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Abstract

In molecular biology it is of interest to simulate diffusion stochasti-
cally. In the mesoscopic model we partition a biological cell into voxels
in an unstructured mesh. In each voxel the number of molecules is
recorded at each time step and molecules can jump between neigh-
boring voxels to model diffusion. The jump rates are computed by
discretizing the diffusion equation on the unstructured mesh. If the
mesh is of poor quality, due to a complicated cell geometry, stan-
dard discretization methods can generate negative jump coefficients,
which no longer allows the interpretation as the probability to leave
the subvolume. We propose a method based on the mean first exit
time of a molecule from a subvolume, which guarantees positive jump
coefficients. Two approaches to exit times, a global and a local one,
are presented and tested in simulations with diffusion and chemical
reactions on meshes of different quality in two dimensions.

1 Introduction

In biochemical networks in cells, molecules diffuse in space and may react
with other molecules when they are in the vicinity of each other. This process
is often modeled by the reaction-diffusion equations, a system of deterministic
partial differential equations (PDEs). This macroscopic model describes the
evolution of the concentration of the molecules in time and space and is a
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good approximation for the behavior in the cell in the limit of large molecule
numbers. However, many molecular species of interest in a biological cell,
such as the DNA and transcription factors in gene regulation, are present only
in very small copy numbers. The law of large numbers is no longer applicable
and a deterministic equation for the concentration is inaccurate. We need
to simulate the system in a stochastic manner as observed in experiments
[10, 34, 37, 39, 43, 46] or is justified theoretically [16, 35]. Diffusion is then
modeled as a random walk through space for the molecules and they react
with each other with a certain probability when they meet.

One can distinguish at least two levels of modeling for such a random
process. The first one is a discrete space, continuous time Markov process
for the copy number of the molecules of the chemical species, called the meso-
scopic model. Here the geometric domain is partitioned into compartments
or voxels V in which the molecules are well mixed. The state of the system
is the number of molecules of each species in each voxel. Molecules can then
jump between adjacent voxels in diffusion or react with molecules within the
same voxel. In a well stirred system, there is no space dependence and a tra-
jectory of the system is generated by the Stochastic Simulation Algorithm
(SSA) [18] or more efficient versions of it [5, 17]. The algorithm was extended
to problems with spatial variation on Cartesian meshes in [9] implemented
in [20] and with curved boundaries in [22] and for unstructured meshes in
[11] with software [8, 21]. The second possibility is a continuous space, con-
tinuous time Markov process at the more detailed microscopic level. Here
each individual molecule is tracked and moves by Brownian motion. The
molecules react with a certain probability if they are close to each other.
Methods and software for this approach are found in [1, 7, 26, 52].

In this paper we focus on the description of diffusion at the mesoscopic
level. We will derive the jump coefficients between adjacent voxels for un-
structured meshes. Each voxel has a node and the nodes in the mesh are
connected by a graph. The time between the jump events is assumed to
be exponentially distributed and the jump coefficients are the rates for the
jumps from one voxel to the neighboring voxels. These coefficients are de-
termined in [11] by a finite element method (FEM) for the Laplacian ∆ and
in [21] by a finite volume method (FVM). It follows from [29] that when the
number of molecules in the system increases, the concentration of the species
will converge to the solution of the diffusion equation discretized in space by
FEM or FVM. The jump coefficients depend on the geometry of the mesh
and have to be non-negative. For a mesh of poor quality, some of the rates
generated by FEM may be negative. The rates generated by a standard FVM
are always nonnegative but the coefficients do not always define a consistent
discretization of the Laplacian.
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The jump rates λij from Vi to Vj satisfy two conditions

1. λij ≥ 0, 2.
∑
j

λij = λi, (1)

where λi is the total jump rate out of Vi. The corresponding approximation
of ∆u in Vi on a mesh is then defined by the weights λij for the solution
values uj in the neighboring voxels Vj and −λi for the value ui in Vi. The
analytical solutions to the Laplace equation or the diffusion equation satisfy
a maximum principle. A discrete numerical solution preserving this property
satisfies a discrete maximum principle. The same conditions on the coeffi-
cients in a discretization of the Laplacian as for the jump rates in (1) are
sufficient for the solution to fulfill the discrete maximum principle [49] and
the scheme is monotone. The construction of such consistent FEM and FVM
for unstructured meshes in 2D and 3D is the subject of a number of papers
e.g. [4, 28, 31, 45, 48, 50]. In order for the solution to satisfy the discrete
maximum principle there are either geometrical restrictions on the mesh,
such as non-obtuse angles, or the coefficients depend on the solution. In [40],
non-negativity constraints are added in an optimization problem to assure
non-negative solutions of the diffusion equation. Defining a linear scheme for
a general unstructured mesh fulfilling (1) with constant coefficients seems to
be difficult. Also, to generate a mesh with the angle constraint fulfilled is
difficult [2, 12] even in 2D although some progress has been made [13].

We determine λij using a different principle. The first exit time of a
molecule from a voxel Vi is the time when a molecule initially inside reaches
the boundary ∂Vi of the voxel and is absorbed there [3, 19, 44]. The jump
coefficients are derived from the probability distribution of that time. These
coefficients will always be non-negative. The principle is applied locally for
the molecules to leave Vi and globally for them to leave the computational
domain Ω. In [36], we compare this approach with FEM, FVM, and the
finite difference method (FDM) for Cartesian meshes. The first exit time has
been used to improve microscopic simulations with the kinetic Monte Carlo
algorithm in [7, 33, 42] and in [47] also in combination with the method in
[52].

In the next section, we explain in more detail the mesoscopic algorithm
and the problems that are encountered on unstructured meshes. The coef-
ficients are given by discretizations of the Laplacian in Sect. 2. Then we
present the theory of first exit times and how it can be used to calculate
jump propensities. The numerical experiments with diffusive problems in-
cluding chemical reactions are reported in Sect. 4. Finally, some conclusions
are drawn.
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Vectors and matrices are written in boldface. A vector u has the com-
ponents ui and the elements of a matrix A are Aij. Vectors and matrices
are measured in the Euclidean vector norm ‖u‖ and its subordinate spectral
matrix norm ‖A‖.

2 Mesoscopic model for diffusion

In this section, we derive the mesoscopic model for diffusion from a master
equation, its mean value equations, and the discretization of the diffusion
equation. The spatial domain Ω with boundary ∂Ω is partitioned into voxels
Vi, i = 1, . . . , N, covering the whole domain Ω =

⋃N
i=1 Vi without overlap

between them Vi
⋂
Vj = ∅. Each voxel has a node xi inside the boundary

∂Vi with edges eij in a graph connecting xi with the node xj in the adjacent
Vj, see Fig. 1(a). The length, area, or volume of Vi in 1D, 2D, or 3D, is Vi.
The copy number of chemical species Y in Vi is denoted by yi. A molecule
can jump from Vi to a Vj sharing a common part of the boundary ∂Vij and
an edge eij.

2.1 The master equation

The probability density function (PDF) for a system with only diffusion
satisfies a diffusion master equation (DME). The DME is a special case of
the chemical master equation with linear reaction propensities [15, Ch. 8],
[24, Ch. XIV]. The jump of one molecule of Y from Vi to Vj is written as a
chemical reaction with the linear propensity vij

Yi → Yj, vij(y) = λijyi. (2)

We have a positive λij only for cells that are connected by eij.
The master equation for the PDF p(y, t) of the diffusion in (2) is

∂p(y, t)

∂t
=

N∑
i=1

N∑
j=1

λij(y − µij)p(y − µij, t)− λij(y)p(y, t).

The transition vector µij is zero except for two components: µij,i = −1 and
µij,j = 1. When there is a jump from Vi to Vj then the number of Y decreases
by 1 in Vi (µij,i = −1) and the number of Y in Vj increases by 1 (µij,j = 1).
All other copy numbers are constant. Molecules in Vi sharing a part of the
boundary ∂Vib with ∂Ω cannot jump across ∂Vib but can jump along ∂Vib.
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Fig. 1: (a) Partitioning of Ω into voxels Vi. (b) The primary and secondary
mesh with triangles (green and black) and voxels (red) defined by a triangu-
lation.

