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1 Introduction

Large-eddy simulation (LES) of wall-bounded flows puts significantly more stringent
requirements on the grid resolution and the subgrid stress (SGS) modelling, as compared
to LES of turbulent flows away from walls. The main reason for this is the structure
of turbulence in boundary layers, with the size of energetic eddies being on the viscous
length scale, δν = ν/uτ , where ν is the kinematic viscosity, uτ =

√
τw/ρ, with τw

denoting the wall shear stress, and ρ the fluid density, [24, 5, 23]. These flow structures
mainly occur in the inner part of the turbulent boundary layer (TBL), at wall-normal
distances below ≈ 30δν . In the outer layer the local TBL thickness, δ, is the relevant
length scale. It is typically much larger than δν , and the quotient δ/δν grows rapidly
with the increase of the Reynolds (Re-)number.

Aiming to resolve the energetic structures in the flow, including in the inner part of
the TBL, is referred to as wall-resolved LES (WRLES), [5, 23, 6]. This leads, however,
to a very rapid increase in the computational cost with the Re-number, due to the above-
mentioned increase in δ/δν , and the related grid resolution requirements, see [5, 6, 22]
for estimates of the number of grid points necessary. This motivates introducing special
modelling for the inner part of the TBL, essentially aiming to resolve only the larger
flow structures in the boundary layer, on the length scale δ (and not to resolve the much
smaller length scale δν). This general approach is referred to as wall-modelled LES
(WMLES), see [23, 20, 13] for reviews of this concept.

The purpose of this report is to provide a detailed presentation of one widely used wall
model. Following the classification and terminology of the recent review [13], the con-
sidered model belongs to the class of so-called wall-stress models. Such models attempt
to provide the correct value of the wall shear stress without modifying the location of
the boundary of the LES domain. Here the model is formulated for incompressible flow,
and in a collocated finite-volume framework, allowing for unstructured grids and arbi-
trary polyhedral cells. This computational fluid dynamics approach is generally used
in software designed for handling complex geometries and industrial applications. In
particular, this wall model is available in OpenFOAM1, [27, 15], an open source software
package. The wall model is local, in the sense that it employs only information from one
finite-volume cell, the one adjacent to the cell face at the wall for which the stress is to
be computed. A key component in the wall model is to employ the expression for a “law
of the wall” suggested by Spalding, [26], which is valid from the wall and throughout
the viscous sublayer, the buffer layer, and the log-law region. Similar wall models were
suggested in early papers, [25, 10], typically employing the log-law and being formulated
on a structured computational grid with a staggered grid configuration. Essentially all
the components of the wall model presented here have been discussed by de Villiers [7]
and also Fureby [9]. However, this report is the first publication entirely focused on pro-
viding a complete description of this wall model. Additionally, some remarks concerning
the model’s derivation, use, and possible modifications are given.

The report is structured as follows. In Section 2, the necessary background information

1www.openfoam.com
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concerning LES and the finite-volume framework is first introduced, and then the wall
model is described in Section 3.2. The performance of the model is then illustrated by
WMLES simulation results for channel flow, and a comparison with DNS results, [14],
see Section 4. Concluding remarks are given in the final section.

2 CFD framework

The necessary prerequisite information concerning LES and the finite-volume method is
presented in this section, and then the wall model is formulated in the next section.

2.1 Large-eddy simulation

The governing equations are obtained by applying a filter to the incompressible Navier-
Stokes equations, see e.g. [23]. Assuming that the filter operation commutes with the
derivatives, the conservation of momentum and the incompressibility constraint are ob-
tained in the following form in a Cartesian coordinate system,

∂vi
∂t

+
∂

∂xj
(vivj) = −1

ρ

∂p

∂xi
+
∂τij
∂xj

, (i = 1, 2, 3) (1)

∂vj
∂xj

= 0.

