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Abstract

This paper concerns preconditioned iterative solution methods for solving incom-
pressible non-Newtonian Navier-Stokes equations as arising in regularized Bingham
models. Stable finite element discretization applied to the linearized equations results
in linear systems of saddle point form. In order to circumvent the difficulties of effi-
ciently and cheaply preconditioning the Schur complement of the system matrix, in
this paper the augmented Lagrangian (AL) technique is used to algebraically trans-
form the original system into an equivalent one, which does not change the solution
and that is the linear system we intend to solve by some preconditioned iterative
method. For the transformed system matrix a lower block-triangular preconditioner
is proposed. The crucial point in the AL technique is how to efficiently solve the
modified pivot block involving the velocity. In this paper an approximation of the
modified pivot block is proposed and an algebraic multi-grid technique is applied for
this approximation. Numerical experiments show that the AL preconditioner com-
bining with the algebraic multi-grid solver is quite efficient and robust with respect
to the variation of the mesh size and the regularized parameter of the Bingham model.
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1 Introduction
In the non-Newtonian fluids modeling, the Cauchy stress tensor is given by

σ = 2ν(DII(u), p)Du− pI,

where p is the pressure and u is the velocity. The term Du = 1
2
(∇u +∇Tu) denotes the

rate-of-deformation tensor and ν(·) denotes the kinematic viscosity which may depend on
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the second invariant of the rate-of-deformation tensor DII(u) = 1
2
tr(D2u) and the pressure

p. Then, depending on the specific viscosity function ν(·), the following models are used
in certain applications (with appropriate parameters ν0, ν∞, α, β, τ , φ):

• ν(DII(u), p) = ν0 + τ(DII(u))
α
2 describing ”power law” non-Newtonian fluids,

(e.g., [11, 16, 21, 32]);

• ν(DII(u), p) = ν∞+(ν0−ν∞)(1+βDII(u))
α
2 describing ”Carreau law” non-Newtonian

fluids;

• ν(DII(u), p) =
√

2 sinφp(DII(u))−
1
2 describing ”Schaeffer law” non-Newtonian fluids,

(e.g., [31]);

• non-Newtonian fluids with pressure and shear dependent viscosity (e.g., [18, 20]).

In all models, the velocity u and the pressure p satisfy the following generalized incom-
pressible Navier-Stokes (N-S) equations:

∂u
∂t

+ u · ∇u−∇ · (2ν(DII(u), p)Du) +∇p = f, in Ω× (0, T ]

∇ · u = 0, in Ω× (0, T ]

u = g on ∂ΩD × (0, T ],

ν
∂u
∂n
− np = 0 on ∂ΩN × (0, T ],

u(x, 0) = u0(x) on Ω.

(1)

Here u is the unknown velocity and p is the unknown pressure, Ω is a bounded and
connected domain Ω ⊂ Rd (d = 2, 3), ∂Ω = ∂ΩD∪∂ΩN is its boundary where ∂ΩD and ∂ΩN

denote the parts of the boundary that has the Dirichlet and Neumann boundary conditions,
correspondingly. The terms f : Ω→ Rd, g and u0 are a given force field, Dirichlet boundary
data and initial condition for velocity. The term n denotes the outward-pointing normal
to the boundary.

In this work we only consider the Binghammodel, namely, ν(DII(u)) = ν0+τ(DII(u))−
1
2 .

Due to the possible singularity of ν(DII(u)), some regularization techniques are needed.
In this paper we utilize a widely used regularization method, namely, ν(DII(u)) = ν0 +

τ(DII(u) + ε2)−
1
2 (e.g., [8, 16]). In practice, one needs to choose ε as small as possible in

order to well characterize the Bingham flow (e.g., [8, 15, 16]). On the other hand, in nu-
merical experiments we see that reasonably small values of ε lead to higher computational
complexity of the numerical simulations.

Because the viscosity function ν(DII(u)) also depends on velocity u, two of the terms
in (1) exhibit nonlinear behavior: ∇·(2ν(DII(u))Du) and u ·∇u. Thus, some linearization
techniques are needed. Two well-known and most often used methods are Newton’s method
and Picard’s method. Finite element discretization of the linearized equations results in
discrete linear systems of saddle point form, and Krylov subspace methods are the choices
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to solve the saddle point systems in this work. Furthermore, we limit ourselves to the
generalized incompressible N-S equations in stationary state.

