious currents are of the
order of the tolerance of the linear solvers. Thus,

∇h ph = 1

RWe
∇hΦ

ε
h , (18)

and exact force balance is possible both for the coupled method as well as for the
decoupled method.

Further investigations using the element triple (u, p,Φ) = P2P1P2 show that
the magnitude of spurious currents increases rapidly as the regularization pa-
rameter decreases, see Table 8. However, for a fixed ε we observe fourth order
convergence for the spurious currents as the mesh is refined, see Table 9.

When equal–order elements are used to approximate pressure and velocity, the
LBB–condition is not satisfied and stabilization is necessary in order to guarantee
a unique solution. A naive approach is to change the incompressibility condition
to ∇ ·u − εp h2∇2p = 0. We see from Table 7 that the size of spurious currents
depends on the size of the stabilization term εp . Thus, the force balance is de-
stroyed. However, from Table 6 we see that the spurious currents are again of the
order of the tolerance of the linear solver when the streamline–upwind/Petrov–
Galerkin (SUPG) and pressure–stabilizing/Petrov–Galerkin (PSPG) formulations
are used for stabilization [24].

With the same finite elements used to approximate the pressure and the regu-
larized indicator function, the discrete pressure ph =Φεh/(RWe). Thus, the error
in pressure depends solely on the regularization parameter ε. When the regu-
larization parameter is fixed, the relative error in the pressure jump does not de-
crease with mesh refinement, see Table 9. In fact, the relative error in the pressure
jump is exactly equal to the difference between the regularized indicator function
of equation (5) and the exact indicator function evaluated in analogy with equa-
tion (17). Therefore, in the calculations presented in Table 10, where the regular-
ization parameter ε is proportional to the mesh size, the relative error in pressure
decreases exponentially. The error in the pressure jump decreases more slowly
(but still exponentially) when different element spaces are used for pressure and
regularized indicator function, compare with Table 5.

In the volume–of–fluid method presented in [13], a key idea was to use the
same finite difference method for discretizing ∇p as for ∇Φ to obtain balance
between the forces. In the volume–of–fluid method, the function Φ represents
the volume fraction of one of the fluids in each cell.
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Even if equal order elements are used to approximate the pressure and the reg-
ularized indicator function, the forces may be unbalanced due to errors in the
computation of the curvature. This source of errors is studied in the next section.

Table 6: The magnitude of the spurious currents and the relative error in pressure for h = 0.0148,
ε= 3h, and ∆t = 5 ·10−3 at steady state. The exact curvature κ= 2 prescribed. The coupled
method is used.

Element (u, p,Φ) Stabilization ‖u‖∞ ∆prel

Q2Q1Q1 none O (10−14) 0.0065%

Q2Q1Q2 none 4.7 ·10−6 0.0068%

Q1Q1Q1 εp = 1 7.2 ·10−4 0.0071%

Q1Q1Q1 SUPG/PSPG O (10−13) 0.0066%

Table 7: The magnitude of the spurious currents and the relative error in pressure for h = 0.0148,
ε = 3h, and ∆t = 10−4 at steady state. The exact curvature κ = 2 is prescribed. The decou-
pled method is used.

Element (u, p,Φ) Stabilization ‖u‖∞ ∆prel

P2P1P1 none O (10−12) 0.013%

P2P1P2 none 8.2 ·10−6 0.013%

P1P1P1 εp = 10−4 5.0 ·10−7 0.013%

P1P1P1 εp = 10−2 5.0 ·10−5 0.013%

Table 8: The magnitude of the spurious currents and the relative error in pressure for Ca = 0.1,
h = 1.48 ·10−2, and ∆t = 1 ·10−4. The exact curvature κ = 2 is prescribed. The decoupled
method is used. The element triple (u, p,Φ) =P2P1P2 is used.

ε ‖u‖∞ ∆prel

3h 8.2 ·10−6 1.3 ·10−2%

2.5h 1.4 ·10−5 2.0 ·10−3%

h 2.4 ·10−4 8.7 ·10−7%

4.7 Curvature evaluation

When the surface tension force is regularized, a volume force has to be evalu-
ated. A curvature must be defined in the domain where the regularized surface
tension force has its support. In this section, we study two different ways to de-
fine curvature away from the interface.

