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Abstract: Several estimation methods have been proposed for identifying errors–in–variables systems,
where both input and output measurements are corrupted by noise. One of the more interesting
approaches is the Frisch scheme. The method can be applied using either time or frequency domain
representations. This paper investigates the general mathematical and geometrical aspects of the
Frisch scheme, illustrating the analogies and the differences between the time and frequency domain
formulations.

Keywords: System identification; EIV models; Frisch scheme; Discrete Fourier Transform.

1. INTRODUCTION

Representations where errors or measurement noises are present
on both inputs and outputs are usually called errors–in–
variables (EIV) models. This class of models plays an important
role in many engineering applications like, for instance, array
signal processing, fault detection, blind channel equalization,
image processing, etc. [21; 22].

The identification of EIV models has been deeply investigated
in the literature. Many time and frequency domain methods
have been developed for its solution. An exhaustive presenta-
tion of this subject can be found in the recent book [14], where
many different approaches are deeply analyzed and compared
with each other. Among these methods, one can find the bias–
eliminated least squares (BELS), the Frisch scheme, the gener-
alized instrumental variables estimates (GIVE), the covariance
matching and the maximum likelihood.

In particular, the Frisch scheme is one of the more interesting
approaches for the EIV identification. It has its roots in [3],
where the problem was treated in the static case. Subsequently,
the problem has been proposed for identifying dynamic systems
in [1] and the further elaboration of robust selection criteria has
allowed its application to real data. A complete treatment of this
subject can be found in [4; 14].

The aim of this paper is not to propose a new solution, but
rather it takes the EIV identification problem as a motiva-
tion/background for studying some mathematical and geometri-
cal aspects that arise when the Frisch scheme is used as solution
method. In particular, by making use of the DFT properties, the
paper gives a thorough analysis of the analogies and differences
between the time and frequency domain formulations. With
reference to the frequency domain, some results reported in
the paper concern the general aspects of the finite–dimensional
discrete–time dynamic systems. In particular, it is shown how
the behavior of noise–free input–output signals of finite length
can be equivalently represented by periodic sequences.

The organization of the paper is as follows. Section 2 definesthe
EIV identification problem in the time and in the frequency do-
mains. In Section 3 the EIV identification problem is developed
in the time domain and the related Frisch scheme problem is
presented. Section 4 reports the results concerning the Parseval
formula, which constitutes a link between time and frequency
domain data. In Section 5 the EIV identification problem is
presented with a frequency domain formulation. Firstly, anin–
depth analysis of the noise–free case is performed. Then, the
Frisch Scheme problem is formulated in the frequency domain.
Section 6 exploits the geometric properties of the Frisch scheme
in order to characterize the solution sets defined in the previous
Sections 3 and 5. The related main theorems are reported and
proved, one of the proofs has not appeared before. In Section
7 the Frisch method is discussed within the GIVE method,
originally proposed in [13], which represents a more general
framework for the identification of EIV models. Finally, some
concluding remarks are reported in Section 8.

2. STATEMENT OF THE PROBLEM

Consider the linear time–invariant SISO system described by
the linear difference equation

A(z−1) ŷ(t) = B(z−1) û(t), (1)
where û(t), ŷ(t) are the noise–free input and output and
A(z−1), B(z−1) are polynomials in the backward shift oper-
atorz−1

A(z−1) = 1 + α1 z
−1 + · · ·+ αn z

−n (2)

B(z−1) = β0 + β1 z
−1 + · · ·+ βn z

−n. (3)
In the errors–in–variables (EIV) environment the input and
output measurements are both affected by additive noise, see
Figure 1, so that the available signals are

u(t) = û(t) + ũ(t) (4)
y(t) = ŷ(t) + ỹ(t). (5)

The following assumptions are made.

A1. System (1) is asymptotically stable.
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Fig. 1. Errors–in–variables model

A2. A(z−1) andB(z−1) do not share any common factor.
A3. The ordern of the system is assumed asa priori known.
A4. The noise–free input̂u(t) can be either a zero–mean er-

godic process or a quasi–stationary bounded deterministic
signal, i.e. such that the limit

lim
N→∞

1

N

N
∑

t=1

û(t) û(t− τ) (6)

exists∀τ [6]. Moreover,û(t) is considered as persistently
exciting of a sufficiently high order.

A5. The additive noises̃u(t) andỹ(t) are zero–mean ergodic
white processes with unknown variancesλ∗u andλ∗y , re-
spectively.

A6. ũ(t), ỹ(t) andû(t) are mutually uncorrelated.

Remark 1. The results proposed in the following can be easily
extended to the case when the polynomialsA(z−1) andB(z−1)
have different degreesna andnb. Also the presence of a delay
in the polynomialB(z−1) can be easily taken into account.
However, for simplicity of exposition in this paper the poly-
nomialsA(z−1) andB(z−1) are maintained with the structure
(2)-(3).

Let {u(t)}N−1
t=0 and {y(t)}N−1

t=0 be a set of input and output
observations atN equidistant time instants. For{u(t)}N−1

t=0 , the
corresponding Discrete Fourier Transform (DFT) is defined as

U(ωk) =
1√
N

N−1
∑

t=0

u(t) e−jωkt (7)

whereωk = 2πk/N andk = 0, . . . , N−1. Similarly, letY (ωk)

be the DFT of{y(t)}N−1
t=0 . The classical EIV identification

problem can be stated as follows.

Identification problem – time domain.Let u(t), y(t) be a
set of noisy measurements generated by an EIV system of
type (1)–(5), under Assumptions A1–A6. Estimate the system
parametersαi (i = 1, . . . , n), βi (i = 0, . . . , n) and the noise
variancesλ∗u, λ∗y.

Identification problem – frequency domain.Let U(ωk), Y (ωk)
be a set of noisy DFT measurements generated by an EIV
system of type (1)–(5), under Assumptions A1–A6. Estimate
the system parametersαi (i = 1, . . . , n), βi (i = 0, . . . , n)
and the noise variancesλ∗u, λ∗y.

3. TIME DOMAIN SETUP

In this section a time domain description for the EIV model
(1)–(5) is introduced. This setup has been originally developed
in [1] and subsequently proposed in several papers, see e.g.
[2; 4; 12; 14].

3.1 The noise–free case

Introduce the parameter vectors

θα = [1α1 . . . αn]
T (8)

θβ = [β0 β1 . . . βn]
T (9)

and define the following vector

θ = [ θTα − θTβ ]T , (10)

with dimension
pθ = 2n+ 2. (11)

By defining the vectors

ϕ̂(t) =[ ŷ(t) . . . ŷ(t− n) û(t) . . . û(t− n) ]T (12)

ϕ(t) =[ y(t) . . . y(t− n) u(t) . . . u(t− n) ]T (13)

ϕ̃(t) =[ ỹ(t) . . . ỹ(t− n) ũ(t) . . . ũ(t− n) ]T , (14)

the EIV model (1)–(5) can be rewritten in the following form

ϕ̂T (t) θ = 0 (15)
ϕ(t) = ϕ̂(t) + ϕ̃(t). (16)

In the noise–free case, from equation (15) a matrix form can be
derived, by computing the followingpθ×pθ sample covariance
matrix

Σ̂t =
1

N − n

t=N−1
∑

t=n

ϕ̂(t) ϕ̂T (t), (17)

where the subscriptt denotes that the matrix̂Σt has been
computed with the datâu(t), ŷ(t), fulfilling the time domain
relation (1). It then holds

Σ̂t θ = 0. (18)

It is worth recalling that the matrix̂Σt can also be rewritten in
the following way, resembling the procedure of Section 5 for
the frequency domain data. Define the Hankel matrices

X̂y =









ŷ(n) . . . ŷ(0)
ŷ(n+ 1) . . . ŷ(1)

...
...