The rest of this paper is organized as follows. Section 2 is an overview of the linearization
methods and the finite element discretization. In Section 3 the augmented Lagrangian (AL)
approach is used to equivalently transform the discrete linear system and the original and
modified AL preconditioners are proposed for the transformed system. Section 4 illustrates
the numerical experiments, and some conclusions and future work are outlined in Section
5.

2 Problem formulation and linearization
For the weak formulation of the stationary Navier-Stokes equations (1), we define the
velocity solution and test spaces, namely,

H1
E = {u ∈ H1(Ω)d|u = g on ∂ΩD},

H1
E0

= {v ∈ H1(Ω)d|v = 0 on ∂ΩD},

H1(Ω)d = {ui : Ω→ Rd | ui,
∂ui
∂xj
∈ L2(Ω), i, j = 1, · · ·, d},

and define L2(Ω) as the approximate space for the pressure p,

L2(Ω) = {p : Ω→ R |
∫

Ω

p2 <∞}.

Then the weak formulation reads as follows:
Find u ∈ H1

E and p ∈ L2(Ω) such that∫
Ω

2ν(DII(u))Du : DvdΩ +

∫
Ω

(u · ∇u)vdΩ−
∫

Ω

p∇ · vdΩ =

∫
Ω

fvdΩ,∫
Ω

q∇ · udΩ = 0,

(2)

for all v ∈ H1
E0

and all q ∈ L2(Ω). The pressure is uniquely defined only up to a constant
term. To make is unique, one normally imposes the additional constraint

∫
Ω
p dΩ = 0. We

also assume that the discretization is done using a stable pair of FEM spaces, satisfying
the LBB condition [13].

For clarity, we consider the term (2ν(·)Du,Dv). If we perform integration by parts
of the term −

∫
Ω

(∇ · (2ν(·)Du)) · vdΩ, its equivalence to the term (2ν(·)Du,∇v) appears
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straightforwardly. Indeed,

(2ν(·)Du,Dv) = 2× 1

4
×
∫

Ω

ν(·)
d∑
i,j

(
∂ui
∂xj

+
∂uj
∂xi

)(
∂vi
∂xj

+
∂vj
∂xi

)

= 2× 1

4
× {
∫

Ω

ν(·)
d∑
i,j

∂vi
∂xj

(
∂ui
∂xj

+
∂uj
∂xi

) +

∫
Ω

ν(·)
d∑
i,j

∂vj
∂xi

(
∂ui
∂xj

+
∂uj
∂xi

)}

= 2× 1

2
×
∫

Ω

ν(·)
d∑
i,j

∂vi
∂xj

(
∂ui
∂xj

+
∂uj
∂xi

)

= (2ν(·)Du,∇v),

Due to the presence of the terms (
∫

Ω
(u·∇u)·vdΩ) and

∫
Ω

2ν(DII(u))Du : DvdΩ in (2),
the system is nonlinear. There are two widely used linearization methods, i.e., Newton’s
method and Picard’s method [13]. Next we briefly introduce linearization by Newton’s
method, followed by Picard’s method.

Let (u0, p0) be a initial guess and let (uk, pk) be the approximate solution at the kth
nonlinear step. Substituting into the weak formulation (2), the nonlinear residual is ob-
tained as

Rk =

∫
Ω

f · vdΩ−
∫

Ω

2ν(DII(uk))Duk : DvdΩ−
∫

Ω

(uk · ∇uk) · vdΩ +

∫
Ω

pk∇ · vdΩ

Pk = −
∫

Ω

q (∇ · uk)dΩ,

for all v ∈ H1
E0

and q ∈ L2(Ω). We update the approximations of velocity and pressure as
uk+1 = uk + δuk, pk+1 = pk + δpk, where δuk ∈ H1

E0
and δpk ∈ L2(Ω) (provided uk ∈ H1

E

and pk ∈ L2(Ω)). Then, the correction (δuk, δpk) in Newton’s linearization should satisfy
the following problem:
Find δuk ∈ H1