There is a system of ordinary differential equations (ODEs) for the mean
values yi(t) [14, 15, 24]

dyi
dt

=
N∑
k=1

N∑
j=1

µkj,ivkj(y) =
N∑
j=1

µji,iλjiyj +
N∑
j=1

µij,iλijyi

=
N∑
j=1

λjiyj − yi
N∑
j=1

λij, i = 1, . . . , N.

(3)

This equation is exact since the propensity vkj is linear. The concentrations
of the mean values ci = yi/Vi satisfy

dci
dt

=
N∑
j=1

Vj
Vi
λjicj − ci

N∑
j=1

λij, i = 1, . . . , N. (4)

2.2 Discretization of the diffusion equation

At the macroscopic level, the diffusion equation governs the concentrations
of the species φ(x, t)

∂φ

∂t
= γ∆φ, x ∈ Ω, (5)

with the diffusion coefficient γ. The boundary condition at ∂Ω with normal
n is a Neumann condition n · ∇φ = 0. Discretize the space derivatives by a
FEM as in [11] or a FVM on an unstructured mesh defined by the voxels Vi
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with a node or vertex xi in the center. Let the concentration of the species
be φi in Vi. Then φi is the solution of the system of ODEs

dφi
dt

=
N∑
j=1

γDijφj =
N∑

j=1,j 6=i

γDijφj − γDiiφi, i = 1, . . . , N, (6)

where
D = A−1S, Dii = −

∑
j 6=i

Dij, A = diag(Aii). (7)

With a FDM on a Cartesian mesh, A = I and Sφ approximates the
Laplacian in the voxels. The coefficients on a Cartesian mesh are defined by
FDM, FEM, and FVM and compared in [36].

Let the boundary ∂Vi consist of several straight segments ∂Vij, j = 1, . . . , ni,
of length |∂Vij| with normal nij of unit length, see Fig. 1(a). A straightfor-
ward finite volume approximation of the Laplacian at xi is then

1

Vi

∫
Vi

∆φ dv =
1

Vi

∫
∂Vi

n · ∇φ ds ≈ 1

Vi

ni∑
j=1

nij · eij(φj − φi)
|∂Vij|
‖eij‖2

. (8)

In (7), Aii is then equal to Vi and Sφ approximates the fluxes across ∂Vi.
The element Sij = nij · eij|∂Vij|/‖eij‖2 in the stiffness matrix is always non-
negative. In a Voronoi mesh, eij and nij are parallel and the approximation
(8) is consistent with ∆φ, [38]. This is not necessarily the case on a general
mesh. Much more complicated coefficients are then needed in 2D [31, 45]
depending on the solution φ which are difficult to generalize to 3D. The
FVM in [21] is cell centered while it is vertex centered in (8).

Linear Lagrangean test and basis functions ψi(x) are used in [11] to derive
jump coefficients with FEM for the diffusion in a general unstructured mesh
defined by a triangles in 2D and by tetrahedra in 3D as in Fig. 1(b). The
subdomain ωi is the union of the triangles or tetrahedra with a corner at xi.
The basis function ψi is linear in each triangle or tetrahedron and vansihes
outside ωi. The voxels Vi consist of the mesh cells in the dual mesh and
Vi ⊂ ωi. The matrix A is defined by mass lumping of the mass matrix M.
The components of A and the stiffness matrix S are:

Aii = Vi, Sij = −
∫
ωi

∇ψi · ∇ψj dv, Sii = −
∑
j

Sij ≤ 0. (9)

In 2D,
Sij = sin(ϕ+ θ)/(2 sin(ϕ) sin(θ)) (10)
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where the angles ϕ and θ are opposing edge eij between xi and xj [50], see
Fig. 1(b). If ϕ and θ are too large such that ϕ + θ > π, then Sij < 0 and
there is no interpretation of Sij/Vi as a conditional probability. A 2D mesh
generator usually avoids such angles in the triangles [13] but the condition
in 3D on the angles for Sij ≥ 0 in [50] is more difficult to satisfy in practice
[27].

In 1D with the distances ∆xi−1 and ∆xi between three consecutive nodes
xi−1, xi, and xi+1, the simplest finite difference approximation of u′′ is

u′′ ≈ 2

∆xi−1(∆xi−1 + ∆xi)
ui−1 −

2

∆xi−1∆xi
ui +

2

∆xi(∆xi−1 + ∆xi)
ui+1.

(11)
The approximation is the same with hat functions as basis and test functions
in FEM and in a FVM with a voxel boundary between Vi−1 and Vi at (xi−1 +
xi)/2 as in [51].

For the concentrations of the mean values ci in (4) to be equal to the
macroscopic concentrations φi in (6) we let

λji = γ
Vi
Vj
Dij = γ

Vi
Vj

Sij
Aii

. (12)

In the case of the FVM in (8) and the FEM in (9) the jump coefficient in (1)
is

λji = γ
Sij
Vj

= γ
Sji
Vj
, (13)

since S is symmetric.
It seems to be difficult to combine the following properties of a discretiza-

tion on a general unstructured mesh:

1. Consistency for the Laplacian,

2. The discrete maximum principle,

3. A linear formula,

see e.g. [4, 28, 31, 45, 48, 50]. It is shown in [25] that it is impossible on a
quadrilateral mesh in 2D to fulfill all conditions by one scheme. In Section
3, the jump coefficients are obtained from the expected first exit time for a
molecule leaving Vi to Vj.

2.3 The Stochastic Simulation Algorithm

The dimension of the domain of the DME in (3) is the number of voxels N
which may be large. Since the diffusion propensity is linear, the analytical

7



solution can be expressed in convolutions of basic Poisson and multinomial
distributions [23] but the solution would be very complicated to compute.
Instead, trajectories of the system are generated by the Stochastic Simulation
Algorithm (SSA) by Gillespie [18]. The original algorithm was developed for
a well stirred system with only reactions. The time to the next reaction is
sampled from the cumulative distribution function (CDF) of the exponential
distribution. The algorithm is extended to spatially dependent problems
with diffusion in the next subvolume mehtod (NSM) [9]. The events in a
diffusive system up to the final time T are simulated as follows.

1. Initialize the number of molecules yk, k = 1, . . . , N, in the N voxels at
t = 0.

2. Sample the exponentially distributed time tk with rate λkyk to the first
diffusion event in all N voxels.

3. Let i = argmin{tk, k = 1, . . . , N}. If ti ≤ T then continue otherwise
stop.

4. For the jump from Vi, sample a jump to Vj with probability θij = λij/λi.

5. Update t := ti, yi and yj. Sample ∆ti and ∆tj and recompute ti =
t+ ∆ti and tj = t+ ∆tj. Go to 3.

Reactions are included by also introducing reaction events in the voxels
with rates depending on the copy numbers in the voxels, see e.g. [9]. The
time to the next event is sampled as in step 3 above and the type of event is
sampled as in step 4.

3 First exit times

The jump coefficients in (1) are determined by computing the first exit time
locally from a subdomain ω of Ω or globally from the whole domain of inter-
est. The total jump rate out of a voxel is then approximated by the inverse
of the expected first exit time. The notation is restricted to 2D problems for
simplicity but it can easily be extended to 3D.