ŷ(N − 1) . . . ŷ(N − n− 1)









(19)

X̂u =









û(n) . . . û(0)
û(n+ 1) . . . û(1)

...
...

û(N − 1) . . . û(N − n− 1)









(20)

and construct the matrix of the input–output samples

X̂ = [X̂y | X̂u]. (21)

The equation (1) fort = n, . . . , N − 1 can be rewritten as

X̂ θ = 0. (22)

Relation (18) is then obtained, by computing the sample covari-
ance matrix as follows

Σ̂t =
1

(N − n)
(X̂T X̂). (23)

Remark 2.Because of Assumptions A2 and A4, relation (15),
or relation (1), cannot be satisfied by polynomialsA(z−1) and
B(z−1) with degree lower thann. Therefore, when the number
of equations is such thatN − n ≥ 2n− 1, i.eN ≥ 3n− 1, the
matrix Σ̂t in (17), or in (23), is positive semidefinite, with only
one zero eigenvalue, i.e.

Σ̂t ≥ 0 dimker Σ̂t = 1. (24)



3.2 The noisy case

WhenN → ∞, we can define the covariance matrix

Σ̂t = E [ϕ̂(t) ϕ̂T (t)], (25)

whereE[·] denotes the mathematical expectation.

In the presence of noise, because of Assumptions A5–A6, we
obtain the followingpθ × pθ positive definite noisy covariance
matrix

Σt = E [ϕ(t)ϕT (t)] = Σ̂t + Σ̃∗
t , (26)

where

Σ̃∗
t =

[

λ∗y In+1 0
0 λ∗u In+1

]

. (27)

Starting from an assumed knowledge of the noisy matrixΣt, it
is then possible to write the following system of2n+2algebraic
non–linear equations

(

Σt − Σ̃∗
t

)

θ = 0, (28)

with 2n+3 unknowns, i.e. the2n+1 free coefficients ofθ and
the two variancesλ∗u andλ∗y .

The Frisch scheme [1; 4; 14].The relation (28) is the basis of
the Frisch scheme method, see also the Remark 14. As stated
in Remark 3, the matrix̂Σt = Σt − Σ̃∗

t is singular (positive
semidefinite) with one eigenvalue equal to zero andθ is the
corresponding eigenvector. For a givenΣt and assuming that
Σ̃∗

t has the simple structure of type (27), the problem is to find
appropriate estimates of the noise variances and then determine
the parameter vectorθ.

For this purpose, one can proceed characterizing the solution set
defined below. This study can be seen as a first step towards the
solution of the EIV identification problem in the time domain.
It turns out that the equations (28) alone are not enough to
determine a single solution.

Frisch scheme solution set – time domain.For a givenΣt,
determine the set of non–negative definite diagonal matrices of
type

Σ̃t = diag
[

λy In+1, λu In+1

]

(29)
such that

Σt − Σ̃t ≥ 0 det
(

Σt − Σ̃t

)

= 0. (30)

The theorems characterizing the solution set will be presented
in Section 6.

4. THE PARSEVAL FORMULA

It is a well–known fact that the DFT defined in (7) can be
expressed in matrix form by introducing theN × N Fourier
matrixFN whose entries are defined as follows

FN =
1√
N

[fik] (31)

fik = e−j 2π
N

(i−1)(k−1) i, k = 1, . . . , N . (32)

In can be proved that matrixFN is unitary, i.e.FNF
H
N = I,

where(·)H denotes the transpose and conjugate operation.

Defining the following vectors in time and frequency domain

vu = [u(0) . . . u(N − 1)]T (33)

VU = [U(ω0) . . . U(ωN−1)]
T , (34)

the relation (7) can be represented by the linear transformations

VU = FN vu. (35)

Similar relations can be written with reference to the data
sequences{y(t)}N−1

t=0 , {û(t)}N−1
t=0 and{ŷ(t)}N−1

t=0 .

In the following, for simplicity, we make reference to the noise–
free case. By computing the DFT of each column of the matrix
X̂y in (19), we obtain the matrix

X̂Y = FN−n X̂y, (36)

whereFN−n is the(N − n)× (N − n) Fourier matrix defined
according to equations (31)–(32). Analogously, for the matrix
X̂u in (20) we obtain

X̂U = FN−n X̂u. (37)

It is thus possible to construct the matrix

X̂ = [X̂Y | X̂U ] (38)

and the following result can be proved. The proof is reportedin
Appendix A.

Parseval formula.The following identity holds

Σ̂t =
1

(N − n)
(X̂T X̂) =

1

(N − n)
(X̂H X̂ ). (39)

The equality in (39) is of general validity and is an useful tool
in many mathematical proofs. It allows to compute the sample
covariance matrix̂Σt in (23) by using the DFT data. However,
it does not give any particular insight into the properties of the
underlying dynamic system (1). Moreover, it does not give any
information about the possible periodic behavior of the data
sequences.

Remark 3.it is worth observing that, starting from the knowl-
edge of the DFT vectors

V̂U = [Û(ω0) . . . Û(ωN−1)]
T (40)

V̂Y = [Ŷ (ω0) . . . Ŷ (ωN−1)]
T , (41)

the computation of (39) requires, in practice, to go back to the
time domain data. For simplicity, we can show it with reference
to the input data sequences. Thei–th column vector of the
matrixX̂u in (20)

ûi = [û(i) . . . u(N − n− i)]T i = 0, . . . , n (42)

can be obtained from theN dimensional vector

v̂u = [û(0) . . . u(N − 1)]T (43)

by a proper selection of its entries

ûi = Ji v̂u, (44)

where
Ji = [0M×(n−i) | IN−n | 0M×i]. (45)

Thus, assuming the knowledge of the input DFT vector (40), the
i–th column vector of the matrix̂XU in (38) can be obtained as

Ûi = FN−n ûi = FN−n Ji v̂u = FN−n Ji F
−1
N V̂U . (46)

5. FREQUENCY DOMAIN SETUP

In this section a frequency domain description for the EIV
model (1)–(5) is introduced. This setup has been originally
developed in [17; 18; 19].