E0
and δpk ∈ L2(Ω) such that∫

Ω

2ν(DII(uk))Dδuk : DvdΩ +

∫
Ω

2ν ′(DII(uk))[Duk : Dδuk][Duk : Dv]dΩ

+

∫
Ω

(uk · ∇δuk) · vdΩ +

∫
Ω

(δuk · ∇uk) · vdΩ−
∫

Ω

δpk (∇ · v)dΩ = Rk∫
Ω

q (∇ · δuk)dΩ = Pk,

for all v ∈ H1
E0

and q ∈ L2(Ω). In the regularized Bingham model, i.e., ν(DII(u)) = ν0 +

τ(DII(u)+ε2)−
1
2 , the derivative ν ′(DII(u)) is found to be ν ′(DII(u)) = −1

2
τ(DII(u)+ε2)−

3
2 .

More details of Newton’s method can be found in [13, 19, 26, 27]. In order to avoid
repetition, here we only present the final formula. After the correction (δuk, δpk) has been
computed, the next approximations are updated as uk+1 = uk + δuk and pk+1 = pk + δpk
for k = 0, 1, · · · until convergence.
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Picard’s linearization process is obtained in a similar way as Newton’s linearization,
except that additional terms,

∫
Ω

(δuk · ∇uk) · vdΩ and
∫

Ω
2ν ′(DII(uk))[Duk : Dδuk][Duk :

Dv]dΩ are also dropped. Thus, Picard’s linearization reads as follows:
Find δuk ∈ H1

E0
and δpk ∈ L2(Ω) such that∫

Ω

2ν(DII(uk))Dδuk : DvdΩ +

∫
Ω

(uk · ∇δuk) · vdΩ−
∫

Ω

δpk (∇ · v)dΩ = Rk∫
Ω

q (∇ · δuk)dΩ = Pk,

for all v ∈ H1
E0

and q ∈ L2(Ω). Similarly, we update the approximations as uk+1 = uk+δuk
and pk+1 = pk + δpk for k = 0, 1, · · · until convergence.

As is well known for incompressible Newtonian fluids with constant viscosity, provided
that the initial guess is sufficiently close to the exact solution, Newton’s method shows
locally quadratic convergence. However, besides more work to assemble the required ma-
trices and vectors, another disadvantage of Newton’s method is that the radius of its ball
of convergence is proportional to the viscosity [13]. For the regularized Bingham problem
it is pointed out in [10] that the domain of convergence for Newton’s method shrinks as
ε→ 0. Therefore, in practice it is good to run a few Picard iterations to feed a sufficiently
good initial guess to the Newton’s iterations, since Picard’s method has a larger radius of
convergence than Newton’s method.

3 Linear solver
Let Xh

E0
and P h be finite dimensional subspaces of H1

E0
and L2(Ω), and let {~ϕi}1≤i≤nu be

the nodal basis of Xh
E0

and {φi}1≤i≤np be the nodal basis of P h. According to the Galerkin
framework, the discrete corrections of velocity and pressure are represented as

δuh =
nu∑
i=1

δui~ϕi, δph =

np∑
i=1

δpiφi,

where nu and np are the total number of degrees of freedom for velocity and pressure. The
linear system arising in Newton’s or Picard’s linearization is of the form[

F BT

B O

] [
δuh
δph

]
=

[
f
g

]
or Ax = b, (3)

where the system matrix A =

[
F BT

B O

]
is nonsymmetric of saddle point form. The

unknown vector δuh is the discrete correction of the velocity and δph is the discrete cor-
rection of the pressure. Combining them together we set xT = [δuTh δpTh ]. The matrix
B ∈ Rnu×np corresponds to the discrete (negative) divergence operator and BT corresponds
to the discrete gradient operator (e.g., [13]). Clearly, when comparing Newton and Picard
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linearization methods, the difference is only in the pivot block F ∈ Rnu×nu , which has the
form F = Aν + δ1Ãν +N + δ2Ñ . Given the approximation of uh, the entries of Aν , Ãν , N
and Ñ are given by

Aν ∈ Rnu×nu , [Aν ]i,j =

∫
Ω

2ν(DII(uh))D~ϕi : D~ϕj,

Ãν ∈ Rnu×nu , [Ãν ]i,j =

∫
Ω

2ν ′(DII(uh))[Duh : D~ϕj][Duh : D~ϕi],

N ∈ Rnu×nu , [N ]i,j =

∫
Ω

(uh · ∇~ϕj)~ϕi,

Ñ ∈ Rnu×nu , [Ñ ]i,j =

∫
Ω

(~ϕj · ∇uh)~ϕi.