A repeated index in a term implies summation over that index, and a bar over the
variables indicates that they are filtered. The components of velocity are denoted vi
(and hence the filtered components are denoted vi), the density is ρ, the pressure p and
τij denotes the total deviatoric stress tensor. The stress tensor consists of two terms,
the resolved and subgrid contributions respectively,

τij = 2νsij + τ sgsij , (2)

where

sij =
1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
,

is the filtered strain rate tensor, ν is the kinematic viscosity of the fluid, and

τ sgsij = vivj − vivj , (3)

is the subgrid stress tensor. Deriving computable expressions for τ sgsij constitutes the
subject of subgrid stress modelling. The discussion of wall-stress models presented below
can, however, be carried out independently of the subgrid stress modelling away from the
walls. This will be made clear in Section 3.1 below, where it is shown how the wall stress
appears as a term in the discretised form of the integral formulation of the momentum
equation.

Apart from a suitable SGS model, the equations (1) have to be complemented with
initial and boundary conditions. In the context of this report it suffices to discuss what
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boundary conditions are prescribed at the walls. However, it is necessary to strictly
define the filter used for obtaining (1) before the boundary conditions can be considered.
This, in turn, has to be preceded by a discussion of the employed numerical method.
Therefore boundary conditions are discussed in detail below, in Section 2.3.

2.2 Finite-volume formulation

The collocated finite-volume discretisation is outlined in this section for a generic scalar
transport equation of the form,

∂α

∂t
+

∂

∂xi
(αvi) =

∂

∂xi

(
Γ
∂α

∂xi

)
+ s . (4)

Here α is the transported scalar, vi are the components of the velocity field (which
transports the scalar), Γ is a diffusion coefficient, and s is a source term.

Only the parts of the discretisation which are necessary for the treatment of the wall
shear stress are discussed here. It is referred to [8], and the references therein, for a more
complete description.

The starting point for the finite-volume formulation is the integral form of equation (4),
which is obtained by integrating the equation over a control volume V , with bounding
surface S, and applying Gauss’ theorem to the convective and the diffusive terms. The
result is the following, where ni are the components of the outward-pointing unit vector
normal to S,

d

dt

∫
V
α dV +

∮
S
αvini dS =

∮
S

Γ
∂α

∂xi
ni dS +

∫
V
s dV. (5)

f

P

Figure 1: A finite-volume polyhedral cell. The cell-centre point is indicated
by P , and the centre of the bottom (pentagonal) cell face is indi-
cated by f .

The computational domain is divided into general polyhedral cells, or control volumes,
see Figure 1 for an example, and then equation (5) is applied to each cell. The surface
S of the cell V is then divided into a number, Nf , of polygonal faces Sf , so that,

S =

Nf⋃
f=1

Sf .
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The discretisation is then constructed aiming for second-order accuracy. In the collocated
formulation, the unknown is taken at the cell centres, αP . Notation is also introduced
for the face flux, φ = vini, and the gradient projected on the face normal,

∂α

∂n
=
∂α

∂xi
ni.

Now all the necessary notation has been introduced for the formulation of the semi-
discrete version of equation (5),

V
dαP
dt

+

Nf∑
f=1

αfφfSf =

Nf∑
f=1

Γf

(
∂α

∂n

)
f

Sf + V sP . (6)

Here a subscript f implies evaluation in the face centre, and Sf is also used to denote
the area of the corresponding face. In order to complete the spatial discretisation of
the momentum equation, interpolation between the cell centres to obtain the face-centre
values is required. Furthermore, time discretisation must be addressed.

These components of the algorithm are, however, not necessary for the purpose of the
present report, and it is referred to e.g. [8] for more information.

2.3 Implicit filtering

No strict definition of the filter used to obtain the governing equations (1) has hitherto
been given. The reason for this is that the filtering is in fact not performed explicitly.
Instead, the filter kernel is defined as the reciprocal of the (local) volume of the cell.
That is, filtering is being made equivalent to taking the average value of the unknown
across V . Since in the collocated finite-volume method the cell average is represented
by the value at the cell centre, the numerical method performs the filtering implicitly.

This approach is reasonable due to the fact that the cell size introduces a natural length
scale which determines the size of the eddies that can be resolved. Also, removing the
need for explicit filtering saves computational resources. What is important for further
discussion is that the value of any flow quantity taken at the centre of a cell is equivalent
to the filtered value of that quantity at the same location.

