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Abstract— A method to solve the recursive Bayesian estimation
problem by making use of orthogonal series expansions of
the involved probability density functions is presented. The
coefficients of the expansion for the posterior density are then
calculated recursively via prediction and update equations. The
method has two main benefits: it provides high estimation
accuracy at a relatively low computational cost and it is
highly amenable to parallel implementation. An application
to a bearings-only tracking problem shows that the proposed
method performs with the same accuracy as the particle
filter but at a 24 times lower computational cost. A paral-
lel implementation on a shared-memory multicore machine
demonstrates that linear speedup in the number of cores is
achievable.

I. INTRODUCTION

Nonlinear non-Gaussian filtering problems arise in numerous
signal processing and control applications such as com-
munication, radar and sonar target tracking, and satellite
navigation, to mention a few.

Consider a nonlinear discrete-time system

xk+1 = f(xk) + wk, (1)
yk = g(xk) + vk, (2)

with the state vector xk ∈ Rn, the output vector yk ∈ Rp
and the process and measurement noise wk ∈ Rn, vk ∈
Rp, respectively. The probability density functions (PDFs)
p(wk), p(vk) are assumed to be known but are allowed
to have arbitrary form. A more general formulation would
as well include an deterministic input signal uk but it is
omitted here for brevity. A corresponding generalization of
the formulae is straightforward.

The Recursive Bayesian Estimation (RBE) problem, see e.g.
[1], [2], is the general underlying problem for nonlinear state
estimation in stochastic dynamical systems. In RBE, the aim
is to recursively obtain the PDF p(xk|y1:k) subject to system
model (1)-(2) and given the measurements

y1:k = {y1,y2, ...,yk}. (3)

For linear systems with white Gaussian process and measure-
ment noise, an exact solution of RBE is given by the Kalman
filter [3]. For more general system structures, no analytical
closed-form solution is generally available and approximative
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Fig. 1. Fourier, Legendre and histogram approximations of the PDF p(x).
The series expansions use the 10 first basis functions, and the histogram is
based on 100 observations.

approaches have to be resorted to. The most commonly
used methods fall into three main categories. Grid-based
methods evaluate the involved functions over a set of discrete
grid points [4]. Numerical integration methods, such as
e.g. Gaussian quadrature, exploit numerical integration to
calculate the involved integrals [5]. Monte-Carlo methods,
exemplified by the extensively studied particle filter tech-
niques [6], use Monte-Carlo simulation to obtain a sample
from the distribution of which the desired information can
be extracted. For a survey of these methods see e.g. [7],[8].
This paper investigates a solution to the RBE problem by
expanding the PDFs in question in series of orthogonal
functions. Orthogonal bases have been for a long time used
in statistics to estimate PDFs with general distributions
[9],[10],[11],[12]. Using orthogonal expansions, one expects
that it should be possible to estimate the PDFs with a sub-
stantially lower number of variables than e.g. in the particle
filter or grid-based methods since the latter two methods
extract their estimates from, loosely speaking, a histogram.
Fig. 1 shows a PDF approximated by a histogram based
on a sample of size 100, compared to approximations by
means of the first ten Legendre and Fourier basis functions.
Even though the histogram uses 10 times more parameters,
the estimation accuracy of the series approximations is still
superior. Since much fewer variables are required to approx-
imate the PDF, a smaller computational load for the same
estimation accuracy can be expected when using orthogonal
basis expansions.
Known approaches to Bayesian estimation with orthogonal
basis functions employ e.g. Fourier series [13] and wavelets
[14]. Fourier basis functions definitely present a suitable
alternative. However, the compact support of the wavelets,
as further discussed in Sec. VI-C, poses problems in some
applications by forcing the number of terms required in the



expansion to be relatively high. This effectively undermines
the low computational price of the method that is one of its
main benefits.

The development in the present paper is with respect to a
general orthogonal basis and is particularly focused on the
favorable parallelization properties of the method exempli-
fied by an implementation on a shared memory multicore
processor. No particular orthogonal basis is thus assumed
and the choice of a suitable basis clearly depends on the
PDFs in hand. However, the method yields an estimation
algorithm with good parallelization properties, no matter
what particular basis is used.