3.1 General background to first exit times

A molecule moves by Brownian motion and a diffusion constant γ in the
domain Ω with boundary ∂Ω. Let T, Tω, and X be random variables. The
first exit time for the molecule starting at x in Ω is T (x). Let ω be a
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Fig. 2: (a) Exit times from a subdomain ω and Ω. (b) Discretization of the
subdomain ω.

subdomain in Ω, ω ⊆ Ω, with boundary ∂ω, see Fig. 2(a). The first time for
a molecule initially at x0 ∈ ω at t = 0 to reach ∂ω is Tω(x0). If the molecule
leaves ω at X then

T (x0) = Tω(x0) + T (X(x0)). (14)

If x0 is the initial position in ω then the probability that the molecule
exits at x ∈ ∂ω at time t is denoted by p(x|x0, t) = j(x,x0, t). Since p(x|x0, t)
is a PDF, we have

∫
∂ω
j(x(s),x0, t) ds = 1, for every x0 and t. The local exit

time PDF from ω starting at x0 is pω(t|x0) and the global exit time PDF out
of Ω is pΩ(t|x0). The expected first exit time from Ω and from ω starting at
x are denoted by E(x) = E[T (x)] and e(x) = E[Tω(x)], respectively, and the
probability to exit ω at x and t is p(x|x0, t)pω(t|x0). Then by conditioning
on the first step, the relation between E(x0) and e(x0) is by (14)

E(x0) = e(x0) +

∫ ∞
0

∫ ∞
0

∫
∂ω

τpΩ(τ |x(s))p(x(s)|x0, t)pω(t|x0) ds dt dτ

= e(x0) +

∫
∂ω

∫ ∞
0

τpΩ(τ |x(s))

∫ ∞
0

j(x(s),x0, t)pω(t|x0) dt dτ ds

= e(x0) +

∫
∂ω

E(x(s))Es[j(x(s),x0, t)] ds,

(15)
where e(x0) =

∫∞
0
tpω(t|x0) dt and the coordinate along ∂ω is s ∈ [0, S].

To work with discrete meshes we let the boundary ∂ω be defined by the
nodes xi, i = 1, . . . , n0, adjacent to x0. The nodes can be determined by a
triangular mesh in 2D where x0 and xi are connected by an edge e0i. Then a
polygonal boundary ∂ω is obtained by letting ∂ω consist of the edges ei,i+1

between the nodes xi and xi+1, i = 1, . . . , n0−1, and en0,1, see Fig. 2(b) with
n0 = 6. If ∂ω = ∂Ω, then E(x(s)) = 0 and E(x0) = e(x0).

The integral over ∂ω in the last expression of (15) is approximated in
two different ways. Introduce si and si±1/2 such that x(si) = xi,x(si−1/2) =
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1
2
(xi−1 + xi), and x(si+1/2) = 1

2
(xi + xi+1). The expected value E(x(s)) is

approximated by Ẽ(x(s)) on ∂ω. Either Ẽ is constant in an interval or varies
linearly there

1. Ẽ1(x(s)) =
∑n0

i=1 E(xi)χi(s), χi(s) = 1, s ∈ [si−1/2, si+1/2], χi(s) = 0
otherwise (χi is an indicator function),

2. Ẽ2(x(s)) =
∑n0

i=1 E(xi)φi(s), φi(si) = 1, φi(si−1) = 0, φi(si+1) = 0, φi
is linear in [si−1, si] and [si, si+1] and 0 otherwise (φi is a hat function).

Let the temporal mean value of j be

j0(x(s)) = Es[j(x(s),x0, t)]. (16)

Then the integral over ∂ω in (15) is in the first case∫
∂ω

Ẽ1(x(s))j0(x(s)) ds =

∫
∂ω

n0∑
i=1

E(xi)χi(s)j0(x(s)) ds

=

n0∑
i=1

E(xi)

∫ si+1/2

si−1/2

j0(x(s)) ds =

n0∑
i=1

E(xi)j0i,

j0i =

∫ si+1/2

si−1/2

j0(x(s)) ds.

(17)

An interpretation of j0i is that it is the probability to exit through the section
∂ωi = [si−1/2, xi, si+1/2] of ∂ω =

⋃n0

j=1 ∂ωj, see Fig. 2(b). With the second

approximation Ẽ2, the integral is∫
∂ω

Ẽ2(x(s))j0(x(s)) ds =

∫
∂ω

n0∑
i=1

E(xi)φi(s)j0(x(s)) ds

=
n∑
i=1

E(xi)

∫ si+1

si−1

φi(s)j0(x(s)) ds =
n∑
i=1

E(xi)j0i,

j0i =

∫ si+1

si−1

φi(s)j0(x(s)) ds.

(18)

The error ε in the approximation with Ẽ1 and Ẽ2 in (17) and (18) com-
pared to the last integral in (15) is

ε =

∫
∂ω

(E(x(s))− Ẽk(x(s)))j0(x(s)) ds, k = 1, 2. (19)

The error in (19) with Ẽ1 is of O (∆s) if ∆s is the maximum length of an
interval [si−1/2, si+1/2]. This is shown in the following way. Since E(x(s))

10



and j(x(s),x0, t) are continuous on ∂ω but in general have a jump in the
derivative along s at the corners x(si) = xi of ∂ω, the integral between si
and the end point si+1/2 can be written∫ si+1/2

si

E(x(s))j0(x(s)) ds

= E(xi)

∫ si+1/2

si

j0(x(s)) ds+ E ′i+

∫ si+1/2

si

(s− si)j0(x(s)) ds+O
(
∆s3

)
.

(20)
The derivatives of E(x(s)) to the left and right of si are denoted by E ′i− and
E ′i+, respectively. A bound on the contribution to the error term in (17) from
[si, si+1/2] is then to leading order∣∣∣∣E ′i+ ∫ si+1/2

si

(s− si)j0(x(s)) ds

∣∣∣∣ ≤ |E ′i+| max
s∈[si,si+1/2]

j0(x(s))(si+1/2 − si)2/2.

(21)
A similar bound is valid for the interval [si−1/2, si]. Since

|ε| ≤ max
s∈[0,S]

j0(x(s))
n∑
i=1

max{|E ′i−|, |E ′i+|}∆s2 ≤ C1∆s,

ε is bounded by C1∆s where C1 depends on E(x), j, and the length of ∂ω.
In the second case, E(x(s)) is approximated by linear interpolation in

[si−1, si] and [si, si+1] in (18). If x(s) is a straight line in the intervals then
E(x) is smooth. Due to the interpolation error [6, Ch. 7.4.2] to leading order
in ∆s we have in each one of the subintervals∣∣∣∣∫ si+1

si

(E(x(s))− Ẽ2(x(s)))j0(x(s)) ds

∣∣∣∣
≤ 1

2
|E ′′i |

∣∣∣∣∫ si+1

si

(s− si)(s− si+1)j0(x(s)) ds

∣∣∣∣ ≤ 1

12
|E ′′i | max

s∈[si,si+1]
j0(x(s))∆s3,

(22)
where E ′′i is a second derivative of E(x) in the interval. Hence, there is also
a C2 such that ε is bounded by C2∆s2 when the approximation with Ẽ2 is
used.

With the discretization of the functions on ∂ω, the approximations in
(17) and (18), and the notation Ei = E(xi) and e0 = e(x0), the numerical
approximation of the relation between the expected values in (15) is

E0 = e0 +

n0∑
i=1

j0iEi. (23)
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Fig. 3: (a) Cartesian mesh and ω. (b) Boundary treatment.

Note that the conditional probability j0i is scaled such that the sum is 1

n0∑
i=1

j0i =

∫
∂ω

j0(x(s)) ds =

∫
∂ω

Es[j(x(s),x0, t) ds] = Es[1] = 1. (24)

The PDE satisfied by E(x) on a connected domain Ω is [41, Ch. 9]

γ∆E(x) = −1, x ∈ Ω,
E(x) = 0, x ∈ ∂Ω.

(25)

In 1D, the solution is

E(x) =
1

2γ
x(1− x), x ∈ Ω = [0, 1]. (26)

Rearrange the terms in (23) as

n0∑
i=1

j0i

e0

Ei −
1

e0

E0 =

n0∑
i=1

j0i

e0

(Ei − E0) = −1, (27)

and interpret (27) as a discretization of (25) at x0 in Ω. As the jump propen-
sity from the node x0, λ0 is the inverse of the expected time e0 and the
coefficients to reach a neighboring node are:

λ0i = j0i/e0 = j0iλ0, (28)

compare (13). By using different approximation techniques to numerically
solve (25) on different meshes covering Ω, we will arrive at different coeffi-
cients λ0 and j0i as in Sect. 2.2.