(4)

Newton’s method corresponds to δ1 = δ2 = 1, while Picard’s method corresponds to
δ1 = δ2 = 0.

Linear systems of the form (3) are often referred to as two-by-two block systems. Fast
and reliable numerical solutions for two-by-two block systems have been intensively studied
in the past decades, see the milestone papers [2, 3, 4, 7] and the book [13], with numerous
references therein.

As is well known, direct solution methods are highly robust with respect to both prob-
lem and discretization parameters, and are, therefore, a preferred choice in numerical
simulations performed by engineers and applied scientists. The limiting factors for the
sparse direct solvers are most often the demands of memory and the need to repeatedly
factorize matrices, which are recomputed during the simulation process, as for instance,
the Jacobians in nonlinear problems. For real industrial applications where the models
are mostly in three space dimensions and result in very large scale linear systems of the
type (3), rapidly convergent iterative methods, accelerated by a proper preconditioner be-
come the methods of choice. In this work, we consider the preconditioned Krylov subspace
methods, see [1, 29].

The search of efficient preconditioners for two-by-two block systems arising in incom-
pressible non-Newtonian flows is the main concern of this work. There are several manners
to construct preconditioners, and in this work, we limit ourselves to the preconditioners
constructed based on the approximations of the block-factorization of the original matrix.
In general, the exact factorization of a matrix of two-by-two block form is[

A11 A12

A21 A22

]
=

[
A11 O
A21 S

] [
I1 A−1

11 A12

O I2

]
, (5)

where I1 and I2 are identity matrices of proper dimensions. The pivot block A11 is assumed
to be nonsingular and S = A22−A21A

−1
11 A12 is the exact Schur complement matrix. In our

case, A11 = F , A12 = BT , A21 = B and A22 = O. So, S = −BF−1BT .
The preconditioners for such matrices of two-by-two block form are often of block lower-
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or upper-triangular form

ML =

[
Ã11 O

A21 S̃

]
, MU =

[
Ã11 A12

O S̃

]
. (6)

Here the matrix Ã−1
11 denotes some approximation of A−1

11 , given either in explicit form or
implicitly defined via an inner iterative solution method with proper stopping tolerance.
The matrix S̃ is some approximation of the exact Schur complement S.

The results in [3] show that, for Ã−1
11 ≈ A−1

11 and S̃ ≈ S, the eigenvalues ofM−1
L A are

located in disks and the radii of the disks are controlled by making a sufficient number of
inner iterations when iteratively solving systems with the pivot block matrix A11 and by
choosing a sufficiently accurate approximation S̃ of S. Thus, we can see that the quality
of the preconditioner ML applied to the matrix A depends on the accurate solutions
of the pivot block matrix and how well the Schur complement matrix is approximated.
The most challenging task, however, turns out to be the construction of numerically and
computationally efficient approximations of the Schur complement matrix, which is in
general dense and it is not practical to form it explicitly.

The variation of the viscosity is an important factor and effects the behavior of the
already known preconditioners, proposed for two-by-two block matrices. To this end,
we choose the augmented Lagrangian (AL) method (see e.g., [2, 5, 6]) and numerically
analyse the impact of the variation of viscosity on that. Following the AL method, we
first algebraically transform the system (3) into an equivalent one with the same solution,
which is of the form[

F + γBTW−1B BT

B 0

] [
δuh
δph

]
=

[
f̂
g

]
or Aγx = b̂, (7)

where f̂ = f + γBTW−1 g, and γ > 0 and W are suitable scalar and matrix parameters.
Clearly, the transformation (7) does not change the solution for any value of γ and any
nonsingular matrix W .