Since all high-performance and much of embedded hardware
is nowadays based on parallel processing, parallelizability
of algorithms is of outmost importance. The orthogonality
of the basis functions helps to structure the computational
workload into independent segments, a property that is
sought for in parallel (or distributed) implementation of
algorithms. This is in contrast to e.g. Gaussian sum filters
[15], [7], [16], [5], where Gaussian density functions are used
as basis functions. The Gaussian density functions do not
enjoy the orthogonality property and hence yield estimation
algorithms that cannot be parallelized efficiently because of
the data dependencies in the calculations. On the contrary,
efficient parallelizations of the Kalman filter and the particle
filter on multicore platforms can be found in [17], [18].

To recapitulate the highlights of the proposed solution to
the RBE problem: the use of orthogonal expansions yields a
method that is relatively computationally cheap and can be
very efficiently implemented on a parallel architecture.

The paper structure is as follows. In Sec. II, the notation
and assumptions made are summarized. The RBE problem
is briefly reviewed in Sec. III. In Sec. IV, the proposed
method is presented followed in Sec. VI by the practical
issues that have to be dealt with in an implementation. An
application to a bearings-only tracking problem as well as a
speedup evaluation for a parallel implementation are given in
Sec. VII. A discussion of the results is presented in Sec. VIII,
followed by the conclusions.

II. NOTATION AND ASSUMPTIONS

Let R and N be the set of real and natural numbers,
respectively. Vectors are written in bold lower case and
matrices are in bold upper case. The inner product over a
domain D is

< f(x), g(x) >=

ˆ
D

f(x)g(x)dx, (4)

while × denotes the Cartesian product. Concatenation of two
vectors n = (n1, n2, ..., nd) and m = (m1,m2, ...,md) is
written as

nm = (n1, n2, ..., nd,m1,m2, ....,md).

All series are assumed to be absolute convergent.

A. Orthogonal functions

Let Ti = [ai, bi] ⊆ R, ai < bi, i = 1, 2, ..., d and

Td = T1 ×T2 × · · · ×Td.

Introduce an orthogonal basis Φ = {φ(i)n }∞n=0 on Ti with
respect to the inner product in (4). A multivariate orthogonal
basis on Td is given by {φn(x)}n∈Nd , where φn(x) is
interpreted as

φn(x) =

d∏
i=1

φni(xi)

for the multi-index n = (n1, n2, ..., nd) ∈ Nd. From L2

theory, any square integrable function f(·) on Td can be
expressed as

f(x) =
∑
n∈Nd

cnφn(x),

where cn =< f(x), φn(x) >. The product of the n-th and
m-th basis function will be assumed to have the expansion

φn(x)φm(x) =
∑
k∈Nd

gnmkφk(x). (5)

III. RECURSIVE BAYESIAN ESTIMATION

Only a brief summary of RBE for the optimal filtering
problem is provided in this section , see e.g. [4], [19],[16],[7]
for a more extensive exposition. RBE seeks to recursively
obtain the PDF p(xk|y1:k) that specifies the conditional
probability density for the state xk of the system (1), (2)
at time step k, given the measurements y1:k.
An iteration of the algorithm is comprized of two steps:
prediction and update. Assume that p(xk−1|y1:k−1) is
known. The predicted PDF p(xk|y1:k−1) is obtained by the
Kolmogorov-Chapman equation

p(xk|y1:k−1) =

ˆ
Rd
p(xk|xk−1)p(xk−1|y1:k−1)dxk−1. (6)

When the measurement yk is acquired, the predicted PDF
p(xk|y1:k−1) is updated from Bayes’ rule to give

p(xk|y1:k) =
p(yk|xk)p(xk|y1:k−1)

p(yk|y1:k−1)
. (7)

In (6) and (7), p(xn|xn−1) and p(yn|xn) are implicitly given
by the system model. With δ(·) denoting the Dirac delta, they
can be obtained, via the generalized convolution formula as

p(xk|xk−1) =

ˆ
Rd
δ(xk − f(xk−1)−wk)pw(wk)dwk,

= pw(xk − f(xk−1))

p(yk|xk) =

ˆ
Rd
p(yk − g(xk)− vk)pv(vk)dvk

= pv(yk − g(xk)).