5.1 The noise–free case

The transfer function of (1) is represented as

G(e−jω) =
B(e−jω)

A(e−jω)
. (47)



Similarly to equation (7), let̂U(ωk) andŶ (ωk) be the DFTs of
the signalŝu(t) andŷ(t) appearing in equation (1). It is a well–
known fact [8; 10] that for finiteN , even in absence of noise,
the ratio of the DFTŝY (ωk) andÛ(ωk) (ωk = 2πk/N ) is not
equal to the true transfer function

G(e−jωk) 6= Ŷ (ωk)

Û(ωk)
. (48)

Rather, it can be proved that the DFTsŶ (ωk) andÛ(ωk) satisfy
exactly an extended model that includes also a transient term,
i.e.

A(e−jωk ) Ŷ (ωk) = B(e−jωk) Û(ωk) + T (e−jωk), (49)
whereT (z−1) is a polynomial of ordern− 1

T (z−1) = τ0 + τ1 z
−1 + · · ·+ τn−1 z

−n+1 (50)
that takes into account the effects of the initial and final condi-
tions of the experiment.

By considering the whole number of frequencies, eq. (49) can
be rewritten in a matrix form. For this purpose, introduce the
parameter vector

θτ = [τ0 . . . τn−1]
T (51)

and define the following vector

Θ = [ θTα − θTβ − θTτ ]T , (52)

with dimension
pΘ = 3n+ 2. (53)

In absence of noise, the parameter vector (52) can be recovered
by means of the following procedure. Define the row vectors

Zn+1(ωk) = [1 e−jωk . . . e−j(n−1)ωk e−jnωk ] (54)

Zn(ωk) = [1 e−jωk . . . e−j(n−1)ωk ], (55)

whose entries are constructed with multiple frequencies ofωk,
and construct the following matrices

Π =







Zn+1(ω0)
...

Zn+1(ωN−1)






Ψ =







Zn(ω0)
...

Zn(ωN−1)






. (56)

of dimensionN × (n+ 1) andN × n, respectively.

Remark 4.It can be observed that the entries of the matrices in
(56) coincide with the elements defined in (32). In particular,
whenN = n, it results in 1√

N
Ψ = FN .

From the DFT sampleŝU(ωk) andŶ (ωk) construct the follow-
ingN ×N diagonal matrices

V̂ diag
U = diag [Û(ω0), Û(ω1), . . . , Û(ωN−1)] (57)

V̂ diag
Y = diag [Ŷ (ω0), Ŷ (ω1), . . . , Ŷ (ωN−1)]. (58)

Compute theN × (n+ 1) matrices

Φ̂Y = V̂ diag
Y Π Φ̂U = V̂ diag

U Π (59)

and construct theN × pΘ matrix

Φ̂ = [Φ̂Y | Φ̂U | Ψ]. (60)
Thus, eq. (49) fork = 0, . . . , N − 1 can be rewritten as

Φ̂Θ = 0. (61)
It then holds

Σ̂Θ = 0, (62)

whereΣ̂ is thepΘ × pΘ matrix

Σ̂ =
1

N
(Φ̂H Φ̂). (63)

Remark 5.Because of Assumptions A2 and A4, relation (49)
cannot be satisfied by polynomialsA(z−1) andB(z−1) with
degree lower thann. Therefore, when the number of equations
is such thatN ≥ 3n − 1, the matrixΣ̂ in (63) is positive
semidefinite, with only one zero eigenvalue, i.e.

Σ̂ ≥ 0 dimker Σ̂ = 1. (64)

Remark 6.It is worth observing the analogies between the time
domain relations (22), (18) and the frequency domain relations
(61), (62). Also Remark 2 is analogue to Remark 5. Finally,
observe that both (24) and (64) hold if the data length satisfies
the same conditionN ≥ 3n − 1, where3n − 1 is the number
of the free coefficients of the vectorΘ in (52). In other words,
also in the time domain, the data length must take into account
the transient effect, due to the initial conditions, even ifthey do
not explicitly appear as unknowns in the system of equations
(22). Of course, one could expand the model (15) involvingn
additional parameters describing the initial conditions and then
consider the equations (22) fort = 0, . . . , N − 1. However, the
net effect is null, sincen additional equations are used, andn
more unknowns are introduced.

Remark 7.If the signalŝu(t) andŷ(t) happen to beN–periodic,
then the termT (e−jωh) in equation (49) is identically zero [9].
In this case, the matrix in (60) can be reduced to theN×(2n+2)
matrix

Φ̂per = [Φ̂Y | Φ̂U ]. (65)
It then holds

Φ̂per θ = 0 (66)
and

Σ̂per θ = 0, (67)

whereΣ̂per is the(2n + 2) × (2n + 2) positive semidefinite
matrix

Σ̂per =
1

N
(Φ̂H

per Φ̂per) (68)

andθ is the2n+ 2 parameter vector defined in (10).

In the following it will be shown how it is possible to reorganize
the equations in order to eliminateθτ . Two ways are possible.
One can start from the equation (61) that involves the “data”
matrix Φ̂. Alternatively, it is possible to consider the equation
(62) and work on the “covariance” matrix̂Σ.

Method a Relation (61) can be expanded as follows

Φ̂Y θα − Φ̂U θβ −Ψ θτ = 0. (69)

From (69) we obtain

θτ = (ΨH Ψ)−1ΨH Φ̂Y θα − (ΨH Ψ)−1ΨH Φ̂U θβ

= (ΨH Ψ)−1ΨH
(

Φ̂Y θα − Φ̂U θβ

)

. (70)

The expression (70) can then be substituted into (69). Defining
the matrix

Ψ̄ = Ψ(ΨH Ψ)−1ΨH , (71)
it is possible to construct the new “data” matrix

Φ̄ = [ (I − Ψ̄) Φ̂Y | (I − Ψ̄) Φ̂U ], (72)

such that
Φ̄ θ = 0. (73)

Remark 8.From (70), one can observe that only two ways are
possible, in order to haveθτ = 0, which correspond to the
following conditions



Φ̂Y θα − Φ̂U θβ = 0 (74)

(ΨH Ψ)−1ΨH = 0. (75)

The condition (74) means that the sequencesÛ(ωk), Ŷ (ωk) are
N–periodic, with a finite valueN . In fact, (74) coincides with
the relation (66). The condition (75) holds only whenN → ∞.
In fact, it is possible to show that

(ΨH Ψ)−1ΨH → 0 when N → ∞, with velocity
1

N
.

(76)
The proof of (76) is reported in Appendix A.

A similar result can be proved also for the matrixΨ̄, defined in
(71) and appearing in (72). In fact, it can be seen that its entries
ψ̄ij (i, j = 1, . . . , N ) are bounded by|ψ̄ij | ≤ n/N . Thus, the
following property holds

Ψ̄ → 0 when N → ∞, with velocity
n

N
. (77)

From (72), thanks to (77), it readily follows that the sequences
Û(ωk), Ŷ (ωk) become asymptotically periodic, whenN → ∞.