The equivalent system (7) is what we intend to solve and the AL type preconditioner
proposed for the transformed system matrix Aγ in (7) is of the block lower-triangular form

ML =

[
F + γBTW−1B 0

B − 1
γ
W

]
. (8)

It can be seen that the exact Schur complement SAγ = −B(F + γBTW−1B)−1BT of
the transformed matrix Aγ is approximated by − 1

γ
W . Here the matrix W can be chosen

to be the pressure mass matrix M as shown in [5] or even the identity matrix as shown in
[2, 9].

For γ →∞ and for any nonsingular matrixW , all the eigenvalues of the preconditioned
matrixM−1

L Aγ cluster to one (for rigorous proof one can refer to [5, 6, 17]), which means
that for large values of γ and provided that we accurately solve the system with the modified
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pivot block Fγ = F + γBTW−1B, the AL preconditioner ensures a very fast convergence,
within a few iterations. However, with increasing γ the modified pivot block Fγ becomes
increasingly ill-conditioned and finding fast solutions for systems with Fγ becomes more
and more difficulty, which contradicts to the requirement that γ needs to be large. For a
complete analysis of the effect of the parameter γ, we can refer to [5, 6, 17]).

Although the matrices F and B are sparse, the modified pivot block Fγ is in general
dense. How to efficiently solve systems with Fγ is still an open question in the AL frame-
work. More research efforts need to be invested here. An approximation of Fγ is proposed
in [6], and here we take two dimensions as an example to illustrate the idea there. In two

dimensions, F is of the form F =

[
F11 F12

F21 F22

]
, where each block is square of order nu/2,

and B =
[
B1 B2

]
. Thus,

Fγ = F + γBTW−1B

=

[
F11 F12

F21 F22

]
+ γ

[
BT

1

BT
2

]
W−1

[
B1 B2

]
=

[
F11 + γBT

1 W
−1B1 F12 + γBT

1 W
−1B2

F21 + γBT
2 W

−1B1 F22 + γBT
2 W

−1B2

]
:=

[
Fγ,11 Fγ,12

Fγ,21 Fγ,22

]
.

The approximation of Fγ is constructed by taking its block lower-triangular part

F̃γ =

[
Fγ,11 O
Fγ,21 Fγ,22

]
.

Using the approximation F̃γ to replace the modified pivot block Fγ in (8), the modified AL
preconditioner of block lower-triangular form is proposed as follows

M̃L =

[
F̃γ O
B − 1

γ
W

]
=

Fγ,11 O O
Fγ,21 Fγ,22 O
B1 B2 − 1

γ
W

 . (9)

In this work, we compare the numerical efficiency of the modified AL preconditioner
M̃L in (9) and the original AL preconditioner ML in (8), applied to the transformed
system (7). In the numerical experiments we fix γ = 1 and choose the matrix W to be the
diagonal part of the pressure mass matrix, i.e., W = DM . It is verified that DM is a good
approximation of the pressure mass matrix in numerous applications.

4 Numerical illustrations
We choose as a benchmark the well-known two-dimensional lid-driven cavity problem,
equipped with the boundary conditions u1 = u2 = 0 for x = 0, x = 1 and y = 0; u1 =
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1, u2 = 0 for y = 1. The problem is discretized by using Cartesian meshes and Q2-
Q1 finite element pair. In this paper we consider the regularized Bingham model, i.e.,
ν(DII(u)) = ν0 + τ(DII(u) + ε2)−

1
2 . We fix ν0 = 1, and vary the regularization parameter

ε and the coefficient τ , such as ε = 10−2, 10−3, 10−4, and τ = 1, 2.5.
We use Newton’s and Picard’s methods to linearize the nonlinear Navier-Stokes equa-

tions, and the stopping tolerance for the nonlinear iterations in all experiments is relative
and is chosen to be 10−6. At each nonlinear step we use one of the Krylov subspace meth-
ods, namely, the generalized conjugate gradient minimal residual method (GCGMR) [1], to
solve the transformed system (7). The corresponding iterations are referred to as the linear
iterations, and in this paper, the relative stopping tolerance for the linear iterations is cho-
sen to be 10−2. Our experience shows us that tighter values of the stopping tolerance are
not necessary because the convergence rate of the nonlinear iterations is not dramatically
improved by decreasing the (relative) stopping tolerance for the linear iterations.