In (7), p(yk|y1:k−1) is a normalizing constant and does not
need to be explicitly evaluated in a practical implementation.
Given an initial state x0, an a priori PDF p(x0) and the
measurements y1:k, p(xk|y1:k) can be obtained by applying
(6) and (7) recursively.



IV. SOLVING THE RBE VIA SERIES EXPANSIONS

As there is no closed-form analytical solution for the general
case of RBE numerical methods have to be employed to find
an estimate of the state in (1), (2). The idea advocated here
is to approximate the involved PDFs by orthogonal series
expansions whose coefficients can be recursively determined
from the prediction and update equations in (6)-(7).

Assume that p(xk|xk−1), p(yk|xk) and p(xk−1|yk−1) are
given by the expansions

p(xk|xk−1) =
∑
n∈Nd

∑
m∈Nd

anmφn(xk)φm(xk−1), (8)

p(yk|xk) =
∑
n∈Nd

∑
m∈Nd

bnmφn(yk)φm(xk), (9)

p(xk−1|y1:k−1) =
∑
n∈Nd

cnφn(xk−1). (10)

Inserting (8)-(10) into the prediction and update equations
(6) and (7) yields the following relationships:

Prediction step:

p(xk|y1:k−1) =

ˆ
Rd
p(xk|xk−1)p(xk−1|y1:k−1)dxk−1

=

ˆ
Rd
[
∑
n∈Nd

∑
m∈Nd

anmφn(xk)φm(xk−1)×∑
k∈Nd

ckφk(xk−1)]dxk−1

=
∑
n∈Nd

∑
m∈Nd

∑
k∈Nd

anmckφn(xk)×

ˆ
Rd
φm(xk−1)φk(xk−1)dxk−1

=
∑
n∈Nd

enφn(xk),

with

en =
∑

m∈Nd

∑
k∈Nd

an,mck · Imk, (11)

where

Imk =

ˆ
Rd
φm(xk−1)φk(xk−1)dxk−1.

For real-valued basis functions, the integral above is equiv-
alent to the inner product defined in (4) and hence

Imk =

{
1 if m = k,

0 otherwise.
(12)

For complex-valued basis functions, the integral is not equal
to inner product (4). However, for the latter case, it holds
that φk(x) = φ−k(x), and Imk can be replaced by Im(−k).

Update step: When the measurement yk becomes available,
the PDF p(yk|xk) is conditionalized to yield

p(yk|xk) =
∑
n∈Nd

∑
m∈Nd

bnmφn(yk)φm(xk)

=
∑

m∈Nd
fmφm(xk),

where

fm =
∑
n∈Nd

bnmφn(yk). (13)

The multiplication in the update step is then carried out as:

p(xk|y1:k) = cp(yk|xk)p(xk|y1:k−1)

= c
∑
n∈Nd

fnφn(xk)
∑

m∈Nd
emφm(xk)

= c
∑
n∈Nd

∑
m∈Nd

fnemφn(xk)φm(xk)

= c
∑
n∈Nd

∑
m∈Nd

fnem
∑
k∈Nd

gnmkφk(xk)

= c
∑
k∈Nd

hkφk(xk),

where

hk =
∑
n∈Nd

∑
m∈Nd

emfngnmk, (14)

and c is a normalizing constant given by

c =

 ∑
n∈Nd

hn

ˆ
Td
φn(xk)dxk

−1 . (15)

The filtering can thus be performed by recursively calculating
Eq. (11) and Eq. (14).

To recapitulate: Given the prior distribution

p(xk−1|y1:k−1) =
∑
n∈Nd

anφn(xk−1),

the steps required at one iteration of the algorithm to obtain
the posterior distribution are:

• Perform the prediction step by evaluating (11).
• Calculate fn, n ∈ Nd from (13).
• Perform the update step by evaluating hk, k ∈ Nd from

(14), and c from (15).
• The posterior distribution is now given from
p(xk|y1:k) = c

∑
n∈Nd

hnφn(xk).

V. MEAN AND COVARIANCE

The mean and covariance for the PDF p(xk|y1:k) are
typically of interest in estimation problems. The expected
value in dimension i can be calculated by marginalizing the



expansion for the i-th dimension and taking the expected
value of the marginalized distribution, i.e.