On an equidistant Cartesian mesh in 2D with square voxels ω in [36], the
boundary ∂ω is defined by xi, i = 1, . . . , 8, with the step length h between
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xi, see Fig. 3(a). The jump coefficient λ0 in [36] agrees with the rate from a
FDM which is second order accurate. The coordinates s1/2 and s3/2 defining
∂ω1 around the midpoint x1 = (x11, x12) in (17) are chosen to be

s3/2 = x12 + βh, s1/2 = x12 − βh, β ∈ [0, 1]. (29)

The other intervals ∂ω3, ∂ω5, and ∂ω7 are defined similarly and ∂ω2, ∂ω4, ∂ω6,
and ∂ω8 are the complementary intervals associated with the corners x2,x4,x6,
and x8. We have to choose β = 0.56 for the first exit time approach to cor-
respond to a second order FDM approximation of the Laplacian, resulting
in:

j0i =

∫ si+
1
2

si− 1
2

j0i(x(s))ds = 0.2053, i = 1, 3, 5, 7. (30)

The j0i with the hat function in (18) is 0.1629 for i = 1, 3, 5, 7. Since using
hat functions does not give the coefficients of second order accuracy for the

discretization of the diffusion equation we choose j0i =
∫ si+ 1

2

si− 1
2

j0i(x(s))ds as

in (17) in the remaining sections. The standard five point FDM stencil yields
λ0 = 4γ/h2, j0i = 1/4, i = 1, 3, 5, 7, and j0i = 0, i = 2, 4, 6, 8.

3.2 Local first exit time

We now want to compute the local exit time to leave ω and j0i. The probabil-
ity density is c(x,x0, t) to find a random walker located inside an infinitesimal
area at x in ω at time t given that he started at x0 at t = 0 and has not yet
left ω. The mean value of the first exit time e0 and the jump probabilities
j0i in (23) can be computed directly from c in ω. The PDE satisfied by c in
ω is [44]

∂c(x,x0, t)

∂t
= γ∆c(x,x0, t), x ∈ ω, (31)

c(x,x0, t) = 0, x ∈ ∂ω, c(x,x0, 0) = δ(x− x0).

The solution is non-negative by the maximum principle and n · ∇c ≤ 0 at
∂ω with the normal n directed outward from ω.

When c > 0 in ω, then there is a probability that the molecule has
survived in ω and not reached the boundary, [7]. The survival probability
for a molecule initially at x0 is

S(t) =

∫
ω

c(x,x0, t) dω = P (Tω(x0) ≥ t), (32)
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which is the probability for the walker to exit at a time greater than t. The
CDF of Tω is 1 − S(t). Hence the PDF for a molecule to exit at time t is
given by (31) and Gauss’ formula

pω(t|x0) = −∂S(t)

∂t
= −

∫
ω

γ∆c dω = −γ
∫
∂ω

n · ∇c ds ≥ 0. (33)

Since ∂S(t)/∂t ≤ 0 and S(0) = 1, the survival probability decays monoton-
ically as t increases. Furthermore, the expected value e0 of the exit time is
obtained from pω

e0 =

∫ ∞
0

tpω(t|x0) dt =

∫ ∞
0

S(t) dt. (34)

Analytical solutions of (31) on ω are known only in special cases. For a
general ω, e0 is obtained from an accurate numerical solution of (31).

Interpreting −γ∇c · n as the flux out of the volume ω, the conditional
probability that the molecule leaves ω at x given that the time is t is

j(x,x0, t) =
−γn · ∇c(x,x0, t)

pω(t|x0)
=

n · ∇c(x,x0, t)∫
∂ω

n · ∇c(x(s),x0, t) ds
, (35)

and consequently, the probability for the molecule to exit along the edge ∂ωi
is

ji(x0, t) =

∫
∂ωi

j(x(s),x0, t) ds =

∫
∂ωi

n · ∇c(x(s),x0, t) ds∫
∂ω

n · ∇c(x(s),x0, t) ds
. (36)

Solving (31) and computing e0 in (34) and the expected relative coefficients
j0i as E[ji(x0, t)] in (36) (and also in (17)) is an alternative way of determining
the parameters in (23).

A standard unstructured mesh generator to discretize space will generate
nodes xi which are connected by edges eij. A straightforward ∂ω consists
of line segments in 2D and flat faces in 3D defined by the nodes adjacent to
the center node in ω. Then ω is a polygon in 2D and a volume bounded by
polygonal surfaces in 3D. In 1D, ∂ω is two points xi−1 and xi+1 and

ji±1(x0, t) =
±cx(xi±1, x0, t)

cx(xi+1, x0, t)− cx(xi−1, x0, t)
, cx =

∂c

∂x
. (37)

If x0 ∈ ∂Ω, then its ω is constructed by adding new nodes outside Ω
for simulation of reflection boundary conditions for the molecules. For each
node xi, i = 1, . . . , n0I , in the interior of Ω and connected to x0 by an edge,
a node x̃i is created by reflection in ∂Ω such that x̃i−xi is orthogonal to the

14
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Fig. 4: First exit time properties on the interval [0, 1] with γ = 1 and x0 = 1
3
.

(a) S(t), (b) ji(x0, t) and their exponential approximations.

boundary at x̄i = 1
2
(x̃i + xi) ∈ ∂Ω, and ‖xi − x̄i‖ = ‖x̃i − x̄i‖. Then ω is

defined by xi, x̃i, i = 1, . . . , n0I , and the two nodes xb1,xb2, on ∂Ω adjacent
to x0, see Fig. 3(b). The jump coefficients are computed as in a ω but the
conditional probability j0i for a jump to an exterior node x̃i is added to j0i

of the corresponding interior node xi. This is how reflection in the boundary
is achieved for a diffusing molecule.

In order to obtain a continuous-time Markov chain, we assume that the
first exit time for a molecule leaving ω via ∂ωi is exponentially distributed
with rate λ0i. Then

p̃ωi
(t|x0) = λ0i exp(−λ0it). (38)

The total rate to exit ω is then λ0 =
∑n

i λ0i and the exit time Tω from ω is
also exponentially distributed with

p̃ω(t|x0) = λ0 exp(−λ0t). (39)

Hence, by (33) and (34) we arrive at

S̃(t) = exp(−λ0t), e0 = 1/λ0. (40)

The rate λ0i to leave at node i is related to e0 and j0i by λ0i = j0i/e0 = j0iλ0,
cf. (28). The typical behavior of S(t) and ji(x0, t) is found for a 1D problem
in Fig. 4. Here, S(t) is well approximated by a S̃(t).

Also ji(x0, t) can be approximated by a sum including an exponential,
see Fig. 4(b). Suppose that

ji(x0, t) = ai + bi exp(−dit). (41)
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Then the conditional probability j0i in (17) and (18) satisifes

λ0i

λ0

= j0i =

∫ ∞
0

(ai + bi exp(−dit))p̃ω(t|x0) dt = ai + bi
1

1 + di/λ0

, (42)

with the approximations in (39) and (41).
The rate λ0 can be computed in different ways from a numerical solution

of (31). Discretize (31) in time and on a mesh covering ω using e.g. a FEM
and solve for c. Integrate c as in (32) to obtain Sk = S(tk) at time points
tk, k = 0, 1, . . . , K, with t0 = 0 and tk = tk−1 + ∆t for tK sufficiently large.
Then λ0 is determined using the trapezoidal rule in (34), the linear least
squares method on the logarithm of (40), or nonlinear least squares directly
on (40)

1. λ−1
0 =

∫∞
0
S(t) dt⇒ λ−1

0 = ∆t
2
S0 +

∑K−1
k=1 ∆tSk + ∆t

2
SK ,

2. λ0tk ≈ − logSk ⇒ λ0 = −
∑K

k=0 tk logSk/
∑K

k=0 t
2
k,

3. g(λ) =
∑K

k=0(exp(−λtk)− Sk)2 ⇒ λ0 = argmin g(λ).

The approximations of j0i are obtained in the same manner. Compute
j0i(tk) = ji(x0, tk) using c with a quadrature formula in (36). Let ai =
j0i(tK) and bi = j0i(t0) − ai. Then di is calculated by fitting exp(−ditk) to
(j0i(tk)− ai)/bi using linear or nonlinear least squares as above.