Having defined the filter it is now possible to resume the discussion of boundary con-
ditions for the governing equations (1). For the non-filtered components of velocity the
no-slip condition applies at the wall, whereas for the non-filtered pressure a homogeneous
Neumann condition is appropriate. The question is, however, whether it is reasonable
to assume that the same conditions are to be used for the filtered quantities. It can be
shown that this is indeed the case only when the width of the filter used to obtain (1) de-
creases sufficiently when approaching the wall [23, 1]. For the type of filtering employed
here this is equivalent to saying that the resolution of the computational grid next to
the wall must be sufficiently fine.

The above condition is naturally satisfied in the case of WRLES, where the resolution
of the inner layer sets stringent requirements on the mesh size. However, in WMLES
the grid size does not decrease in the same manner, since the aim is only the resolution
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of the outer layer of the TBL. In spite of this fact, the no-slip condition is still employed
here for vi along with the homogeneous Neumann condition for p. These conditions are
in fact also appropriate when used with WMLES, if the wall shear stress is treated in
the way described in the next section.

3 Wall model formulation

First, it is explained how the wall shear stress is related to the LES-filtering and the
finite-volume discretisation. Then the procedure for enforcing the wall shear stress, using
Spalding’s law of the wall, is described.

3.1 The wall shear stress

Consider a finite-volume cell with one face (f = w) being a part of a wall boundary. For
simplicity, assume also that the wall lies in the x1-x3 plane. Then, for the tangential
components, the integral form of the momentum equation (1) reads,

d

dt

∫
V
vi dV +

∮
S
vivjnjdS = −1

ρ

∮
S
pni dS +

∮
S
τijnj dS. (i = 1, 3) (7)

Consider the last term in the above equation. As discussed in Section 2.1, it accounts
for the effects of the subgrid scale and viscous fluxes. In the finite-volume framework
the surface integral is decomposed into a sum over the faces of the considered cell, as
was illustrated in Section 2.2. The contribution to the sum from the face at the wall is
obtained as ∫

Sw

τijnjdS = −
∫
Sw

τi2 dS ≈ τw,i2Sw. (i = 1, 3) (8)

Here the fact that the face normal points in the negative x2 direction was used, nj = −δj2.
The quantities τw,12 and τw,32 are the two non-zero components of the computed wall
shear stress vector, which is parallel to the wall. The magnitude of this vector is referred
to as τw. Note that the wall shear stress τw varies on a smaller scale (∼ δν) than the
cell face. The computed wall shear stress τw should be interpreted as the average (or
filtered) value over the boundary face.

3.2 Description of the wall model

The details of the wall model, and its relation to the discrete equations, are presented
in the four following sub-sections.

3.2.1 Wall-stress models

In WMLES it is the job of the wall model to provide the wall stress’s correct value.
Different approaches to wall modelling have been developed [23, 13, 20]. Some involve
solving a separate set of equations in the inner layer, thus shifting the domain of the
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large-eddy simulation away from the wall. The model focused on in this report, however,
falls under the class of so-called wall-stress models. Models of this type aim at directly
enforcing the correct local value of the wall shear stress, with the domain of the LES
simulation still extending all the way to the wall. The mode of operation of such models
can be summarized in the following three steps.

Step 1 The values of v, p, or quantities derived from them (the pressure gradient, a
certain component of v, etc) are sampled from a point in the simulation domain,
the location of which is somehow related to the location of f (the centre of the face
on the wall, see Figure 1). The sampled values serve as input to the wall model.

Step 2 From the sampled input values, the local value of the wall shear stress τw (or
its components) is computed.

Step 3 The wall shear stress τw computed by the model is in some way enforced at the
given face centre. This is the way the model affects the solution to (1).

Within this common framework, the various models (and their implementations) differ
in the concrete way these three steps are defined.

3.2.2 The Spalding law of the wall

When describing a wall model it is natural to start with Step 2 of the above algorithm.
Among the different methods available for estimating the wall shear stress within the
wall-stress models’ framework, [23, 13], the considered model uses a wall function, an
approach pioneered by Schumann [25] and further developed by Grötzbach [10].