E[xi|yk] =

ˆ
Td
xip(xk|y1:k)dxk

=
∑
n∈Nd

an

ˆ
Td
xiφ(xk)dxk. (16)

Let xi denote the i-th element of xk. The covariance between
xi and xj is given by

cov(xi, xj) = E[(xi − E[xi])(xj − E[xj ])]

= E[xixj ]− E[xi]E[xj ],

where the second term is evaluated using (16), while the first
term can be calculated as

E[xixj ] =

ˆ
Td
xixjp(xk|y1:k)dxk

=
∑
n∈Nd

an

ˆ
Td
xixjφn(xk)dxk. (17)

VI. PRACTICAL ISSUES

The practical aspects that have to be dealt with in an
implementation of RBE using orthogonal basis functions are
discussed in this section.

A. Truncation

For an implementation, the infinite series must be truncated
to some order N <∞, in each dimension. For simplicity of
notation, it will be assumed that, in the multivariate case, the
same approximation order is used for each dimension. The
alternations in the formulae necessary for different approxi-
mation orders in different dimensions are straightforward.

In the update step (7), the order of the series expansion
is doubled, in each dimension, due to the multiplication
of series. Thus, to keep the order from growing exponen-
tially, the series have to be truncated at each iteration. For
simplicity, the truncation is made by keeping the first N
terms. It should be noted that the truncation can result in
an approximation p̂(x) that takes on negative values, and is
hence not a PDF. However the purpose of the approximation
is to make inference about the state x, in this sense it is not
worse to have e(x) = p̂(x)−p(x) negative than having e(x)
positive but merely |e(x)| is of importance, as argued in [9].

B. Domain limitations

The discussion below concerns the one-dimensional case. For
the multivariate case, the results hold for each dimension
separately.

In general, the support of a PDF p(x) is the whole real
axis R. However, for practical purposes, the PDF can be
considered to have a compact support of [a, b] if

x /∈ [a, b] =⇒ p(x) < ε

for some user-defined value of ε. The truncated support is
denoted suppε(p(x)) = [a,b]. Assume that the state and
measurements are bounded ∀k ≥ 0 as

ax ≤ xk ≤ bx, (18)
ay ≤ yk ≤ by, (19)

and that, for a given xk−1 ∈ [ax, bx], it holds that
suppε(p(xk|xk−1)) ⊆ [a1,b1]. The approximation of
p(xk|xk−1) must then be accurate over the domain

{(xk, xk−1)|ax ≤ xk ≤ bx, ax − a1 ≤ xk−1 ≤ bx + b1}.

Similarly, for a given yk ∈ [ay, by] and suppε(p(yk|xk)) ⊆
[a2,b2], the approximation of p(yk|xk) must be accurate over
the domain

{(yk, xk)|ay ≤ yk ≤ by, ay − a2 ≤ xk ≤ by + b2}.

C. Choice of basis functions

Since the computational burden will grow with the order of
the series expansions N , it is highly desirable to use basis
functions that allow for close approximations of the PDFs
for as low N as possible.
In general, p(xk|xk−1) and p(yk|xk) have unlimited support.
In the estimation algorithm they are approximated offline
over some finite domain. Using basis functions that decay
rapidly near the domain borders, such as e.g. wavelets or
Hermite functions, it can be challenging to give an accurate
approximation with a low number of terms. In Fig. 2, the
PDF p(xk|xk−1) is plotted for the system xk = x2k−1+wk−1,
where wk−1 is normally distributed. Approximations of the
PDF by Fourier basis functions and Hermite basis functions,
with N = 15 terms in each dimension, are also shown. As
each Hermite function has the factor e−x

2

and hence decays
rapidly, it is difficult to capturer the shape of p(xk|xk−1)
using few terms. [14] uses wavelets and indeed an approxi-
mation order of N = 125 is used in one dimension, whereas
in the Fourier functions example in Sec. VII only N = 15
i s required to give a satisfactory tracking accuracy, for a
similar problem.