When applying the modified AL preconditioner M̃L (9) to the transformed system
(7), the main computational effort is to solve accurately enough systems with the lower-
triangular block F̃γ. Instead of direct solution method, in this paper we use an aggregation-
based algebraic multigrid solver for F̃γ, namely, agmg (see [23, 22, 24]). We construct the
agmg preconditioner once every ten nonlinear iterations and the relative stopping tolerance
for agmg is chosen to be 10−3. To illustrate the efficiency of the modified AL preconditioner
M̃L with the agmg solver for F̃γ, we also use the original AL preconditioner ML (8),
where linear systems with the modified pivot block Fγ are solved by direct method. The
implementation of agmg is in Fortran and Matlab interface is provided. Therefore, its
performance in terms of time is comparable with that of the ’backslash’ direct solver in
Matlab. The comparison of the overall performance is presented in Table 1.

Based on the results in Table 1, several observations can be made. (i) For Picard’s
method and Newton’s method, whether applying the modified AL preconditioner M̃L or
the original AL preconditionerML, the average preconditioned linear iterations are robust
with respect to the mesh size h, the regularization parameter ε and the coefficient τ . (ii)
Whether Newton’s method or Picard’s method is used, the modified AL preconditioner
performs better than the original AL preconditioner in terms of total time, which including
the time on assembling the necessary matrices and vectors, and the time for solving linear
systems over all nonlinear iterations. For h = 1/64, the simulation with the modified AL
preconditioner is almost two times faster than that using the original AL preconditioner.
(iii) The nonlinear iteration when using Newton’s method is only the half of that when
using Picard’s method, and their average linear iterations are the same. Because Newton’s
method involves more assembling works, the total simulation time with Newton’s method
is not the half of that when using Picard’s method.

The reason why the overall performance of the modified AL preconditioner M̃L is better
than the original AL preconditioner can be numerically explained by Table 2. In Table 2 we
present the comparison of the agmg method and the direct method when utilized to solve
linear systems with the lower block-triangular matrix F̃γ. The matrices F̃γ arise in Picard’s
method and Newton’s method, and the agmg method exhibits much better performance
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than the direct method for the block F̃γ arising in the two linearization methods.
Determining the rigid regions of the viscoplastic flow, formally regions where DII(u) =

0, is the most challenging task from modeling point of view. However, when a reg-
ularized model is used the condition DII(u) = 0 does not hold exactly. In practice
one needs to choose the regularization parameter ε as small as possible. On the other
hand, Table 1 clearly shows that small values of the regularization parameter ε lead to
more computational work. To give an insight regarding reasonable values of ε which can
well predict the rigid regions, Figures 1-2 show the computed isolines of (DII(u))

1
2 for

ε ∈ {10−2, 10−3, 10−4, 10−5}. These figures appear to be nearly identical with those in
[8, 11, 16] and we see that for ε ≈ 10−4 the computed results give a fairly good prediction
of the rigid regions. The relatively large values, i.e., ε ≥ 10−3 are not enough to recover
the viscoplastic properties.

All the results in Tables 1-2 are computed by using Matlab 7.13 (R2011b) in Linux
host provided by Uppsala Multidisciplinary Center for Advanced Computational Science
(UPPMAX). The host consists of a dual core AMD Opteron 2220 SE (2.8 GHz, 12 GB
Memory) processor.

5 Conclusions and future work
In this work, we use the augmented Lagrangian approach and the modified AL precon-
ditioner to accelerate the convergence of Krylov subspace methods when solving discrete
linear systems arising in the non-Newtonian fluids. When solving systems with the pivot
block of the modified AL preconditioner, an aggregation-based multigrid solver, namely,
the agmg method is utilized. The non-Newtonian fluid problem, modeled by the regular-
ized Bingham model is taken as an example in this paper, and numerical experiments show
that the modified AL type preconditioner combining with the agmg method exhibits high
numerical efficiency and robustness with respect to the mesh size and the regularization
parameter in the Bingham model.

While we focus on the applications of Bingham model in this paper, the preconditioning
technique used here is straightforwardly applicable for other non-Newtonian models.