With ω = [xi−1, xi+1] = [0, h(1 + κ)], κ > 0, and xi = h in 1D, the space
step to the left is h and κh to the right of xi. The solution to (31) with
x0 = xi is

c(x, t) =
∞∑
n=1

2

h(1 + κ)
sin

(
nπ

1 + κ

)
sin

(
nπx

h(1 + κ)

)
exp

(
− n2π2γt

h2(1 + κ)2

)
,

(43)
the survival probability in (32) is

S(t) =
∞∑
j=1

4

(2j − 1)π
sin

(
(2j − 1)π

1 + κ

)
exp

(
−(2j − 1)2π2γt

h2(1 + κ)2

)
, (44)

and the expected exit time from ω in (34) is

ei =
4h2(1 + κ)

π3γ

2 ∞∑
j=1

1

(2j − 1)3
sin

(
(2j − 1)π

1 + κ

)
. (45)

In the same manner the expected relative coefficients ji,i±1 are computed
from (37). Then we have

ei =
1

λi
=
h2κ

2γ
, ji,i−1 =

λi,i−1

λi
=

κ

1 + κ
, ji,i+1 =

λi,i+1

λi
=

1

1 + κ
. (46)
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These coefficients are the same as those derived from the finite difference
formula in (11), cf. [3, Ch. 16.5], [11, p. 1780].

3.3 Global first exit time

Another possibility to determine the diffusion jump rates is to use the tri-
angular mesh in 2D or a tetrahedral mesh in 3D on Ω and solve (25) with
Dirichlet boundary conditions for E by the FEM on that mesh with linear
Lagrangean basis functions ψi(x) as in Sect. 2.2. The subvolume ωi sur-
rounding the node xi as in Sect. 3.2 is where ψi 6= 0. There at xi the solution
Ei satisfies the discretization (27). Compared to the analytical solution E(x)
of (25), the error in Ei is of O (∆s2) where ∆s is the maximum length of
an edge in the mesh. Let αij = γSij/Vi be derived by applying Neumann
conditions at ∂Ω and use that

∫
Ω
ψi dΩ =

∫
ωi
ψi dΩ = Vi. Assume that xi is

connected by edges to ni vertices xj, that i ∈ I if the node is in the interior of
Ω and that i ∈ B if xi ∈ ∂Ω. The set of all nodes is N = {1, . . . , N} = I ∪B.
If xi is in the interior of Ω then we have

ni∑
j=1

αij(Ej − Ei) = −1, i ∈ I. (47)

If i ∈ B then there is no relation (47) for Ej but the coefficients αij are
defined by the Neumann condition at ∂Ω and

ni∑
j=1

αij(Ej − Ei) =

ni∑
j=1

αijEj = ηi, i ∈ B, (48)

since Ei = 0 if i ∈ B, see (25). If αij ≥ 0 and the discrete maximum principle
is satisfied at ∂Ω, then Ej > 0 and we have ηi > 0 for i ∈ B.

Some of the α-coefficients may be negative if the mesh is of insufficient
quality. In this case, we choose λij close to αij satisfying (47) in the interior,
(48) on the boundary and λij ≥ 0. If the coefficients αij are non-negative we
use them as the jump coefficients. This is accomplished by letting λij solve
the quadratic programming (QP) problem for each node xi, i ∈ N ,

minλij
∑ni

j=1(λij − αij)2,∑ni

j=1 λij(Ej − Ei) = ηi,

λij ≥ 0, j = 1, . . . , ni,

(49)

where ηi = −1 for i ∈ I. The equality constraint is such that, locally at xi,
the numerical approximation of (15) in (27) is satisfied. Using the vectors
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λ,α, and β with βj = Ej − Ei, the equivalent QP problem is

minλ λTλ− 2αTλ,
βTλ = ηi,
λ ≥ 0.

(50)

If u ≥ 0 for a general vector u, then all components are non-negative. If
α ≥ 0 then λ = α is the solution of (49) or (50) since both the minimum of
the objective function is achieved and the constraints are satisfied.

An alternative to solve (50) is to choose the simpler QP problem

minµ µTµ− 2αTµ,
µ ≥ 0.

(51)

The optimal solution in (51) is

µj = max(αj, 0). (52)

The solution is non-negative and is the choice in [11]. One small QP problem
in (50) or (51) is solved for every node xi to find the jump coefficients λij
there.

The λ-coefficients are determined in (50) by an orthogonal projection of
α on the subspace defined by the equality and the non-negativity constraints.
The equality constraint is added in the interior of Ω to ensure that taking
λ as the coefficients in a discretization of the Laplacian yields a good ap-
proximation for the global exit time problem in (25) but regarded as such a
discretization it is in general not consistent if some αj < 0.

The constraint set Fi = {λ|βTλ = ηi, λ ≥ 0} in (50) is convex and
polyhedral and the objective function is bounded from below. Hence, if
Fi 6= ∅ then the QP problem has a unique solution.

In order to investigate if the feasible set Fi is empty or not consider two
cases with ηi < 0 and ηi > 0. If ηi < 0 e.g. for i ∈ I and there is at least
one βk = Ek − Ei < 0, then there is one positive λk = ηi/βk and Fi is not
empty. On the other hand, if i ∈ I and β ≥ 0 then there is no feasible
solution. This is possible in spite of αTβ = −1 in (47) if at least one αk < 0.
If β ≥ 0 then Ei is a local minimum and the solution is not satisfying the
discrete maximum principle. Let i ∈ B with ηi > 0. Then there is a λ ≥ 0
and Fi 6= ∅ if and only if at least one βk > 0, i.e. Ek > 0 and the discrete
maximum principle holds at least locally since Ei = 0. The case with ηi < 0
and i ∈ B is treated in the same way as for i ∈ I above. If Fi = ∅ then
the rate coefficients are chosen as in (51) without the equality constraint to
ensure that a λ is always found.
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By adding the inequality constraints on µ in (51) the difference between µ
and α is the vector δµ with elements δµj = µj−αj = |min(0, αj)|. When the
equality constraint is added on λ in (50) a bound for the difference ‖λ−µ‖
is derived in the following proposition.

Proposition. Assume that Fi 6= ∅. Let the solutions to (50) and (51)
be λ and µ. Introduce the sets J1 = {j|λj = 0},J2 = {j|µj = 0}, and
J = J1 ∪ J2 with k elements in J . The n elements in β are ordered such
that the k components in J appear first in β such that

β =

(
βk
βn−k

)
, βk ∈ Rk, βn−k ∈ Rn−k.

Assume that k < n and βn−k 6= 0. Then the difference between λ solving the
QP with the additional equality constraint and µ is

‖λ− µ‖ ≤
(

1 +
‖βk‖
‖βn−k‖

)
‖δ‖. (53)

where
δi = |min(0, αi)|.

Proof. The solution µ = α + δ also satisfies

minµ µTµ− 2αTµ,
βTµ = βTα + βTδ = η + βTδ,
µ ≥ 0.

(54)

We will compare the solutions to (50) and (54) using [32].
Introduce D0 ∈ R(k+1)×n, d0 ∈ Rk+1, and the identity matrix Ik ∈ Rk×k

in

D0 =

(
Ik 0
βTk βTn−k

)
, d0 =

(
0

−βTδ

)
.