The underlying idea is that the profile of the mean wall-parallel component of velocity
in a TBL in equilibrium can be described by a functional relationship, a so-called law of
the wall. This law can, in turn, be utilized to correlate the velocity at a specific point
away from the wall to the local wall shear stress.

In the present study, the Spalding law of the wall [26] is employed. It describes the
viscous sublayer, the buffer and logarithmic layers of a TBL’s mean wall-parallel velocity
profile through a single relation. Denoting the mean value (time or ensemble) with 〈·〉,
this law is written as,

〈u〉+ + e−κB
[
eκ〈u〉

+ − 1− κ〈u〉+ − 1

2
(κ〈u〉+)2 − 1

6
(κ〈u〉+)3

]
− y+ = 0, (9)

in which u is the wall-parallel component of velocity, y is the distance to the wall, κ
and B are model parameters, and the + superscript refers to the value being expressed
in wall units: u+ = 〈u〉/〈uτ 〉 and y+ = y〈uτ 〉/ν, where 〈uτ 〉 =

√
〈τw〉/ρ is the mean

friction velocity.
Given 〈u〉 at a point y, the above law provides an equation to calculate 〈uτ 〉 and

thus 〈τw〉. An important feature of the Spalding law of the wall is that it is differentiable
with respect to 〈uτ 〉. This allows employing the Newton-Raphson method to solve (9).
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While (9) is written for averaged quantities the idea is to solve this equation at every
time-step to get an approximation of the instantaneous value of the friction velocity and
thus of the instantaneous wall shear stress. The discussion of the relationship between
the quantities appearing in (9) and the LES simulation is continued in the next section.

Before proceeding, a comment is given regarding the model coefficients employed
in [26]. While the values of κ and B were originally suggested to be 0.4 and 5.5 [26], re-
spectively, different flow-dependent values have been found for them due to more recent
experimental data. For instance, Nagib and Chauhan [17] showed that at sufficiently
high Reynolds numbers the Kármán coefficient κ for channel flow is approximately 0.37
which is smaller than the value of 0.384 found for zero-pressure-gradient (ZPG) boundary
layers (e.g. see [19]), which is in turn less than what is calculated for pipe flow. Accord-
ingly, the coefficient B was estimated to be 3.7, 4.17, and 5.0 for channel, ZPG-TBL,
and pipe flows, respectively, [17]. It must be emphasized that there are no universal
values for the above-mentioned parameters, and depending on the estimation method
and assumption on the limits of different regions within the boundary layer, they will
vary, e.g. see [18].

3.2.3 The input to the model

To completely define the model, the relationship between 〈u〉, y, and the quantities used
in the LES simulation has to be considered. That is, Step 1 of the algorithm outlined in
Section 3.2.1.

In equation (9), y is the distance from the wall. This quantity has to be related to
the distance from the face centre f to some point in the domain of the LES simulation.
One natural choice is a point located at some specified distance away from f along the
face-normal direction. Another alternative, attractive due to its simplicity and employed
here, is to consider P , that is, the cell centre of the cell that the considered face belongs
to. In that case y is the distance between f and P . The advantage of this choice is
that all the quantities from the LES simulation are readily available at P , therefore no
interpolation has to be performed. However, on an arbitrary (non-orthogonal) mesh
the distance from f to P is not equal to the distance between P and the wall, which
introduces an error.

The quantity 〈u〉 in (9) is the mean value of the wall-parallel component of velocity.
From the LES simulation, on the other hand, the Cartesian components of the instan-
taneous filtered velocity values, vi, are available. Different ways of relating 〈u〉 and vi
can be thought of.