One way is to use the curvature of the level set ofΦ. Numerically, this curvature
can be computed as the divergence of the normal as in equation (12). In the case
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Table 9: The magnitude of the spurious currents and the relative error in pressure for Ca = 0.1 and
ε = 0.0444. The exact curvature κ = 2 is prescribed. The decoupled method is used. The
element triple (u, p,Φ) = P2P1P2 is used. We observe a fourth order convergence for the
velocity when the mesh is refined. The error in pressure has almost converged.

h ∆t ‖u‖∞ ∆prel

1.48 ·10−2 1 ·10−4 8.2 ·10−6 1.3 ·10−2%

1.05 ·10−2 7 ·10−5 2.0 ·10−6 1.3 ·10−2%

7.40 ·10−3 5 ·10−5 5.0 ·10−7 1.2 ·10−2%

Table 10: The magnitude of the spurious currents and the relative error in pressure for Ca = 0.1
and ε = 3h. The exact curvature κ = 2 is prescribed. The decoupled method is used. The
element triple (u, p,Φ) = P2P1P2 is used. We observe a first order convergence for the
velocity as the mesh and ε decreases. The error in pressure decreases exponentially as ε
and the mesh size decreases.

h ∆t ‖u‖∞ ∆prel

2.96 ·10−2 2 ·10−4 1.7 ·10−5 1.2%

1.48 ·10−2 1 ·10−4 8.2 ·10−6 1.3 ·10−2%

7.40 ·10−3 5 ·10−5 4.0 ·10−6 1.4 ·10−5%

of a circular drop centered at (0, yc), the analytical curvature of the level set at a
point (x, y) is given by

κ= 1√
x2 + (y − yc)2

. (19)

Another way is to use the curvature at the closest point on the interface. In the
case of a static circular drop with radius R = 0.5, the analytical curvature at any
point on the interface is given by κ = 1

R = 2. Numerically, the nearest point on
the interface for a given node point in two dimensions can be found using the
method developed by Chopp [28]. We use a formula given in [29] which gives a
good approximation when the interface is close to a circle:

κ= 1

1/(∇·n)−d(Φ)
. (20)

The signed distance function d is computed from the regularized indicator func-
tionΦ assuming it has the form given by equation (5).

The results presented in Table 11 are with h = 0.0148 and ε= 2.5h. The magni-
tudes of the spurious currents are much larger when the curvature is computed
numerically (rows 2 and 4 in Table 11) compared to when the analytical expres-
sions are used (rows 1 and 3). We also see that with the analytical expressions
for the curvature, spurious currents are smaller when we use the curvature at the
interface (row 1), rather than the curvature of the level set (row 3).
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In order to understand the difference in pressure between the different cur-
vature extensions we rewrite equation (15) in polar coordinates (r,θ) with IΓ re-
placed by Φε (defined as in equation (5)). The pressure in polar coordinates is
given by

p(r ) = 1

We

∫ r

r0

κ(s)
∂Φε

∂s
d s. (21)

Here we let r0 = 2.5 which corresponds to the boundary of our computational
domain and we assume p(r0) = 0. Computing the relative error for the pressure
jump by evaluating the pressure as in equation (21) we get for ε= 0.037 a relative
error ∆prel = 0.0020% when κ(r ) = 2 and ∆prel = 2.0% when κ(r ) = 1/r . These
values are exactly the ones we get by solving the full Navier–Stokes equations,
see Table 11. Note that analytically the surface tension force depends only on
r . However, in a numerical implementation the force may vary slightly in the θ
direction which can result in spurious currents.

In Fig. 8, a cross section of the pressure is shown for the different ways of com-
puting the curvature. In Panel (a) we compare the analytical expressions for the
curvature and in Panel (b) the numerical expressions. From Fig. 8 and Table 11
it is clear that the best results are obtained when the curvature at the interface is
used. We also note that when the curvature at the level set is used, the error in
pressure is the same for the analytical and the numerical expressions.

Finally, we note that as long as the level set function is reasonably well resolved
(i.e. ε > h), the effect of using an approximate curvature dominates over the ef-
fect of using mismatching elements for the regularized indicator function and the
pressure.