If βn−k 6= 0 then D0 has full row rank and its generalized inverse D+
0 and

D+
0 d0 are defined by

D+
0 = DT

0 (D0D
T
0 )−1 =

(
Ik 0

−ξβn−kβTk ξβn−k

)
, D+

0 d0 =

(
0

−ξβn−kβTδ

)
,

with ξ = 1/‖βn−k‖2. Then using (3.4) and (3.11) in [32] we conclude that

‖λ− µ‖ ≤ ‖D+
0 d0‖ = ξ|βTδ|‖βn−k‖ =

|βTδ|
‖βn−k‖

≤
(

1 +
‖βk‖
‖βn−k‖

)
‖δ‖,
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and the proposition is proved. �

Remark 1. It follows from the proposition that when k = 0 then λ = µ,
i.e. the equality constraint has not changed the solution and α = λ = µ.
The most common case is that k is small, e.g. k = 1. Then ‖βk‖/‖βn−k‖ is
often small and the change in the solution is approximately ‖δ‖. �

Remark 2. How restrictive are the assumptions k < n and βn−k 6= 0? All
inequality constraints are satisfied as equalities when k = n: either λi = 0
or µi = 0 or λi = µi = 0 for every i. As we are minimizing the distance
between α and µ or λ, λi is 0 only when µi = 0 except for special cases.
Hence, for k = n with µi = 0 for every i implies that the original stiffness
matrix contained a row α with only non-positive entries on the off-diagonal.
Since Sii = −

∑
j 6=i αij ≤ 0 in (9) this is possible only if αij = 0 for all j

which is a singular discretization. Then consider k = 1 with βn−1 = 0 and
two cases λ1 = 0 and µ1 = 0. When λ1 = 0 then λj > 0, j = 2, . . . , n. Then
βTλ = 0 and λ is not feasible for interior nodes and Fi = ∅. Suppose that
µ1 = 0. Then α1 ≤ 0 and µj = αj, j = 2, . . . , n. Since βTα = β1α1 = −1 in
the interior, we have that β1 > 0 but β1λ1 ≥ 0 and λ is not feasible. Hence,
βn−1 6= 0 in the interior and the sufficient condition is satisfied when k = 1.
�

Suppose that ϕ+θ = π+ν with ν > 0 in a triangular mesh as in Fig. 1(b)
in Sect. 2.2. Then the FEM jump coefficient along the edge eij in (10) and
(13) is given by

αj = γSij/Vj = −γ sin(ν)/(2Vj sin(ϕ) sin(θ)) < 0,

which is small for small ν.
Since

‖λ−α‖ ≤ ‖λ− µ‖+ ‖µ−α‖ ≤ (2 +
‖βk‖
‖βn−k‖

)‖δ‖,

the conclusion is that small negative αi will introduce only small changes in
λ compared to α. If ‖βk‖/‖βn−k‖ is large then the best choice may be to
solve (51) and take λ = µ.

Suitable other linear equality constraints in (50) are likely to improve
the quality of λ, too, but there may be no non-negative λ satisfying the
extended constraints. As an example consider the consistency conditions
for a FDM approximating the Laplacian. The Taylor expansion of Ej at
xj = xi + (hxj, hyj), j = 1, . . . , ni, is

Ej = Ei + hxjEx + hyjEy + 0.5Exxh
2
xj + Exyhxjhyj + 0.5Eyyh

2
yj +O

(
h3
j

)
,
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where Ex, Ey, Exx, Exy, and Eyy are the first and second derivatives of E
about xi and hj = max(hxj, hyj). Then the consistency conditions on λij are∑ni

j λijhxj = 0,
∑ni

j λijhyj = 0,∑ni

j λijh
2
xj = 2,

∑ni

j λijhxjhyj = 0,
∑ni

j λijh
2
yj = 2,

(55)

by requiring that
∑

j λij(Ej − Ei) = ∆E + O (hj). If the number of adja-
cent nodes to xi is three, then ni = 3 in (55) and it is improbable that all
five equalities can be satisfied even without imposing non-negativity on λij.
When ni = 4 in a Cartesian mesh a non-negative solution exists due to the
symmetry in the constraints. By adding only the first two constraints in
(55), a convective part is avoided in the approximation of the Laplacian. At
least one hxj and one hyj must have a different sign than the other ones for
a solution λ ≥ 0 to exist.

4 Numerical Experiments

For the numerical experiments in 1D and 2D in this section we choose the
nearest neighbors among the vertices to define ω in (15) when the local first
exit times (LFET) are used to generate the jump coefficients as in Sect. 3.2.
In Sect. 3.3, the diffusion coefficients are derived from the global first exit
time (GFET), which we will examine in other numerical experiments in 2D.
Triangular meshes in 2D are generated by COMSOL Multiphysics. The
placement of nodes is manipulated manually to obtain meshes of poor quality.
The solutions to (31) in LFET and PDEs for comparisons are obtained by
the same software.

4.1 Local first exit times in 1D

In the following, we simulate diffusion in 1D by using the LFET from a vertex
xi. The subdomain ω, which the molecules have to leave to be recorded at
the next vertex, is the interval between the neighboring vertices xi−1 and
xi+1. The interval Ω = [0, 1] is partitioned randomly into 20 subintervals
with one vertex at 0.5. Then we release M = 104 molecules at x0 = 0.5 at
t = 0 with a diffusion constant γ = 10−3. The distribution of the molecules
at the final time T = 20 is found in Fig. 5(a) and a comparison is made with
the solution of the mean field equation

∂c(x,x0, t)

∂t
= γ∆c(x,x0, t), x ∈ Ω, (56)

∂c(x,x0, t)

∂n
= 0, x ∈ ∂Ω, c(x,x0, 0) = δ(x− x0).
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We observe that the LFET yields a good approximation of diffusion in 1D
even on a very irregular mesh. This agrees with the results from section 3.2,
which show that the one-dimensional first exit times reproduce the coeffi-
cients of a finite difference approximation.
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Fig. 5: (a) Diffusion with γ = 10−3 simulated by local first exit times for
M = 104 molecules until time T = 20 on the interval [0, 1] partitioned
into n = 21 nodes. The vertices are marked by dots. (b) The error in
the simulated exit time depending on the number of trajectories M when
L = 1, γ = 10−3, n = 11, x0 = 0.5.

The error in the concentration c̃ from the stochastic simulation of the
diffusion compared to the analytical solution c of (56) and the numerical
solution ch of (56) is known in general to behave as

‖c− c̃‖ ≤ ‖c− ch‖+ ‖ch − c̃‖ = O(h2) +O(M− 1
2 ), (57)

where h is the maximum mesh size and M is the number of molecules in the
stochastic simulation. Then ch converges to the analytical solution as h2 with
a standard FEM discretization and the stochastic simulation converges to the
numerical approximation as M− 1

2 , [30]. Convergence for c̃ in h is confirmed
numerically in 2D for Cartesian meshes in [36] and for unstructured meshes
in [11].

The convergence of the simulated exit time from the center of the interval
is compared in Fig. 5(b) to the E(x) satisfying (25). We discretize [0, 1] with
11 equidistant vertices and release the molecules at x0 = 0.5 and measure the
time when they hit the boundary. The average of M trajectories is compared
to the theoretical expected exit time in (26) and [44]

E(x0) =
1

2γ
x0(1− x0) = 125. (58)
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The error in Fig. 5(b) decreases as ∼ M− 1
2 as expected for a Monte Carlo

method and for the concentration in (57).
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Fig. 6: Convergence of the error of the expected first exit time E in 2D for
h→ 0 on a square with L = 1, x0 = (0.5, 0.5), and γ = 1, with M = 107.

On a square Ω there is a known analytical solution to the first exit time,
see e.g. [36]. The jump coefficients are determined by the five point FDM
stencil for the Laplacian with equidistant grid points such that λ0 = 4γ/h2

and j0i = 1/4, i = 1, 2, 3, 4. We compare the expected first exit time from the
initial point (0.5, 0.5) to ∂Ω to the solutions of stochastic simulations with
M = 107. The error behaves as h2 in Fig. 6 as is the case for the solution
of the diffusion equation in (57). The error due to the Monte Carlo method
is negligible here because of the large M . The discretization error ‖c − ch‖
in the 1D example above vanishes since the approximation in (11) solves the
differential equation (25) exactly. We have shown experimentally that the
error in the mean first exit time computed on a discrete mesh also satisfies a
relation such as (57).