It is worth observing that relations (72)–(73) have been derived
from the relations (60)–(61). Looking at (72), one can wonder
if it is possible to go further, asking if and how it is possible to
map a structure of type (60)–(61), related to non periodic data,
into a reduced structure of type (65)–(66), where equivalent
periodic data are linked by the same system parametersθα,
θβ . For this purpose, the following result can be proved. A
constructive proof is reported in Appendix A.

Existence of equivalent periodic signals.Given two non peri-
odic sequences (40) and (41), of lengthN , such that relations
(60)–(61) hold, it is “generically” possible to find (up to a scalar
factor) two equivalent periodic sequences with lengthN

V̂C = [Ĉ(ω0) . . . Ĉ(ωN−1)]
T (78)

V̂D = [D̂(ω0) . . . D̂(ωN−1)]
T (79)

such that
[Φ̂C | Φ̂D] θ = 0, (80)

where
Φ̂C = V̂ diag

C Π Φ̂D = V̂ diag
D Π (81)

andV̂ diag
C , V̂ diag

D are defined according to (57)–(58).

Method b Partition the matrix̂Σ, defined in (63), as follows

Σ̂ =







Σ̂11 Σ̂12 Σ̂13

Σ̂21 Σ̂22 Σ̂23

Σ̂31 Σ̂32 Σ̂33






, (82)

whereΣ̂11 andΣ̂22 are square matrices of dimensionn+1 and
Σ̂33 is a square matrix of dimensionn. Relation (62) can be
expanded as follows

Σ̂11 θα − Σ̂12 θβ − Σ̂13 θτ = 0 (83)

Σ̂21 θα − Σ̂22 θβ − Σ̂23 θτ = 0 (84)

Σ̂31 θα − Σ̂32 θβ − Σ̂33 θτ = 0. (85)
From (85) we obtain

θτ = Σ̂−1
33

(

Σ̂31 θα − Σ̂32 θβ

)

. (86)

The expression (86) can then be substituted into (83) and (84).
Defining the following matrices

Σ̂red =

[

Σ̂11 Σ̂12

Σ̂21 Σ̂22

]

T̂ =

[

Σ̂13Σ̂
−1
33 Σ̂31 Σ̂13Σ̂

−1
33 Σ̂32

Σ̂23Σ̂
−1
33 Σ̂31 Σ̂23Σ̂

−1
33 Σ̂32

]

(87)

it is possible to define the following problem of reduced dimen-
sion

Σ̂f = Σ̂red − T̂ (88)

Σ̂f θ = 0. (89)

The subscriptf denotes that the matrix̂Σf has been computed
with the DFTsÛ(ωk), Ŷ (ωk), by using the frequency domain
representation (49).

Remark 9.The following results have been verified numerically.

1. The matrixΣ̂f in (88) coincides with the positive semidef-
inite matrix

Σ̂f =
1

N
(Φ̄H Φ̄), (90)

whereΦ̄ is defined in (72).
2. The matrixΣ̂f in (88) or (90) coincides with the matrix

Σ̂t in (23) or (39) if Σ̂t is obtained by dividing withN ,
instead of(N − n).

For noise–free data, the ratio

ρ̂ =
||T̂ ||F

||Σ̂red||F
(91)

may be taken as a measure of the effect of the transient term,
where|| · ||F is the Frobenius norm of a matrix.

Remark 10.Given the input–output DFTŝU(ωk), Ŷ (ωk), the
ratio ρ̂ depends on both the parameters and the order of the
system. Note that̂ρ is a function of the data lengthN . In
particular,ρ̂→ 0 if N → ∞, and

ρ̂max = ρ̂ (Nmin), (92)

whereNmin = 3n − 1 is the minimum length of the input–
output sequence, i.e. the minimum number of equations so that
relation (64) holds.

5.2 The noisy case

In the presence of noise, the previous procedure can be modified
as follows. With the noisy input–output DFT samplesU(ωk)
andY (ωk) construct theN ×N diagonal matrices

V diag
U = diag [U(ω0), U(ω1), . . . , U(ωN−1)] (93)

V diag
Y = diag [Y (ω0), Y (ω1), . . . , Y (ωN−1)]. (94)

Then, compute the matrices

ΦY = V diag
Y Π ΦU = V diag

U Π (95)

and construct theN × pΘ matrix

Φ = [ΦY |ΦU | Ψ] . (96)

Because of Assumptions A5–A6, whenN → ∞, we obtain the
following pΘ × pΘ positive definite matrix

Σ = lim
N→∞

1

N
(ΦHΦ) = Σ̂ + Σ̃∗ , (97)

where

Σ̃∗ =





λ∗y In+1 0 0
0 λ∗u In+1 0
0 0 0n



 . (98)

From (62) and (97), the parameter vectorΘ, defined in (52),
can be obtained as the kernel of

(

Σ− Σ̃∗
)

Θ = 0 , (99)

where the first entry is normalized to 1.



Remark 11.The noise Assumptions A5–A6 are necessary in
order to obtain a diagonal matrix̃Σ∗, as defined in (98), when
N → ∞. On the other hand, one can observe that for large
N the effect of the transient polynomialT (z−1) is negligible
since it vanishes with orderO (1/

√
N) [9] and the data could

be treated as periodic, as done in Remark 7. This is a com-
mon procedure used in many frequency domain identification
approaches, see e.g. [5; 11].

At this point, one can proceed as in Section 5.1, in order to
eliminateθτ . Partition the matrixΣ, defined in (97), according
to the matrixΣ̂ in equation (82). Expanding relation (99) as in
(83)–(85), we obtain

Σ̂11 θα − Σ12 θβ − Σ13 θτ = 0 (100)

Σ21 θα − Σ̂22 θβ − Σ23 θτ = 0 (101)
Σ31 θα − Σ32 θβ − Σ33 θτ = 0. (102)

Next (102) implies

θτ = Σ−1
33

(

Σ31θα − Σ32 θβ

)

. (103)

Substitute now the expression (103) in (100)–(101), define the
matrices

Σred =

[

Σ11 Σ12

Σ21 Σ22

]

, T =

[

Σ13Σ
−1
33 Σ31 Σ13Σ

−1
33 Σ32

Σ23Σ
−1
33 Σ31 Σ23Σ

−1
33 Σ32

]

(104)
and set

R = Σred − T. (105)
Defining the matrix

R̃∗ =

[

λ∗y In+1 0
0 λ∗u In+1

]

, (106)

it is then possible to derive the system of equations (cf. (89))
(

R− R̃∗
)

θ = 0. (107)

Equation (107) constitutes a system of2n + 2 algebraic non–
linear equations with2n + 3 unknowns, i.e. the2n + 1 free
coefficients ofθ and the two variancesλ∗u andλ∗y .

Remark 12.With reference to relation (107) we can repeat
considerations similar to those given after equation (28) and we
can define an analogue Frisch scheme problem in the frequency
domain. Similarly to the time domain, we can characterize the
properties of the solution set defined below, and this study
can be seen as a first step towards the solution of the EIV
identification problem in the frequency domain. It is worth
observing the analogy of the time domain relations (29), (30)
with the following relations (108), (109).