Table 11: The magnitude of spurious currents for different curvature calculations using P2P1P1
elements. The mesh size h = 0.0145, ε= 2.5h, and ∆t = 10−4.

Curvature ‖u‖∞ ∆prel

κ= 2 O (10−12) 0.0020%

κ= 1
1/(∇·n)−d(Φ) 1.9 ·10−4 0.12%

κ=− 1p
x2+(y−yc)2

4.4 ·10−5 2.0%

κ=−∇·n 1.8 ·10−4 2.0%

4.7.1 Filtered curvature

We close this section by investigating the effect of filtering to damp high fre-
quency errors in the numerically computed curvature. Such errors occur where
the level set function is almost constant and not close to the interface. We have
observed that high frequency errors in the curvature are more pronounced when
higher order elements for the level set function are used.
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(a) Analytic expressions for the curvature
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(b) Numerically computed curvature

Figure 8: The cross section of the pressure for different curvature computations. Solid line: cur-
vature at the closest point on the interface. Dashed line: curvature of the level sets of φ.
Dotted line: exact pressure defined in equation (16).
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A filtered curvature can be obtained either by direct filtering in the curvature
computation by choosing ηκ > 0 in equation (13) or by computing the curvature
from a filtered normal. A filtered normal ñ is obtained by taking ηn > 0 in equa-
tion (11).

Table 12 shows that the spurious currents are reduced when filtering is applied.
Comparing the two ways above to do the filtering, the magnitude of the spurious
currents is smaller when filtering is applied directly in the curvature computa-
tion. However, filtering in the curvature has a negative impact on the pressure
error. Computing the curvature from a filtered normal does not affect the pres-
sure error. This also explains the somewhat larger error in the pressure jump in
the coupled method where ηκ = h2 compared to the decoupled method where
ηκ = 0, see Table 1.

Table 12: The magnitude of spurious currents with and without damping the high frequencies in
the curvature computation. The mesh size h = 0.0145, ε = 2.5h, ∆t = 10−4, and we use
P2P1P1 elements.

Curvature ηn ηκ ‖u‖∞ ∆prel

κ=−∇·n 0 0 1.8 ·10−4 2.0%

κ=−∇·n 0 h2 1.5 ·10−4 2.1%

κ=−∇·n 0 0.5h 1.1 ·10−4 4.0%

κ=−∇· ñ h2 0 1.7 ·10−4 2.0%

κ=−∇· ñ 0.5h 0 1.4 ·10−4 2.0%

5 Conclusion

We have studied spurious currents appearing in two phase flow simulations us-
ing the conservative level set method and finite element discretizations. For this
purpose we have considered a circular drop in equilibrium.

In all the simulations considered in this paper the magnitude of spurious cur-
rents decreases with mesh refinement. We found no significant difference be-
tween the coupled method and the decoupled method. However, larger time
steps can be used in the coupled method without loosing accuracy.

The most significant factor affecting the spurious currents is the representa-
tion of the surface tension. A sharp surface tension, represented as a line integral
in the variational formulation, resulted in much larger errors than a regularized
surface tension force. The sharp formulation also resulted in oscillations in the
pressure that did not vanish with mesh refinement. This is probably related to
the fact that our finite element method does not allow for discontinuities in the
pressure.
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Another significant factor is the combination of finite element spaces. We have
found that if the same finite element space for the pressure and the regularized
indicator function is used, exact force balance can be achieved, eliminating spu-
rious currents. When an element pair for velocity and pressure is used that does
not satisfy the LBB–condition, we show that a naive approach of stabilization de-
stroys the force balance. The force balance can be retained by using the more so-
phisticated streamline–upwind Petrov–Galerkin and pressure-stabilizing Petrov–
Galerkin formulation.

The spurious currents also depend on how the curvature is approximated. The
exact force balance mentioned above is only achieved when using the exact cur-
vature, which is usually unknown. In many cases, errors in the curvature calcu-
lation is the main reason for spurious currents.

The pressure is also affected by how the curvature is approximated. Especially
important is how the curvature of the interface is extended into the domain. The
best results were obtained when the curvature in points away from the interface
was defined as the curvature at the closest point on the interface.
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