4.2 General triangular meshes in 2D

We now want to investigate the LFET and GFET on triangular meshes in
2D. The square [−0.5, 0.5] × [−0.5, 0.5] is triangulated in two meshes, one
with approximately equal edge lengths and one with a perturbed area. As
both meshes are of good quality and no negative entries occur in the off-
diagonal elements of the diffusion matrix, the FEM and the GFET methods
are identical.
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Fig. 7: Diffusion of the concentrations on the two meshes depicted in the
first row with γ = 10−3 until T = 50. The second row shows the determin-
istic reference solution. The third and fourth rows show the concentrations
computed with the GFET and the LFET methods, respectively.
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The LFET jump coefficients λ0 and j0i are determined by the procedure
in Sect. 3.2. The deterministic reference solution to (56) is computed on the
same meshes. The simulations in Fig. 7 are performed for M = 105 molecules
initialized at the center vertex with a diffusion constant γ = 10−3 until the
final time T = 50.
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Fig. 8: (a) Different ω on a Cartesian grid. (b) Expected value in time of
the flux j0(x(s)) out of a square starting at the midpoint.

We observe that the molecules in the LFET simulation in Fig. 7 accumu-
late in the smallest voxel. This phenomenon can be explained by considering
a Cartesian grid. In Fig. 8, there are three different possibilities how to
choose ω. Any symmetric choice of ω will have j0i = 1/4. The LFET ap-
proach of defining ω by the closest vertices with an edge connecting to the
center vertex corresponds to the ω given by the blue line. The expected first
exit time 1/λ0 from a vertex is E = h2/4γ on a Cartesian grid with grid size
h resulting in a discretization of the Laplacian of second order accuracy [36].
This is obtained by choosing ω to be the red circle [41, p. 125],[44]. This
circle covers a larger area than the blue diamond and hence the mean exit
time computed from our first ω is too short. A few discretization points of ∂ω
lead to a bad approximation of the boundary leading to inaccurate local first
exit time approximations. The splitting probabilities between the vertices on
∂ω are the time averages of the fluxes over the edges, see (16) and (17). In
Fig. 8(b), the temporal mean (16) is plotted showing the variation along a
square ∂ω. This variation is not resolved sufficiently well on the blue square
in Fig. 8(a). There is no possibility to jump to the point with the highest
probability. Moreover, the short first exit time shifts the temporal mean in
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favour of the shorter jumps, which have higher probabilities for short times,
see Fig. 4(b). The resolution of the boundary is improved by letting ω consist
of the eight vertices marked by the green line in Fig. 8(a). A better quality
of the jump coefficients is confirmed in numerical experiments in [36].

In Fig. 9, we depict a part of the right mesh in Fig. 7, where ω is defined
by the colored edges and has different edge lengths between the central vertex
and its neighbors. The jump propensities provided by FEM are all positive.
Table 1 shows how the LFET calculates a faster jump propensity λ0 and
how this changes the distribution of jumps between the adjacent vertices. If
molecules prefer to jump along the short edges they will finally accumulate
in the small voxels with the short edges in the interior. Choosing the circle
as ω would solve this problem on a Cartesian grid but this approach is not
generalizable to unstructured meshes.

Fig. 9: Unsymmetric ω defined by the
numbered vertices.

FEM LFET
λ 4.0655 5.5919
1 0.1379 0.1197
2 0.1777 0.1526
3 0.1584 0.1558
4 0.1947 0.2739
5 0.1588 0.1427
6 0.1725 0.1553

Table 1: Comparing the FEM and
LFET on the unstructured ω in
Fig. 9.

There is no guarantee that ∂ω is sufficiently well resolved for LFET on a
general mesh. Therefore, we continue only with tests of the GFET approach.

4.3 Diffusion and reactions on an unstructured mesh

We examine the difference between the FEM, fulfilling (51), and the GFET,
fulfilling (50). Two meshes are generated of bad quality, see in Fig. 10.
Molecules of species A are released in the center node and the time when
it reaches the boundary is averaged over M = 105 simulations. In Table 2
we see that the mean exit time computed by a GFET simulation converges
towards the theoretical value when refining the mesh, whereas the FEM result
does not seem to converge.
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Theoretical value 73.6714

No. of nodes GFET FEM
61 71.8534 71.5580
227 73.1575 71.8304

Table 2: Expected first exit times computed for M = 105 molecules on the
meshes in Fig. 10 with the GFET and the FEM.

(a) (b)

Fig. 10: (a) Mesh of bad quality with 61 node. The red edges denote 14
negative coefficients. (b) Refinement of the mesh in (a) with 227 nodes and
94 negative off-diagonal entries.

To investigate the effect of the diffusion speed in a reaction system we
simulate diffusion with the reaction in Table 3 on the mesh in Fig. 11 where
we release 4.2 · 105 A molecules at the boundary x = 0 and equally many
B molecules at the boundary x = 2. The quality of the mesh is better
on the right hand side in Fig. 11(a) with fewer negative elements in the
discretization. The SSA in Sect. 2.3 is extended as in [9, 18] to handle also
the chemical reactions. The reaction parameters are scaled by the size of
the voxels. The concentrations of A and B in the voxels are compared to a
reference solution obtained on a high quality mesh in Fig. 12.

A+B
k−→ ∅ in Ω

Table 3: The parameters are k = 5, γ = 10−3.
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Fig. 11: (a) Irregular mesh. (b) Positions of vertices (blue) and vertices with
negative coefficients (red).
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Fig. 12: Concentrations of molecules along the x-axis with the reaction in
Table 3 simulated until a time T = 100. (a) Reference solution on a regular
mesh. (b) GFET simulated on the mesh in Fig. 11.

The GFET algorithm handles the bad quality of the mesh in Fig. 11
well in Fig. 12(b) and the distribution of molecules is symmetric as in the
reference solution. The larger variation at x ≈ 0.5 in Fig. 12(b) is explained
by the small voxels there. The negativity of the off-diagonal elements for the
mesh in Fig. 11 is small in absolute value and the FEM approach gives a
qualitatively similar result.

4.4 A special triangular mesh in 2D

We consider the mesh covering the rhombus in Fig. 13 with a regularity such
that the problem with negative coefficients is the same at all inner vertices.
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The angles opposing an edge along the long diagonal add up to more than
π and the corresponding FEM coefficients are negative (10). There is now
a possibility to control the effects of bad meshes by choosing a ϕ. In 2D,
mesh generators in general generate sufficiently good meshes, so that an
evaluation of the effect of skewed triangles becomes difficult using them. In
3D, meshes often do not fulfill the quality requirements in all tetrahedra and
the examination of methods based on first exit times on those meshes will
be the subject of a future investigation. If not stated differently, ϕ = 3π/4
in this section.

hy 

φ 

hx 
hx (0,0) (1,0) 

(1,1) (2,1) 

Fig. 13: Skewed mesh for ϕ = 3π/4.

Increasing ϕ from π/2 leads to an increasingly negative entry on the off-
diagonal of the D matrix in (7) using the FEM, see Fig. 14. The optimization
in the GFET approach with the non-negativity constraint and the equality
constraint (50) finds a solution by setting the negative entry to zero and
slightly changing the other entries in a row in D, see Fig. 15.
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Fig. 14: Values of the jump coefficient by FEM and GFET for the edges
along the long diagonal in Fig. 13 with nx = ny = 21, hx = 0.05.
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Fig. 15: Jump coefficient matrices for the mesh in Fig. 13 with φ = 3π/4
and nx = ny = 5. (a) A FEM discretization of the Laplacian. (b) After
optimization with the equality constraint (GFET).

Fig. 16: Reference solution for the first exit time E(x).

A reference solution for the expected first exit time is computed by solving
(25) numerically on a fine mesh, see Fig. 16. The first exit time is recorded
for a molecule starting at different vertices in the rhombus in Fig. 13 with
M = 104 trajectories from each vertex. The average value approximates the
expected first exit time. The first exit time is very well approximated by the
GFET coefficients in (50) in Fig. 17 from an initial point along the diagonal
of the rhombus in Fig. 16. The FEM coefficients in (51) result in too fast
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diffusion. A similar result can be expected for a more complicated geometry
containing a cavity representing the cellular nucleus for example, since (25)
holds for all connected domains. It is especially on these geometries that
the mesh can have bad quality and the FEM discretization gives negative
coefficients.
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Fig. 17: Expected first exit times along the diagonal in Fig. 16 calculated by
the average of 104 FEM and GFET simulations and the computed theoretical
value E on that mesh, where (a) nx = ny = 11. (b) nx = ny = 21 .