Frisch scheme solution set – frequency domain.AssignedR,
determine the set of non–negative definite diagonal matrices of
type

R̃ = diag
[

λy In+1, λu In+1

]

(108)

such that
R− R̃ ≥ 0 det

(

R − R̃
)

= 0. (109)
The theorems characterizing the solution set will be presented
in Section 6.

5.3 Practical aspects of the frequency approach

First of all, it is worth recalling the following well–known
result.

Result.Let s(t) be a real–valued signal of lengthN , with N
even or odd. Fork = 0, . . . , floor

(

N
2

)

it holds

S(ωN−1−k) =
1√
N

N−1
∑

t=0

s(t) e−j N−1−k
N

2πt

=
1√
N

N−1
∑

t=0

s(t) e−j
−(1+k)

N
2πt = S̄(ω1+k),

(110)

whereS̄(·) is the complex conjugate ofS(·).
Thus, differently from the time domain, a redundant informa-
tion is used in the frequency domain when the identification is
performed with the full data set. In fact, consistent estimates
of the system parameters can also be found by using only
the firstNhalf = ceil

(

(N + 1)/2
)

samplesU(ωk), Y (ωk),
k = 0, . . . , floor

(

N
2

)

. On the other hand, one must observe that
S(ωk) in (110) is now a complex–valued signal, where half of
the information is carried by its imaginary part.

One of the main advantages of the frequency domain techniques
lies in the fact that they allow to perform the identificationby
using only a reduced number of frequencies, as described in the
following.

Remark 13.The considerations reported in the present section
hold also when only a subset of the whole frequency range is
used, i.e.ωk ∈ W = [ωi, ωf ], with i ≥ 0 andf ≤ floor

(

N
2

)

,
containingL = f − i + 1 frequencies. The subsetW must
be chosen by the user on the basis ofa priori knowledge of
the frequency properties of the transfer functionG(e−jωk) and
of the noise–free input̂U(ωk). The choice ofW = [ωi, ωf ]
reduces the number of the entries in (56) and (93)–(94), and
all the related equations must be consequently modified. Some
care must be used when the whole DFT data setU(ωk), Y (ωk),
k = 0, . . . , N − 1 is used [19]. In this case, two distinct
sets of frequencies must be jointly considered, the setW1 =
[ωi, ωf ], with i ≥ 0 andf ≤ floor

(

N
2

)

and the setW2 =
[ωN−1−f , ωN−1−i]. The total number of frequencies used in
the algorithms will be2L. By considering a new matrixΦ with
2L rows, expressions (97)–(98) must be modified as follows

Σ =
1

2L

(

ΦH Φ
)

= Σ̂ + Σ̃∗, (111)

where

Σ̃∗ =
N

2L





λ∗y In+1 0 0
0 λ∗u In+1 0
0 0 0n



 . (112)

6. THE FRISCH SCHEME CONTEXT

The purpose of this subsection is to exploit some geometric
properties of the Frisch scheme [1; 4; 14] in order to charac-
terize the solution sets defined in Sections 3.2 and 5.2.

It must be observed that, interchanging the notationΣt with
R, the formulation of the Frisch scheme in the time domain,
involving the equations (27)–(30), is formally equal to the
formulation in the frequency domain, involving the equations
(106)–(109). In fact, bothΣt andR are real–valued, positive
definite matrices, with dimensionpθ×pθ. Moreover, the matrix
Σ̃∗

t in (27) coincides withR̃∗ in (106), as well the structure of
the matrices̃Σt in (29) coincides with that of the matrices̃R in
(108).



On the basis of the previous observation, it can be concluded
that the Frisch scheme can be studied in the time and in the
frequency domain. The properties of the locus of the solutions
in the noise planeR2 will be the same. In the following we
formulate the theorems by making reference to the frequency
domain problem, equal theorems hold for the time domain.

Remark 14.The theorems concern some geometric properties
of the equations (108)–(109). It is worth recalling that these
equations arise from the study of the EIV dynamic system
defined by the relations (1)–(5) under the Assumptions A1–
A6. This setup is known as the “dynamic” Frisch scheme
[1], since it can be considered as a subcase of the classical
scheme proposed by the Nobel prize laureate Ragnar Frisch in
1934 [3], with reference to the algebraic processes. The Frisch
scheme is an interesting compromise between the generality
of the EIV environment and the possibility of performing
real applications. It must be observed that the Frisch scheme
encompasses some other important methods, like the Least
Squares method and the Eigenvector method. In the algebraic
case, the Frisch scheme does not lead to the determination ofa
single optimal solution. Rather, it leads to the determination of
a whole family of solutions which are compatible with a given
set of noisy observations. It will be shown that this fact is true
also for the dynamic case, if we limit its study to the set of
equations (108)–(109). Indeed, in the dynamic case, the shift–
invariant property of the process allows to add further equations
and this fact makes it is possible to determine a unique solution.
This aspect will be only briefly discussed in Section 7, sinceit
goes beyond the aim of the paper.

Partition the positive definite matrixR as follows

R =

[

R11 R12

R21 R22

]

, (113)

whereR11 andR22 are square matrices of dimensionn + 1.
Then, the following theorems hold. For the reader’s conve-
nience the proofs are reported in Appendix B.

Theorem 1.The maximal admissible value of the input noise
varianceλmax

u compatible with the conditions (109) is obtained
whenλy = 0 and is given by

λmax
u = min eig

(

R22 − R21R
−1
11 R12

)

. (114)

Similarly, the maximal admissible value of the output noise
varianceλmax

y compatible with the conditions (109) is obtained
whenλu = 0 and is given by

λmax
y = min eig

(

R11 − R12R
−1
22 R21

)

. (115)

Theorem 2.The set of all matrices̃R satisfying the conditions
(109) defines the pointsP = (λu, λy) of a continuous curve
S(R) belonging to the first quadrant of the noise spaceR2.
This curve definesλy uniquely fromλu, and vice versa.

Theorem 3.The curveS(R) defined inTheorem 2describes a
convex set in the first quadrant ofR2, whose concavity faces
the origin.

As an immediate consequence of the two previous theorems,
we have the following corollary.

Corollary 1. Every point P = (λu, λy) of S(R) can be
associated with a noise matrix of typẽR(P ) (108) and with
a coefficient vectorθ(P ), satisfying the relation

0 0.05 0.1 0.15 0.2 0.25 0.3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

variance λ
u

va
ria

nc
e 

λ y

ξ

r
P ∗ = (λ∗

u, λ
∗

y)

P

λmax
y

λmax
u

Fig. 2. Typical shape ofS(R)
(

R− R̃(P )
)

θ(P ) = 0. (116)

Asymptotically, whenN → ∞, thanks to the relations (107)
and (106), the following corollary can be stated.

Corollary 2. When N → ∞, the pointP ∗ = (λ∗u, λ
∗
y),

associated with the true variances ofũ(t) and ỹ(t), belongs
to S(R) and the corresponding coefficient vectorθ(P ∗) is
characterized (after a normalization of its first entry to1) by
the true system parameter vector, i.e.θ(P ∗) = θ.