One consideration is whether to actually use the instantaneous quantities or to instead
perform averaging of vi in the course of the simulation (say, over some reasonable time
window T ) and use the result of that. The latter approach was used in the earlier works
[25, 10], where the temporally and spatially averaged velocity was used as input to the
wall function. However, the instantaneous local velocity has also been used, see e.g. [16].
In [2, 3], Cabot et al reported that no significant difference between the results achieved
by employing these two paradigms was found. Therefore, for the sake of simplicity, here
the instantaneous filtered quantities, vi are used.
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Another aspect is whether to consider the magnitude of the filtered velocity vector or
of its wall-parallel projection. Here, the former is used. The rationale is that even for
the instantaneous quantity the size of the wall-normal component is negligibly small, as
compared to the wall-parallel one. However, to the best of the authors’ knowledge no
study on the effect of this approximation has been reported.

To summarize, 〈u〉 in (9) is substituted with the magnitude of the instantaneous
filtered velocity taken at the cell centre P of the cell which the considered wall-face
belongs to. The distance from P to the wall (y in (9)) is approximated by the distance
between P and the centre of the face f . Provided this input, equation (9) is solved in
order to provide the value of the instantaneous friction velocity that, in turn, allows to
compute the wall shear stress τw.

3.2.4 Enforcing the wall shear stress

All the components for using the wall model to compute the wall shear stress are now
in place. What remains to be discussed is how the obtained value τw is fed back into
the discrete formulation of the large-eddy simulation.

The key relation is equation (8) for the wall shear stress at a cell face. Considering
a subgrid stress model in the bulk of the domain which contains a subgrid viscosity,
τ sgsij = 2νsgssij . The standard finite-volume approximation of the diffusive term, together
with no-slip conditions on vi, then gives the following relations.

τw,12 = (ν + νsgs)f
v1,P
∆x2

, τw,32 = (ν + νsgs)f
v3,P
∆x2

(10)

The sub-script P implies evaluation in the cell center and the sub-script f evaluation in
the face center. In case a subgrid viscosity is not employed in the bulk of the domain,
a separate field can be introduced for the needs of the wall model. The correct value of
the wall shear stress, τw, is then enforced if the following value of νsgs is set on the cell
face (in each time step).

νsgs =
τw[

(v1,P /∆x2)
2 + (v3,P /∆x2)

2
]1/2 − ν (11)

In summary, the wall shear stress is computed from the cell-center velocity using Spald-
ing’s law, then the subgrid viscosity is modified on the wall boundary which in turn
affects the momentum equation through the boundary condition and the discretization
of the diffusion term. It is necessary in this process to employ the no-slip boundary
condition for vi at the wall.

4 Application to channel flow

The aim of this section is to illustrate how the wall-modelled LES machinery explained
in detail in the previous sections can be applied to a canonical wall-bounded turbulent
flow and what level of accuracy can be expected from such a computation. For this
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purpose, turbulent channel flow was simulated using the the finite-volume based solver
OpenFOAM.

A computational domain of size Lx × Ly × Lz = 9δ × 2δ × 4δ was used. The channel
half-height δ and the bulk velocity Ū were taken to be 1 m and 1 m/s, respectively. The
flow was computed for several values of the bulk Re-number, Re = Ūδ/ν, corresponding
to those found in the DNS of Lee and Moser [14], which is used as reference. The
change in Re was achieved through modifying the value of the kinematic viscosity, ν, as
represented in Table 1.

Table 1: Different Re-numbers for which DNS-data [14] exists. Both
Re = Ūδ/ν and Reτ = uτδ/ν are achieved by adjusting ν, keep-
ing the rest of the parameters fixed. The value of Re given in the
table is an input parameter, while the value of Reτ is computed by
DNS.

Re Reτ ν(m2/s)

10 000 543.4 10−4

20 000 1 000.5 5 · 10−5

43 478 1 994.8 2.3 · 10−5

125 000 5 185.9 8 · 10−6

For all simulated cases, the domain was discretised with 270×60×120 cubical hexahe-
dral cells, that is, with 1 944 000 cells in total and 27 000 cells in a δ3-cube. This number
is somewhat higher than what was used in previous similar studies. According to the
guideline proposed by Chapman [5], 2 500 cells per δ3 would be adequate for WMLES of
a turbulent boundary layer with thickness δ. For channel flow, examples of previously
employed resolutions are 1 000 [21], 1 250 [4], and 4 100 [25] points per δ3. However,
what is important is that the mesh size employed here is still negligibly small compared
to what a WRLES would require.