D. Computational complexity and parallel implementation

The PDFs p(xk|xk−1) and p(yk|xk) are assumed to be
determined beforehand and offline.
At each iteration Eq. (11) and Eq. (14) have to be evaluated.
The prediction step (11) requires N2d multiplications and
(N − 1)2d additions. The computational cost of the update
step in (14) is dependent on gnmk. In many cases gnmk is
zero, except for a few certain values of n and m, which
property will reduce the computational complexity of (14).
However, if none of gnmk is zero, the update step requires
Nd multiplications and Nd(N−1)d additions. The total flop
count is then given by

c(N, d) = 3N2d + 2Nd(N − 1)d.

An implementation advantage with the series expansion
approach is that all required computations consist only of
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Fig. 2. Left figure: the true PDF p(xk|xk−1). The middle figure: approximation using Fourier basis functions. The right figure: approximation using
Hermite basis functions. Both approximations make use of N = 15 first basis functions in each dimension.

summation of products. This algorithm therefore belongs to
the class of so-called "embarrassingly parallel algorithms",
and can straightforwardly be parallelized by assigning a sub-
sum for evaluation to each processing unit.

More precisely, assume that M processing units are avail-
able. If N is a set of cardinality N , Nm is a subset of N of
cardinality N/M (assumed to be integer) and Nm∩Nn = ∅,
M
∪
m=1

Nm = N then processing unit m will calculate the
following quantities:

en =
∑
m∈N

an,mcm, n ∈ Nm,

h
(m)
k =

1

a

∑
m∈Nm

∑
n∈N

emfngn,m,k.

All the sub-sums are summed up by a single processing unit
as a last step to yield

hk =

M∑
m=1

h
(m)
k .

VII. EXAMPLE

For illustration of the suggested estimation concept, a scalar
but realistic numerical example demonstrating is given be-
low. A bearings-only tracking problem with a severe non-
linearity in the measurement equation is considered that is
known to require nonlinear filtering to avoid divergence of
the estimate [20].

An object is traveling along a straight line and noisy bearing
measurements yk of its position xk are taken by a sensor,
Fig. 3. The system model is given by

xk+1 = xk + wk

yk = tan−1 xk + vk,

where wk is normally distributed with the mean µw = 0 and
the variance σ2

w = 0.01. The measurement noise vk obeys
the multi-modal PDF

pv(v) =
p1

σv1
√
2π
e−

1
2 (
v−µv1
σv1

)2 +
p2

σv2
√
2π
e−

1
2 (
v−µv2
σv2

)2

shown in Fig. 4, with p1 = 0.2, p2 = 0.8, σv1 = 0.1,
σv2 = 0.05, µv1 = 0.1, µv2 = −0.05.

y

x

Fig. 3. An object (black dot) is traveling along a straight line. Noisy
bearing measurements are taken by a sensor (black rectangle).
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Fig. 4. Measurement noise PDF, pv(v).

A. Solution using Fourier basis functions

This section presents a solution of the bearing-only tracking
problem obtained by applying the Fourier basis functions
[21]

φn(x) =
1√
2π
einx, |n| ≤ N − 1

2

that are orthogonal over the interval [−π, π]. To modify the
basis functions to be orthogonal over a general interval, a
linear transformation of x can be applied.

The sought estimate is the expected value of the approxi-
mated PDF x̂k = E[xk|yk]. From (16) and (17), the mean
and covariance can be calculated as

E[xk] =

N/2∑
n=−N/2

anϕn,

E[(xk − E[xk])
2] = [

N/2∑
n=−N/2

−1
inπ

anϕn]− E[xk]
2,



0 10 20 30 40 50
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

k

 

 

x

tan y

x̂

Fig. 5. True state x, tangens of the measurement tan y and estimated state
x̂, for time step k.

−1.2 −1 −0.8 −0.6 −0.4 −0.2 0 0.2 0

2

4

6

8

10

−10

0

10

20

k

x

p(
x|

y)

Fig. 6. p(xk|yk) plotted for k = 1, .., 10

where ϕn is defined as

ϕn =

π̂

−π

xφn(x)dx =
1√
2π

π̂

−π

xeinxdx

=

{
0 if n = 0,

(−1)n+1
√
2π
n i otherwise.

Since φn(x)φm(x) = φn+m(x), it follows that

gnmk =

{
1 if n + m = k,

0 otherwise.