The next theorem describes a parametrization of the curveS(R)
that allows to associate a solution of (109) with every straight
line departing from the origin and lying in the first quadrant.
This parametrization plays an important role in the practical
implementation of an identification algorithm.

Theorem 4.Let ξ = (ξ1, ξ2) be an arbitrary point of the first
quadrant ofR2 andr the straight line from the origin through
ξ. Its intersection withS(R) is the pointP = (λu, λy) given
by

λu =
ξ1
λM

λy =
ξ2
λM

, (117)

where
λM = max eig

(

R−1R̃ξ

)

(118)

R̃ξ =

[

ξ2 In+1 0
0 ξ1 In+1

]

. (119)

The described procedure allows to construct the curveS(R)
in the noise space(λu, λy). As an example, Figure 1 reports a
typical shape ofS(R).
Remark 15.In many practical situations it is possible to have
some information about the lower and upper bounds of the
noise covariancesλ∗u andλ∗y, for example when other measure-
ments taken in different experimental conditions are available.
In these cases, the search of the pointP ∗ on the curveS(R) can
be bounded within a limited area in the noise planeR2, e.g. see
the box depicted in Figure 1.

7. THE FRISCH SCHEME AND THE GIVE FRAMEWORK

As stated in Theorem 2, the determination of the pointP ∗

on S(R) leads to the solution of the identification problem.



Unfortunately, the theoretic properties ofS(R) described so far
do not allow to distinguish pointP ∗ from the other points of
the curve. However, on the contrary to the static case, the shift–
invariant structure of the underlying dynamic system allows
to add further equations, which lead to the determination ofa
unique solution.

Note that (107) consists of2n + 2 algebraic non–linear equa-
tions. The number of unknowns is2n + 3, i.e. the free coeffi-
cients ofθ in (10) and the two variancesλ∗u andλ∗y. A general
framework has been originally introduced in [13], where the
Generalized Instrumental Variable Estimation (GIVE) method
was proposed with reference to SISO EIV systems affected by
additive white noises.

The GIVE method provides a unique general framework for the
whole class of bias–compensating methods, including iterative
solutions, like the BELS methods [15].

To explain how the Frisch scheme can be formalized and solved
within the GIVE framework, we can write the equation (107) as

f1 = 0. (120)

This is an undetermined system of equations, with2n+2 equa-
tions and2n+3 unknowns. Its general solution can therefore be
described with a parametrized form, using a single parameter.
There are several possibilities for this parameterization. For
example, one can choose the slopeξ2/ξ1 of the liner in Figure
2. As an alternative, one can choose one of the noise variances,
λu or λy . In the GIVE context, the Frisch scheme equations
(120) must be complemented with one or more equations. For
example, as observed in the previous point 1, high order Yule–
Walker equations can be exploited for this purpose. These ad-
ditional equations can be symbolically written as

f2 ≈ 0. (121)

Several situations can occur.

1 A first case is when there is a single additional equation,
so thatdim (f2) = 1. Then, the total system of equations

f =

[

f1
f2

]

= 0 (122)

has2n + 3 equations and2n + 3 unknowns. By solving
f1 = 0, one can getf2 = 0 as a single equation in the
remaining unknown parameter.

2 A second case is when more than one equation is added,
so thatdim (f2) > 1. Then, the total system of equations

f =

[

f1
f2

]

≈ 0 (123)

is overdetermined and cannot be solved exactly. In this
second case, two options are possible.
2.1 As a first option, the system of equation (123) is

solved approximately in a weighted least squares
sense

min ||f ||2W, (124)

whereW is a possible nonnegative definite weighting
matrix, chosen by the user.

2.2 Another option is to require the equationsf1 hold ex-
actly, and to minimize the equationsf2 in a weighted
least squares sense, i.e. to find

min ||f2||2W2
(125)

subject tof1 = 0, andW2 is a possible weighting
matrix.

Indeed, the selection criteria proposed for identifying the EIV
models with the Frisch scheme [4; 14] fall in the case 2.2. In
this case it is appropriate to use one of the parameterizations
defined above. Instead, the GIVE method performs directly the
minimization of the condition (124), containing the unknowns
λu, λy andθ1, whereθ1 collects the2n+1 free parameters ofθ.
It is worth observing that the criterion (125) falls within (124)
with a suitable choice ofW. For solving (124) it is not possible
to make use of the one–dimensional parameterization of the
Frisch scheme. However, one can observe that the criterion
(124) is quadratic onθ1 and it is possible to write a concentrated
loss function of the two variablesλu and λy that allows a
robust solution of the optimization problem. For the details, see
[13; 14].

Remark 16.It is worth observing that the algorithmical aspects
described at the previous points do not affect the statistical
properties of the estimates, since the asymptotic accuracyde-
pends only on the set of equations used to define the problem
and not on the way the equations are solved [15]. Nevertheless,
in practice, different identification algorithms that are based
on the same set of equations can lead to different estimation
results, in terms of computational complexity and speed of
convergence.

8. CONCLUSIONS

The Frisch scheme is one of the more interesting approaches
for the identification of EIV systems. This paper has proposed
an unifying framework for its time and frequency domain
definitions. By making use of the DFT properties, a thorough
analysis of the analogies and differences between these two
different formulations has been carried out and some new and
interesting results have been reported with reference to the
frequency domain. Then, the paper has also reported the main
results concerning the mathematical and geometrical aspects
of the Frisch scheme, that hold both in time and frequency.
Finally, the paper has briefly recalled the links between the
Frisch scheme and the GIVE method, which constitutes a more
general framework to treat with the EIV system identification.

Appendix A. RESULTS IN SECTIONS 4 AND 5

Proof of the Parseval formula.The matrixX̂ , defined in (38),
can be obtained as

X̂ = FN−n X̂, (A.1)

whereX̂ has been defined in (21). Recalling that

F−H
N−n F

−1
N−n = (FN−n F

H
N−n)

−1 = IN−n, (A.2)

and inverting the relation (A.1), we have

X̂T X̂ = X̂H X̂ =
(

F−1
N−nX̂

)H (

F−1
N−nX̂

)

= X̂H F−H
N−n F

−1
N−n X̂ = X̂H X̂ . (A.3)

Thus, from (23) and (A.3), it follows (39), i.e.

Σ̂t =
1

(N − n)
(X̂T X̂) =

1

(N − n)
(X̂H X̂ ). (A.4)

Proof of (76).First observe that

(ΨH Ψ)−1 =
1

N
In (A.5)

and thus
¯̄Ψ = (ΨH Ψ)−1ΨH =

1

N
ΨH . (A.6)



Recalling the Remark 3, from (32) it follows that the entriesψij

(i, j = 1, . . . , N ) of the matrixΨ are bounded by|ψij | ≤ 1.
Thus, it results that the entries̄̄ψij (i, j = 1, . . . , N ) of the
matrix ¯̄Ψ in (A.6) are bounded by| ¯̄ψij | ≤ 1/N . And this fact
proves (76), i.e.