The concentration determined by a stochastic simulation with FEM or
GFET coefficients is compared to a computed reference solution of (56) on
a fine grid in Fig. 18. Again we observe that with FEM the diffusion is too
fast, whereas the GFET gives a qualitatively better solution.
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(a) (b)

(c) (d)

Fig. 18: Numerical simulation for φ = 3π/4 until time T = 0.025 with γ = 1,
nx = ny = 21 and hx = 0.05 for M = 105 molecules and x0 = (1, 0.5). (a)
Mesh for the numerical reference solution. (b) Stochastic simulation with
FEM coefficients solving (51). (c) Numerical solution on fine mesh in (a).
(d) Stochastic simulation with GFET coefficients solving (50).

The coefficients from the optimization procedure in (50) and Sect. 3.3
are inspected for this particular mesh. For the upper right and lower left
corners, the right hand side ηi of (50) is negative and Ei = 0. All Ej = 0
except for the vertex with Ej > 0 and αj < 0. Hence, the optimization
problem cannot be solved for a λi > 0 and λ is chosen as in (52). The relative
difference between the original rows α of the diffusion matrix and the rows
after optimization λ is found in Fig. 19. An increasing angle ϕ increases
the difference. Furthermore, there is an increased difference in the central
nodes. This can already be observed in Fig. 15 and is illustrated further
in Fig. 20. Whereas the diffusion propensity out of the voxel, proportional
to the diagonal entry, is constant in the FEM case it varies in space for the
GFET method. The objectives of the two different ways of defining the jump
coefficients are different. The aim of the GFET coefficients is to achieve the
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right speed to the boundary and the aim of the unmodified FEM coefficients
is to approximate the Laplacian.

(a) (b)

Fig. 19: Relative difference ‖λ − α‖/‖α‖ on the rhombus for nx = ny = 21
for: (a) φ = 3π/4 and (b) φ = π/2 + 0.1.

(a) (b)

Fig. 20: Diagonal elements of the diffusion matrix for (a) FEM. (b) GFET.

4.5 Boundary Reactions

The importance of the right diffusion speed is examined by simulating the
system in Table 4 representing a simple signaling pathway. The signal A
is created in the center of the rhombus Ω, it diffuses in the cytosol to the
boundary ∂Ω where it releases protein B, which then diffuses in the cytosol
and is annihilated.
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∅ k1−→ A at x0 = (1, 0.5)

A
µ−→ B on ∂Ω

B
k2−→ ∅ in Ω

Table 4: The parameters are k1 = 50, k2 = 1, µ = 200, γ = 0.04.

This reaction-diffusion system can be modelled deterministically by the
PDEs for the concentrations a and b

∂a

∂t
= k1δ(x0) + γ∆a, in Ω, γn · ∇a = −µa, on ∂Ω, (59)

∂b

∂t
= −k2b+ γ∆b, in Ω, γn · ∇b = µa, on ∂Ω,

where the normal n at ∂Ω is pointing out from Ω. The steady state equations
for a and b are

k1δ(x0) + γ∆a = 0, −k2b+ γ∆b = 0. (60)

Integrate the equations in (60) over Ω to obtain∫
Ω

k1δ(x0) + γ∆a dΩ = k1 + γ

∫
∂Ω

n · ∇a dS = 0,∫
Ω

−k2b+ γ∆b dΩ = −k2

∫
Ω

b dΩ + γ

∫
∂Ω

n · ∇b dS = 0.
(61)

By the boundary conditions and (61), the total amount of B at steady state
is

btot =

∫
Ω

b dΩ =
γ

k2

∫
∂Ω

n · ∇b dS =
µ

k2

∫
∂Ω

a dS = − γ

k2

∫
∂Ω

n · ∇a dS =
k1

k2

.

(62)
To be able to solve the equation analytically for a, it is restricted to 1D. The
equation in [−`, `] is

∂a

∂t
= k1δ(x0) + γ

∂2a

∂x2
, x = −` : γ

∂a

∂x
= µa; x = ` : γ

∂a

∂x
= −µa, (63)

with the stationary solution

a(x) =


k1

2γ
x+

k1

2
(
`

γ
+

1

µ
), x < 0,

− k1

2γ
x+

k1

2
(
`

γ
+

1

µ
), x ≥ 0.

(64)
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The total amount of A at steady state is

atot =

∫
Ω

a dΩ =
k1`

2

(
1

µ
+

`

2γ

)
. (65)

The conclusion from (62) is that the total amount of B only depends
on k1 and k2 and from (64) and (65) that the total amount of A depends
on the diffusion constant. A high diffusion constant γ results in a lower
concentration of A molecules and vice versa. In Fig. 21, we present the
simulation of the system in Table 4 with the FEM and the GFET methods
and a reference solution on a mesh without negative coefficients in Fig. 22.
The GFET agrees very well with the reference solution. The FEM, with too
fast diffusion corresponding to a larger γ, results in a lower concentration
of A molecules, which agrees qualitatively with what is expected from the
solution of the steady state equation (64) and (65) in 1D. The concentration
of species B is not affected by the diffusion speed and is close to k1/k2 after
the transient phase as in (62).
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Fig. 21: Average of 50 simulations of the system in Table 4 simulated on the
mesh in Fig. 13 with nx = ny = 21 until time T = 15. (a) FEM. (b) GFET.

35



(a)

0 5 10 15
0

10

20

30

40

50

60

70

t

N
u

m
b
e

r 
o

f 
M

o
le

c
u

le
s

 

 

A

B

(b)

Fig. 22: (a) Reference grid. (b) Average of 50 simulations of the system in
Table 4 simulated on the grid in (a) until time T = 15.

The expected first exit time in Fig. 17 depends on the diffusion as E ∼ 1/γ
and the quotient q between the maxima of E with FEM and GFET is about
0.55 in Fig. 17. It follows from (65) with a large µ that atot ∼ 1/γ. In Fig. 21,
the quotient between atot with FEM and GFET is about 40/70 ≈ 0.57. An
interpretation of the FEM coefficients is that they represent diffusion with a
higher coefficient γ, about 1.8 times larger, in these two cases.

5 Conclusion

We have applied the theory of first exit times in stochastic diffusion to derive
jump coefficients in a spatial domain discretized by an unstructured mesh.
The theory is applied locally (LFET) and globally (GFET). The methods are
compared to diffusion simulated with the coefficients obtained from a finite
element method (FEM).

The FEM coefficients approximate the Laplacian and are positive on
a high quality mesh. However, sometimes in 2D and more often in 3D,
mesh generators produce skewed meshes yielding negative jump coefficients
with FEM. This is avoided with LFET and GFET: the coefficients are non-
negative but the they do not approximate the Laplacian to second order
accuracy anymore. It is probably impossible to combine linearity (in the
sense that the coefficients are independent of the solution), non-negative co-
efficients (ensuring that the discrete maximum principle is satisfied for the
Laplace equation), and a consistent approximation of the Laplacian on a gen-
eral unstructured mesh. Therefore, we abandon the consistency and replace
it by conditions based on the first exit time.

In the numerical experiments, the coefficients derived by LFET are found
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to be sensitive to the geometry of the triangles in 2D with a lack of robustness
resulting in too fast diffusion. The definition of the local domain around a
vertex is critical when the vertex is surrounded by only a few other vertices.

By using the first exit time from the whole domain of interest, GFET
coefficients are computed by projecting the FEM coefficients on the subspace
with non-negative solutions satisfying a first exit time constraint locally. If
the original FEM coefficients are non-negative then the GFET and the FEM
coefficients are identical. Then in numerical experiments on a skewed mesh,
the expected first exit times determined by simulations are compared to the
computed solution of a PDE with good agreement. Finally, the number of
molecules in an example with diffusion and reactions agrees well with mean
field theory.
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