The above result reduces the computational complexity of
Eq. (14). The approximation order of N = 15 is selected.
Fig. 5 depicts the true state, the measurement and the
estimated state. In Fig. 6, the sequence of estimated PDF:s
p(xk|yk) is shown for k = 1, 2, ..., 10.

B. Particle filter comparison

For reference, the suggested nonlinear estimation method
was compared to a SIR particle filter (PF) [19] in the root

TABLE I
RMSE AND FLOP COUNT FOR A SIR PARTICLE FILTER

IMPLEMENTATION.

Np 50 100 200

ERMSE 0.094 0.078 0.078
flops 2.05 · 104 4.1 · 104 8.1 · 104

TABLE II
EXECUTION TIME FOR SINGLE CORE EXECUTION FOR DIFFERENT

PROBLEM SIZES.

N 100 300 500 1000

Execution time 0.0021 0.0568 0.2625 2.1467

mean square error

ERMSE =

√√√√ 1

K

K∑
k=0

(xk − x̂k)2

and the floating point operation (flop) demand.
Using the approximation of 10 flops to generate a random
number, and 50 flops to evaluate the exponential function,
the particle filter implementation requires about 410Np flops
per iteration, where Np denotes the number of particles.
Tab. I summarises the RMSE values and the flop count for
different particle set sizes Np. This can be compared to the
RMSE=0.079 obtained by the series expansion filtering at a
flop count of 1700 flops.

C. Execution time and speedup

The execution time and scalability for different problem sizes
NT = Nd were studied. Tab. II shows the execution time
for single core execution. Fig. 7 shows the speedup s(M),
i.e.

s(M) =
t1
tM

,

where tM is the execution time obtained employing M
processors. The program was written in C++ using OpenMP
for parallelization and execution was performed on a shared
memory multicore processor (Quad-core Intel® Xeon 5520,
Nehalem 2.26 GHz, 8MB cache).

VIII. DISCUSSION

A. Estimation accuracy

In the comparison to a SIR PF, it can be seen from Tab. I
that about Np = 100 particles are required to yield the
same tracking performance as the suggested method. The
computational cost of the PF for that number of particles
is 4.1 · 104/1700 ≈ 24 times greater than the cost for the
orthogonal series expansion approach.

B. Speedup

One of the main advantages of the algorithm is its amenabil-
ity to parallel implementation, as can be seen from the
speedup plot in Fig. 7. The evolution of the multi- and many-
core architectures is advancing at an increasing rate, while
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the single-core ones have basically stopped evolving. There-
fore, it is highly desirable that an algorithm meant for online
execution has good parallelization properties. As mentioned,
Gaussian sum filters cannot be efficiently implemented in
parallel due to the strong dependencies between the basis
functions.

C. Limitations

The main limitations of the algorithm are the assumptions
formulated in (18), (19). If p(xk|xk−1) and p(yk|xk) are
to be determined offline, the intervals [ax, bx] and [ay, by]
must be small enough relative suppε(p(xk|xk−1)) and
suppε(p(yk|xk)). The PDFs p(xk|xk−1) and p(yk|xk) will
otherwise appear as “spikes” and will demand an unrea-
sonable high approximation order to produce a good fit.
If the expansions for the PDFs p(xk|xk−1) and p(yk|xk)
are updated online, restrictions (18), (19) can be dropped.
Doing so will, however, require a large amount of online
computation and, therefore, reduce the real-time feasibility
of the method. Similar to most of the estimation techniques,
the exponential growth of the computational complexity
with the dimension is a limitation that confines the possible
applications to relatively low-dimensional ones.

IX. CONCLUSIONS

A novel method for solving the recursive Bayesian estimation
problem is presented. The method expands the involved
probability density functions in series of orthogonal basis
functions. The coefficients of the expansion are recursively
calculated at each iteration through a prediction and an
update step. The approach has two main advantages. First,
a high estimation accuracy can be obtained by a small
computational effort. Secondly, the orthogonality properties
allows the computations to be separated into independent
segments, making the algorithm very amenable for parallel
implementation. A possible drawback is mainly that the state

should be confined to a restricted domain. It is also possible
to not specify a domain restriction on the state, but the
method will then require considerably greater computational
power.
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