(ΨH Ψ)−1ΨH → 0 when N → ∞, with velocity
1

N
.

(A.7)

Proof of the existence of equivalent periodic signals.Relations
(72)–(73) have been derived from the relations (60)–(61). Thus,
taking into account the relations (72)–(73), the followingiden-
tity must be proved

k [Φ̂C | Φ̂D] θ = [ (I − Ψ̄) Φ̂Y | (I − Ψ̄) Φ̂U ] θ = 0, (A.8)

with k ∈ C. From (A.8), the following relations must be
verified

k Φ̂C θα = Ŷα k Φ̂D θβ = Ûβ , (A.9)

whereŶα andÛβ are the known vectors

Ŷα = (I − Ψ̄) Φ̂Y θα Ûβ = (I − Ψ̄) Φ̂U θβ. (A.10)

From (A.9), it follows

k V̂ diag
C Π θα = Ŷα k V̂ diag

D Π θβ = Ûβ (A.11)

k V̂ diag
C γα = Ŷα k V̂ diag

D γβ = Ûβ, (A.12)

whereγα andγβ are the known vectors

γα = Π θα γβ = Π θβ . (A.13)

Defining

γdiagα = diag [γα(1), . . . , γα(N)] (A.14)

γdiagβ = diag [γβ(1), . . . , γβ(N)], (A.15)

the relations in (A.12) can be rewritten as

k γdiagα V̂C = Ŷα k γdiagβ V̂D = Ûβ , (A.16)

and thus we obtain

k V̂C =
(

γdiagα

)−1

Ŷα k V̂D =
(

γdiagβ

)−1

Ûβ, (A.17)

since the assumption that the entries ofγα andγβ are different
from zero is “generically” verified.

Appendix B. THEOREMS IN SECTION 6

Proof of Theorem 1.According to partition (113), we have

R− R̃ =

[

R11 − λy In+1 R12

R21 R22 − λu In+1

]

, (B.1)

withR11−λy In+1 > 0 andR22−λu In+1 > 0. The condition
R − R̃ ≥ 0 is equivalent to the diagonal expression, e.g. [16],
pag. 512
[

R11 − λy In+1 0

0 R22 − λu In+1 − R21

(

R11 − λy In+1

)

−1
R12

]

≥ 0

(B.2)
or, equivalently
[

R11 − λy In+1 − R12

(

R22 − λu In+1

)

−1
R21 0

0 R22 − λu In+1

]

≥ 0

(B.3)
The condition (B.2) implies that

λu ≤ λmin

(

R22 −R21

(

R11 − λy In+1

)−1

R12

)

. (B.4)

Since

min
λy

λmin

(

R22 −R21

(

R11 − λy In+1

)−1

R12

)

= λmin

(

R22 −R21

(

R11

)−1

R12

)

, (B.5)

we have
λu ≤ λmax

u = λmin

(

R22 −R21R
−1
11 R12

)

. (B.6)
Analogously, the condition (B.3) implies that

λy ≤ λmin

(

R11 −R12

(

R22 − λu In+1

)−1

R21

)

. (B.7)

Proceeding as before, we obtain
λy ≤ λmax

y = λmin

(

R11 −R12 R
−1
22 R21

)

. (B.8)

Proof of Theorem 2.In general, from (B.2), for every value
λy ∈ [0, λmax

y ], the corresponding value ofλu that satisfies

the conditionsR− R̃ ≥ 0 is obtained by

λu = λmin

(

R22 −R21

(

R11 − λy In+1

)−1

R12

)

. (B.9)

Analogously, from (B.3), for every valueλu ∈ [0, λmax
u ], the

corresponding value ofλy that satisfies the conditionsR −
R̃ ≥ 0 is obtained by

λy = λmin

(

R11 −R12

(

R22 − λu In+1

)−1

R21

)

. (B.10)

It can be observed that whenλu increases from0 to λmax
u , the

corresponding value ofλy, determined by (B.10), decreases
from λmax

y to 0. Thus, the pointsP = (λu, λy) of S(R)
describe a continuous curve in the first quadrant ofR2.

For the proof of Theorem 3 we will utilize the following result,
which is an extension of the result reported in [20], pag. 305.

Result.LetA be a Hermitian, positive definite matrix, with one
distinct smallest eigenvalueµ = λmin(A) and letγ be the
corresponding eigenvector. LetB andC be symmetric matrices
andǫ be a small number. Consider the matrix

D = A+ ǫB + ǫ2
1

2
C, (B.11)

with distinct smallest eigenvalueλmin(D) and let

x = γ + ǫ ν + ǫ2
1

2
̺ (B.12)

be the corresponding eigenvector. Then

λmin(D) = λmin(A) + ǫ
γHB γ

γHγ

+ ǫ2
1

2

(

γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ

)

+O
(

ǫ3
)

. (B.13)

Proof.Denote with

λ = µ+ ǫ η + ǫ2
1

2
κ (B.14)

the eigenvalueλmin(D). Denote with♯̇ the derivative of♯ with
respect toǫ. Thus, from (B.11), (B.12) and (B.14) we have

Ḋ = B + ǫ C D̈ = C (B.15)
ẋ = ν + ǫ ̺ ẍ = ̺. (B.16)

Evaluating (B.11), (B.12), (B.15), (B.16) forǫ = 0, it results in

D(0) = A Ḋ(0) = B D̈(0) = C (B.17)
x(0) = γ ẋ(0) = ν ẍ(0) = ̺. (B.18)



Differentiating two times with respect toǫ the relation
Dx = λx, (B.19)

we obtain
Ḋ x+D ẋ = λ̇ x+ λ ẋ (B.20)

D̈ x+ 2 Ḋ ẋ+D ẍ = λ̈ x+ 2 λ̇ ẋ+ λ ẍ. (B.21)

Pre–multiplying both sides of (B.20)–(B.21) byxH , we have

xHḊ x+ xHD ẋ = xH λ̇ x+ xHλ ẋ (B.22)

xHD̈ x+ 2 xHḊ ẋ+ xHD ẍ = xH λ̈ x+ 2 xH λ̇ ẋ+ xHλ ẍ.
(B.23)

Thanks to (B.19), relations (B.22)–(B.23) can be simplifiedas
follows

xHḊ x = xH λ̇ x (B.24)

xHD̈ x+ 2 xHḊ ẋ = xH λ̈ x+ 2 xH λ̇ ẋ. (B.25)
Recalling (B.15), relation (B.24) can be rewritten as

xHB x+ ǫ xHC x = xH λ̇ x. (B.26)
From (B.26) we have

λ̇ =
xHB x

xHx
+ ǫ

xHC x

xHx
. (B.27)

Evaluating (B.27) forǫ = 0, it results in

λ̇(0) =
γHB γ

γHγ
. (B.28)

Recalling (B.15), relation (B.25) can be rewritten as

xHC x+2 xHB ẋ+2 ǫ xHC ẋ = xH λ̈ x+2xH λ̇ ẋ. (B.29)