Time step ∆t = 0.01 s was chosen in all simulations and flow statistics were computed
over 300 s after initial transients were removed. The simulations were run in parallel on
48 processors for over 28 hours of wall clock time including both the transient removal
and statistical averaging phases.

The face-centre values, needed for the discretisation of the governing equations (see
Section 2.2), were computed using linear interpolation between the values at the centres
of the cells sharing the face, which, along with a central-difference scheme for the viscous
terms, results in a spatially second-order accurate method. In time, a second order
implicit backward-differencing scheme was used, see [11] for details. For SGS modelling
in the interior of the domain, the dynamic one-equation model of Kim and Menon [12]
was employed, with the associated length scale taken to be equal to the cubic root of
the local cell volume.

The values of Reτ computed by WMLES are compared to the DNS values of [14] in
Table 2. A systematic under-prediction is observed. It is worth mentioning that the
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Table 2: Computed values of Reτ and the associated relative error as compared to
the DNS data.

DNS WMLES Relative Error (%)

553 527 4.70
1 001 933 6.79
1 995 1 842 7.67
5 186 4 803 7.39

relative error in Reτ increases slightly from Re = 10 000 to 20 000, but it remains almost
unchanged from there to the two highest Re-numbers. This shows the robustness of the
employed methodology.

Mean velocity profiles at different Re-numbers computed by WMLES are compared to
the DNS data in Figure 2. In all cases, the WMLES mean velocity values in inner scaling
are over-predicted while there is a good agreement between the velocities in outer scaling.
This is a reflection of the fact that magnitude of uτ in WMLES is under-predicted, which
has already been observed above through the under-prediction of Reτ (see Table 2).

0.0 0.5 1.0 1.5 2.0 2.5 3.0〈
u
〉
/U

0.0

0.2

0.4

0.6

0.8

1.0

y/
δ

100 101 102 103

y +

0

5

10

15

20

25

30

35

40

45

〈 u〉 +

WMLES

DNS

Figure 2: Mean velocity profiles in outer scaling (left) and inner scaling (right).
Comparison between DNS and WMLES for the four computed Re-
numbers. For increasing Re, the profiles in outer scaling are shifted
by 0.5Ū , and in inner scaling profiles by 5uτ .

There are different factors that affect the results of WMLES including the accuracy
of the numerical scheme that is second-order here, cell density, the performance of the
SGS model and the choice of wall model. It is not straightforward to figure out which
of these factors or a specific combination of them may be the main responsible for
the under-prediction of the shear stress in the present study. For example, it can be
expected that the SGS model, when acting on a coarse grid near the wall, is not capable
of calculating the subgrid stresses correctly, even through a dynamic procedure [4, 20].
It is therefore important to reiterate that the purpose of the current study is merely to
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illustrate what general level of accuracy one can expect from a WMLES employing a
simple wall-stress model. It also demonstrates the enormous savings in computational
resources this approach has to offer. For Reτ ≈ 5200 the DNS results where obtained
using 120.8 billion computational nodes [14], whereas 1.94 million cells where used in
the WMLES.

5 Concluding remarks

This report provides the formulation and a detailed description of a wall-stress model
based on the Spalding law of the wall, implemented within the framework of a collo-
cated finite-volume solver. Its applicability to simulation of canonical turbulent flows is
illustrated by a series of channel flow simulations covering a range of Reynolds numbers.

Due to the fact that Spalding’s law of the wall [26] is valid throughout the whole inner
and log-law layer, the model is extremely robust. Also, the applicability of the Newton-
Raphson method to solving the non-linear equation (9) that constitutes the model makes
it efficient.

Several components of the model could potentially be improved. This includes choos-
ing more optimal values of κ and B, considering the wall-parallel projection of the
velocity vector instead of its total magnitude, and computing the distance from the cell
centre to the boundary in a more accurate manner. To what extent these changes can
improve the performance of the model is subject to further research. However, the re-
sults shown in Section 4 indicate that even without modification the considered wall
model can be successfully utilised.
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