How to further accelerate the convergence of the nonlinear iterations is a direction
for future research. One possible approach is to combine Newton’s method and Picard’
method, meaning that one may perform a few Picard iterations to feed a sufficiently good
initial guess to the Newton’s iterations, since Picard’s method needs less assembling work
and has a larger domain of convergence than Newton’s method.
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Table 1: Iterations and time (in second) to solve the transformed system (7) preconditioned
by the modified AL preconditioner M̃L (9) and the original AL preconditionerML (8)

τ = 1 τ = 2.5

M̃L ML M̃L ML

ε 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4 10−2 10−3 10−4

h = 1/16
Picard’s nonlinear iter. 53 97 184 53 100 175 73 131 369 72 130 304
average linear iter. 8 8 8 4 4 4 9 10 9 4 4 4
total time 7.96 15.42 31.24 12.46 24.20 42.45 11.64 23.94 90.94 17.08 31.53 72.31
Newton’s nonlinear iter. 30 51 90 30 52 75 40 68 187 39 78 213
average linear iter. 10 10 10 5 5 6 12 12 11 5 5 4
total time 7.08 12.20 22.75 10.10 17.66 27.33 9.84 18.83 71.44 13.23 25.49 66.71
h = 1/32
Picard’s nonlinear iter. 67 150 210 67 151 233 107 213 337 107 218 381
average linear iter. 7 8 10 3 4 4 8 10 10 3 4 4
total time 43.88 105.87 177.93 74.45 179.75 282.15 70.94 166.87 342.42 117.81 254.16 446.81
Newton’s nonlinear iter. 37 80 112 37 79 117 58 111 156 58 113 205
average linear iter. 10 11 12 5 5 5 10 12 12 5 5 5
total time 37.83 85.09 160.54 58.18 132.66 203.25 59.21 135.10 249.71 90.50 185.53 322.36
h = 1/64
Picard’s nonlinear iter. 74 196 272 74 197 273 127 301 786 127 300 859
average linear iter. 6 7 8 3 3 3 6 8 8 3 4 3
total time 198.89 551.41 922.03 450.66 1212.25 1701.85 335.16 919.31 2648.72 627.73 1584.57 5101.43
Newton iter. 40 102 142 41 102 143 68 153 391 68 156 412
average linear iter. 8 9 11 4 5 5 9 10 9 4 4 4
total solution time 163.02 426.30 768.77 344.40 859.06 1286.92 285.92 694.72 1950.08 550.89 1328.21 3335.89
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Table 2: Time in sec to solve systems with F̃γ by the agmg method, with relative stopping
tolerance-10−3 and ε = 10−4.

τ = 1 τ = 2.5

Picard’s method Newton’s method Picard’s method Newton’s method
size(F̃γ) = 2178, h = 1/32
agmg iterations 8 7 9 8
agmg setup time 0.03 0.03 0.03 0.03
agmg solution time 0.03 0.03 0.03 0.03
agmg total time 0.06 0.06 0.06 0.06
Direct solver 0.17 0.18 0.16 0.19
size(F̃γ) = 8450, h = 1/64
agmg iterations 7 8 8 8
agmg setup time 0.10 0.11 0.10 0.11
agmg solution time 0.10 0.13 0.11 0.13
agmg total time 0.20 0.24 0.21 0.24
Direct solver 1.04 1.06 1.01 1.06
size(F̃γ) = 33282, h = 1/128
agmg iterations 8 8 8 8
agmg setup time 0.51 0.55 0.75 0.90
agmg solution time 0.63 0.70 0.83 0.95
agmg total time 1.14 1.25 1.58 1.85
Direct solver 8.02 8.11 8.35 8.44
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(a) ε = 10−2 (b) ε = 10−3

(c) ε = 10−4 (d) ε = 10−5

Figure 1: Computed isolines for (DII(u))
1
2 = {10−1, 10−2, 10−3} with τ = 1
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(a) ε = 10−2 (b) ε = 10−3

(c) ε = 10−4 (d) ε = 10−5

Figure 2: Computed isolines for (DII(u))
1
2 = {10−1, 10−2, 10−3} with τ = 2.5
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