In order to obtain the expression ofλ̈(0), it is more convenient
to evaluate (B.29) forǫ = 0, as first step. It results in

γHC γ + 2 γHB ν = γH λ̈(0) γ + 2γH λ̇(0) ν. (B.30)
In (B.30) we can observe that

2 γHB ν − 2γH λ̇(0) ν = 2 νHB γ − 2νH λ̇(0) γ

=2 νH
(

B − λ̇(0) I
)

γ. (B.31)

Differentiating with respect toǫ the identity
(D − λ I) x = 0, (B.32)

we obtain
d (D− λI )

dǫ
x+ (D − λ I) ẋ = 0 (B.33)

and then
(

B + ǫ C − λ̇I
)

x = (λ I −D) ẋ. (B.34)

Evaluating (B.34) forǫ = 0 and recalling (B.14), it results in
(

B − λ̇(0) I
)

γ = (µ I −A) ν. (B.35)

Pre–multiplying both sides of (B.35) by2 νH , we obtain

2 νH
(

B − λ̇(0) I
)

γ = 2 νH (µ I −A) ν. (B.36)

It can be observed that the term on the left–hand side of (B.36)
coincides with the expression (B.31). Thus, relation (B.30) can
be rewritten as follows

γHC γ + 2 νH (µ I −A) ν = γH λ̈(0) γ. (B.37)
From (B.37), we obtain

λ̈(0) =
γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ
. (B.38)

Thus, the expression (B.13) follows from the Mac Laurin series
expansion

λmin(ǫ) = λmin(0) + λ̇min(0) ǫ+
1

2
λ̈min(0) ǫ

2 +O
(

ǫ3
)

.

(B.39)

Proof of Theorem 3.Consider an arbitrary point̄P = (λ̄u, λ̄y)
of S(R) that satisfies the equation (B.10)

λ̄y = λmin

(

R11 −R12

(

R22 − λ̄u In+1

)−1

R21

)

. (B.40)

Let x be an infinitesimal perturbation on̄λu. DefiningR̄22 =
R22 − λ̄u In+1, the right–hand side in (B.40) results

f(x) = λmin

(

R11 −R12

(

R22 − (λ̄u + x) In+1

)−1

R21

)

= λmin

(

R11 −R12

(

R̄22 − x In+1

)−1

R21

)

. (B.41)

Note thatf(0) represents the point̄P on the curveS(R), in fact

f(0) = λmin

(

R11 −R12 R̄
−1
22 R21

)

= λ̄y. (B.42)

For simplicity, assume that the symmetric, positive definite
matrix R̄22 has all distinct eigenvaluesλi > 0, with associated
eigenvectorsvi (i = 1, . . . , n + 1). The resolvent of̄R22, see
e.g. [7], can be written

R(x) =
(

x In+1 − R̄22

)−1

=

n+1
∑

i=1

vi v
T
i

x− λi
. (B.43)

Substituting (B.43) into (B.41), we have

f(x) = λmin

(

R11 +R12R(x)R21

)

(B.44)

= λmin

(

R11 −R12

n+1
∑

i=1

vi v
T
i

λi − x
R21

)

. (B.45)

The resolventR(x) can be expanded with the Mac Laurin series

R(x) = R(0) +R
′

(0)x+
1

2
R

′′

(0)x2 +O
(

x3
)

, (B.46)

where simple computations yield

R(0) = −
n+1
∑

i=1

vi v
T
i

λi
(B.47)

R
′

(0) = −
n+1
∑

i=1

vi v
T
i

λ2i
(B.48)

R
′′

(0) = −
n+1
∑

i=1

2 vi v
T
i

λ3i
. (B.49)

The quantities in (B.47)–(B.49) are all negative definite matri-
ces, sinceλi > 0 (i = 1, . . . , n + 1). Substituting (B.46) into
(B.44), we have

f(x) = λmin

(

R11 +R12R(0)R21 +R12R
′

(0)R21 x

+
1

2
R12R

′′

(0)R21 x
2 +O

(

x3
)

)

. (B.50)

Denoting with

A = R11 +R12 R(0)R21 (B.51)

B = R12 R
′

(0)R21 (B.52)

C = R12 R
′′

(0)R21 (B.53)

D = A+B x+
1

2
C x2, (B.54)

relation (B.50) can be rewritten as

f(x) = λmin

(

D +O
(

x3
)

)

. (B.55)

From (B.13), it follows



f(x) = λmin(A) + x
γHB γ

γHγ

+ x2
1

2

(

γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ

)

+O
(

x3
)

, (B.56)

whereA, B andC are the matrices defined in (B.51)–(B.53),
γ is the eigenvector corresponding toµ = λmin(A) and ν
represents the derivative with respect tox of the eigenvector
corresponding toλ = λmin(D), whereD is defined in (B.54).

The first and second derivatives off(x) in (B.56) are

f
′

(x) =
γHB γ

γHγ
+ x

(

γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ

)

+O
(

x2
)

(B.57)

f
′′

(x) =
γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ
+O (x) . (B.58)

It results

f
′

(0) =
γHB γ

γHγ
(B.59)

f
′′

(0) =
γHC γ

γHγ
+ 2

νH (µ I −A) ν

γHγ
. (B.60)

Note that the quantity(µ I−A), appearing in the second term of
(B.60), is a negative semidefinite matrix, sinceµ = λmin(A).
Recalling (B.52) and (B.48), relation (B.59) results in

f
′

(0) =
γH
(

R12 R
′

(0)R21

)

γ

γHγ

= −
γH
(

R12

∑n+1
i=1

vi v
T
i

λ2
i

R21

)

γ

γHγ
< 0 (B.61)

Recalling (B.53) and (B.49), relation (B.60) results in

f
′′

(0) =
γH
(

R12R
′′

(0)R21

)

γ

γHγ
+ 2

νH (µ I −A) ν

γHγ

= −
γH
(

R12

∑n+1
i=1

2 vi v
T
i

λ3
i

R21

)

γ

γHγ
+ 2

νH (µ I −A) ν

γHγ
< 0.

(B.62)

The condition (B.62) holds for all values̄λu ∈ [0, λmax
u ]. It

means that the concavity ofS(R) faces the origin, since the
tangent line in every point onS(R) lies always over it.

Proof of Theorem 4.Since bothξ = (ξ1, ξ2) andP = (λu, λy)
belong tor it follows thatξ = λP . Since the entries ofP must
satisfy the conditionR− R̃(P ) ≥ 0 it results

R− 1

λ
R̃ξ ≥ 0, (B.63)

whereR̃ξ is defined in (117). SinceR > 0, condition (B.63) is
equivalent to

I2n+2 −
1

λ
R−1R̃ξ ≥ 0. (B.64)

The scalarλ that solves (B.64) is given by

λM = λmax

(

R−1R̃ξ

)

. (B.65)
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[15] T. Söderström, M. Hong and W.X. Zheng, Convergence
properties of bias–eliminating algorithms for errors–in–
variables identification.Inter. Journal of Adaptive Control
and Signal Processing, 19 (2005), 703–722.
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